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Polynomial Optimization Problem

Unconstrained polynomial minimization problem

f ∗
def
= inf{ f (ξ) | ξ ∈ Rn}

where f ∈ R[X̄] = R[X1, . . . ,Xn].

The problem is equivalent to compute

f ∗ = sup{a∈ R | f −a≥ 0 onRn}
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Sums of Squares (SOS) Relaxation

• If f attains a minimumonRn

f − f ∗ = SOS modI

Gradient IdealNie/Demmel/Sturmfels, Math. Program.,
2005.

• Otherwise
f − f ∗ = SOS modP

• Gradient TentacleSchweighofer, SIAM J. Optim.
2006.

• Tangency VarietyHà/Pham, SIAM J. Optim. 2008.
• Polar VarietyGuo/Safey El Din/Zhi, ISSAC 2010.

Semidefinite Programming (SDP)=⇒ Numerical Lower Bound
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Hilbert-Artin Representation of PSD polynomials
Emil Artin’s 1927 Theorem (Hilbert’s 17th Problem):

∀ξ1, . . . ,ξn ∈ R : f (ξ1, . . . ,ξn) ≥ 0

m

∃ui,v j ∈ R[X̄] : f (X̄) =
∑l

i=1u2
i

∑l
j=1v2

j
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m

∃ui,v j ∈ R[X̄] : f (X̄) =
∑l

i=1u2
i

∑l
j=1v2

j

m

∃e≥ 0, W[1] � 0, W[2] � 0, W[2] 6= 0 :

f (X̄) · (me(X̄)TW[2]me(X̄)) = md(X̄)TW[1]md(X̄)

whered = e+(degf )/2, me(X̄) andmd(X̄) are vectors of terms.

W � 0⇔ PTLTDLP, D diagonal,Di,i ≥ 0 (Cholesky)
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Exact Certification of PSD Polynomial

DenoteW =

[
W[1]

W[2]

]
, then the affine linear hyperplane is

L =
{

W f (X̄) · (me(X̄)TW[2]me(X̄)) = md(X̄)TW[1]md(X̄)
}

WNewton

Newton iterationWSDP Wadjust

symmetric positive semidefinite matrices
W̃

Lhard

orthogonal exact projection

Leasy

recover an integer or rational matrix
W̃

References:"Easy Case" Peyrl, Parrilo ’07,’08;
"Hard Case" Kaltofen, Li, Yang, Zhi ’08,’09
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Our Result

If e is too small=⇒ ∄ W[1] � 0,W[1] � 0,W[2] 6= 0, s.t.

f (X̄) · (me(X̄)TW[2]me(X̄)) = md(X̄)TW[1]md(X̄)

SDP solver in Maltab can onlynumerically detect it!

Notation:SOS/SOS2e = {∑u2
i /∑v2

j | ui ,v j ∈ R[X̄], degv j ≤ e}.

Our result: Given integere≥ 0, we giveexactcertification if
f (X̄) /∈ SOS/SOS2e.

Remark:More general, we can certifyf (X̄) /∈ SOS/SOS2e with

terms inv j arerestricted in a given subset ofme.
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Reduce to Semidefinite Programming

f (X̄) /∈ SOS/SOS2e if and only if ∄ W[1] � 0,W[2] � 0, s.t.

f (X̄) · (mT
eW[2]me) = mT

dW[1]md, TrW[2] = 1,

whered = e+(degf )/2.
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Reduce to Semidefinite Programming

f (X̄) /∈ SOS/SOS2e if and only if ∄ W[1] � 0,W[2] � 0, s.t.

f (X̄) · (mT
eW[2]me) = mT

dW[1]md, TrW[2] = 1,

whered = e+(degf )/2.

For symmetric matricesC, W, define inner product as

C•W = 〈C,W〉 = ∑
i
∑

j
ci, jwi, j = Trace(CW).

Let
mT

dW[1]md = ∑
α

(G[α] •W[1])X̄α,

and
− f (X̄) · (mT

eW[2]me) = ∑
β

(H [β] •W[2])X̄β.
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Infeasibility of Semidefinite Programming
Let

W =

[
W[1] ∗

∗ W[2]

]
, A[α] =

[
G[α]

H [α]

]
, A =

[
0

I

]
.

f (X̄) · (mT
eW[2]me) = mT

dW[1]md, TrW[2] = 1,

⇓

sup
W∈Sk×k

−C•W

s.t.




...

A[α] •W
...

A•W




=




...

0
...

1




, W � 0





(P)
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[
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sup
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−C•W

s.t.




...

A[α] •W
...

A•W




=




...

0
...

1




, W � 0





(P)

f (X̄) /∈ SOS/SOS2e if and only if SDP(P) is infeasible.
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Dual Problem
The dual problem of SDP(P):

s∗ = inf
(y,s)∈Rm+1

s

s.t. M(y,s) � 0



(D)

where

M(y,s) =

[
Md(y)

Me((− f )y)+sI

]
,

y = (yα)α∈Nn
2d
∈ RNn

2d andm= #Nn
2d, moment matrixMd(y) and

localizing moment matrixMe((− f )y) are indexed byNn
2d. For

α,β ∈ Nn
2d,

Md(y)[α,β] = yα+β

Me((− f )y)[α,β] = −∑
γ

fγyα+β+γ
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Semidefinite Farkas’ Lemma

Standard SDP:

sup
W∈Sn×n

−C•W

s.t. Ai •W = bi , i = 1· · · l ,
W � 0.

inf
y∈Rl

bTy

s.t. C+
l

∑
i=1

yiAi � 0,

Lemma. [Jon Dattorro2005]If the set of vectors



A1•W
...

Al •W


 , ∀W � 0

is closed, then primal problem is feasible if and only if∀y∈ Rl

s.t. ∑l
i=1yiAi � 0, we havebTy≥ 0.
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Closedness of the Convex Cone

Lemma. [Robinson73]The coneSOS2e is convex and closed.

Lemma. In our case, the subset of vector space




...

A[α] •W
...

A•W




, ∀ W � 0,

is closed.

=⇒ Assumption in Farkas’ Lemma is satisfied!
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Main Contribution

Theorem. The following are equivalent:

1. f /∈ SOS/SOS2e,

2. ∃ feasible point(y,s) ∈ Rm+1 of (D), s.t.s< 0,

3. ∃ rational vector y′ = (y′α) ∈ Qm, s.t.,Md(y′) � 0,
Me( f y′) ≺ 0.

Proof:
Semidefinite Farkas’ Lemma

+
Dual problem(D) is strictly feasible

⇓
∃ rational vector y′ = (y′α) ∈ Qm
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Interpretation by Linear Forms onR[X̄]

Giveny = (yα) ∈ RNn
, define the linear formLy ∈ (R[X̄])

∗ by

Ly( f ) = yTCoeffVec( f ) = ∑
α

yα fα, for f = ∑
α

fαX̄α ∈ R[X̄].

For u(X̄),v(X̄) ∈ R[X̄], we have

Ly(u
2) = CoeffVec(u)TM(y)CoeffVec(u)

Ly( f v2) = CoeffVec(v)TM( f y)CoeffVec(v)
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Interpretation by Linear Forms onR[X̄]

Theorem. The following are equivalent:

1. f /∈ SOS/SOS2e,

2. ∃y′ ∈ Qm, s.t.∀v,u∈ R[X̄] with degv≤ e,
degu≤ e+(degf )/2, we haveLy′(u2) ≥ 0 and

Ly′( f v2) < 0.

If f = ∑u2
i /∑v2

j with degv j ≤ e, then

0≤ Ly′(∑u2
i ) = ∑Ly′( f v2

j ) < 0

which is a contradiction.
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Special Case:e= 0

e= 0 =⇒ Certify f (X̄) 6= ∑
i

ui(X̄)2,ui(X̄) ∈ R[X̄]

Theorem. The following are equivalent:

1. f (X̄) 6= ∑i ui(X̄)2, ui(X̄) ∈ R[X̄],

2. ∃y′ ∈ Qm, s.t.∀u∈ R[X̄] with degu≤ (degf )/2. we have
Ly′(u2) ≥ 0 andLy′( f ) < 0.

Ahmadi and Parrilo 2009: y′ → separating hyperplane.
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Exploit Sparsity in SOS

Theorem. [Reznick78]For a polynomialp(X̄) = ∑α pαX̄α, let
C(p) be the convex hull of{α| pα 6= 0}. If f = ∑i g

2
i then

C(gi) ⊆
1
2C( f ).

f ∈ SOS/SOS2e if and only if

f (X̄) · (mT
eW[2]me) = mT

dW[1]md.
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Theorem. [Reznick78]For a polynomialp(X̄) = ∑α pαX̄α, let
C(p) be the convex hull of{α| pα 6= 0}. If f = ∑i g

2
i then

C(gi) ⊆
1
2C( f ).

f ∈ SOS/SOS2e if and only if

f (X̄) · (mT
eW[2]me) = mT

dW[1]md.

m

f (X̄) · (mT
eW[2]me) = mT

GW[1]mG .

mG ⊆ md ⇒ Sizes of the SDPs(P) and(D) decrease.
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Findingy′ by Big-M Method
Employ the Big-M method[Vandenberghe96]to (P) and(D):

r∗ = sup
W∈Sk×k,w∈R

−C• (W−w)−M w

s.t.




...

A[α] • (W−w)
...

A• (W−w)




=




...

0
...

1




,W � 0,w≥ 0,





(P∗)

s∗ = inf
(y,s)∈Rm+1

s

s.t. M(y,s) � 0,

TrM(y,s) ≤ M ,





(D∗)

(P∗) and (D∗) are strictly feasible=⇒ r∗ = s∗ →−∞ asM → ∞.
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Algorithm Degree Lower Bound Verification

Input: f ∈ Q[X̄], e∈ Z≥0.
Output: If f /∈ SOS/SOS2e, return certificatey′ ∈ Qm.

1. Reduce the problem to SDPs(P) and(D).

2. Fix a bigM ∈ Z and modify(P), (D) to (P∗),(D∗).

3. Solve(P∗), (D∗) by iteration until solutionpk = (yk,sk)

with sk < 0 is obtained.

4. Find a strictly feasible point of(D) p̃ = (ỹ, s̃).

5. Fix 0< t ≤ 1 andp̄= (1− t)pk+ t p̃= (ȳ, s̄) such that̄s< 0.

6. Choose a rational pointp′ = (y′,s′) ∈ Bε(p̄) whereε < 1
2|s̄|.

SDPTools[Guo09]: High precision SDP solver in Maple based

on the potential reduction method in[Vandenberghe96].
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Generalization to Rational Functions

Problem: Given rational functionf/g∈ Q(X̄) with g(X̄) ≥ 0,
integere≥ 0, certify f/g /∈ SOS/SOS2e.

Let d = e+ ⌈(degf −degg)/2⌉ and

Γ1 =
{

X̄α+β+γ | X̄γ ∈ Terms(g),degX̄α,degX̄β ≤ d
}

,

Γ2 =
{

X̄α+β+γ | X̄γ ∈ Terms( f ),degX̄α,degX̄β ≤ e
}

.

Theorem. The following are equivalent:

1. f/g /∈ SOS/SOS2e,

2. Γ1 + Γ2 or ∃y′ ∈ Qms.t.∀u,v∈ R[X̄] with degu≤ d,
degv≤ e, we haveLy′(gu2) ≥ 0 andLy′( f v2) < 0.

19



Motzkin Polynomial

We prove that the well-known Motzkin polynomial

f (X,Y) = X4Y2 +X2Y4 +1−3X2Y2

is not SOS. Otherwise, by exploiting sparsity,f can be written
as f (X) = ∑ui(X,Y)2 where

u(X,Y) = u0,0 +u1,1XY+u2,1X2Y +u1,2XY2.

The certificate we obtained is

y′ =(y′0,0 =
22011
55402

,y′1,1 = 0,y′2,1 = 0,y′1,2 = 0,y′2,2 =
358944
9403

,

y′3,2 = 0,y′2,3 = 0,y′4,2 =
96310
4693

,y′3,3 = 0,y′2,4 =
96310
4693

).
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Continue

u(X,Y)2 =u2
0,0 +u0,0u1,1XY+u0,0u2,1X2Y +u0,0u1,2XY2

+u2
1,1X2Y2 +u1,1u2,1X3Y2 +u1,1u1,2X2Y3

+u2
2,1X4Y2 +u2,1u1,2X3Y3 +u2

1,2X2Y4.

Ly′(u
2) =

22011
55402

u2
0,0+

358944
9403

u2
1,1+

96310
4693

u2
2,1+

96310
4693

u2
1,2 ≥ 0

and

Ly′( f )=
96310
4693

+
96310
4693

+
22011
55402

−3×
358944
9403

=−
178662293250763
2444794913158

< 0,

which implies f can not be written as SOS.
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Ill-Posed Polynomial

Consider polynomialf (X,Y) = X2 +Y2−2XY∈ R[X,Y]. Since
f = (X−Y)2, we havef ∗ = inf f = 0.

However,∀ε > 0, fε(X,Y) = (1− ε2)X2 +Y2−2XY is not SOS.
Takex = y = C, fε(x,y) = −ε2C2 ⇒ inf fε = −∞. Ill-posed!

For ε = 10−1, 10−2, 10−3, 10−4, SDP solverSeDuMiin Matlab
cannumerically detectfε is not SOS. But forε = 10−5 or
smaller, itfails!

Our method in Maple can giveexactcertificate offε being not
SOS forε = 10−8 or smaller!

Reference: Hutton, Kaltofen and Zhi, ISSAC 2010
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Examples withe> 0
Consider the even symmetric sextics in[Choi et al.1987]. Let

Mr(X̄) =
n

∑
i=1

Xr
i ,

then for integer0≤ k≤ n−1, we define formsfk by

f0 = −nM6 +(n+1)M2M4−M3
2,

and

fk = (k2 +k)M6− (2k+1)M2M4 +M3
2, 1≤ k≤ n−1.

For n = 4, takinge= 1, we can certifyf2 /∈ SOS/SOS2.
For n = 5, takinge= 1, we can certifyf2, f3 /∈ SOS/SOS2.

To our knowledge, they are thefirst PSD polynomials which can
not be written as∑i u

2
i /∑ j v

2
j with deg∑ j v

2
j = 2!
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THANK YOU!
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