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2olynomial Optimization Problem

Jnconstrained polynomial minimization problem

def.

£ Zinf{f(Z) | £ e R"}
vheref € R[X] = R[Xq, ..., Xn].
"he problem is equivalent to compute

f*=supfacR| f—a>0onR"}



sums of Squares (SOS) Relaxation

e |f f attains a minimunonR"
f—f*=S0S modl

Gradient IdeaNie/Demmel/Sturmfels, Math. Program.,
2005.

e QOtherwise
f—f"=S0S modP

* Gradient Tentacl&chweighofer, SIAM J. Optim.
2006.
* Tangency Variet\Ha/Pham, SIAM J. Optim. 2008.

* Polar VarietyGuo/Safey El Din/Zhi, ISSAC 2010.

Semidefinite Programming (SDP= Numerical Lower Bound



Hilbert-Artin Representation of PSD polynomials
~mil Artin’s 1927 Theorem (Hilbert’s 17th Problem):

\V/Ela"wEnER: f(Ela'“aEn) 20
0

Y
Jui,vj € RIX]: f(X) = Zlizlui
2 =1V




Hilbert-Artin Representation of PSD polynomials
~mil Artin’s 1927 Theorem (Hilbert’s 17th Problem):

VEl,---,EnER: f(Ela'“aEn) 20
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— o YU
Jui,vi € RIX]: f(X) =
| [ ] ( ) le:]_VJZ
)

Je>0, W =0 wid =0 w2 £0:

f(X) - (Me(X) "W me(X)) = mg(X) "W my (X)

vhered = e+ (degf) /2, me(X) andmy(X) are vectors of terms.

W = 0« PTLTDLP, D diagonalDj; > 0 (Cholesky)
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Hilbert-Artin Representation of PSD polynomials
~mil Artin’s 1927 Theorem (Hilbert’s 17th Problem):

VEl,---,EnER: f(Ela'“aEn) 20

0
Y
Aui,vj € R[X]: f(X) = 2i=1Yi
ARG

0

f(X) - (| me(X)TWEImg(X) ) = ma(X) "'WHmy (X)
vhered = e+ (degf) /2, me(X) andmy(X) are vectors of terms.

W = 0« PTL'DLP, D diagonalDj; > 0 (Cholesky)



—xact Certification of PSD Polynomial

denoteW = , then the affine linear hyperplane is

£L={ W[ £(X) (me(X)TWEme(X)) = my(X) Wiy (X) |

References:"Easy Case" Pey}f, Parrilo '07,08;
"Hard Case" Kaltofen, LI, Yang, Zhi '08,09



our Result

f eis too small— AW = o,wl - o,wlZ £ 0, s.t.

f(X) - (Me(X)TW2me(X)) = my(X)TWHmg (X)

>DP solver in Maltab can onlyumerically detect it!

lotation: SOYS0Se = {y U?/ 3 V2 | U, vj € R[X], degv; < e}.

ur result: Given integere > 0, we giveexactcertification if
(X) ¢ SOYSOSe.

Remark: More general, we can certiff(X) ¢ SOYSOS. with

erms invj arerestricted in a given subset afe.



Reduce to Semidefinite Programming
(X) ¢ SOYS0Se if and only if AWM = 0,W2 - 0, sit.

f(X)- (MgW&me) = mgWtmg,  Trwie =1,

vhered = e+ (degf)/2.



Reduce to Semidefinite Programming

(X) ¢ SOYS0Seifand only if AW - 0, w2 -0, s.t.
f(X)- (MgW&me) = mgWtmg,  Trwie =1,

vhered = e+ (degf)/2.

-or symmetric matriceS, \W, define inner product as
CeW = (C,W) = ZZC. Wi j = TracgCW).

et
TWimg = § (Gl
2

\nd



nfeasibility of Semidefinite Programming

et ] )
1
W — Wit Al —
« w2 |’
F(X) - (mgWme)
sup —CeW
WESka
Alo] o\
St.




nfeasibility of Semidefinite Programming
et

W =

Y
sup —CeW )
WESka
Al o\ > (P)
S.t _' — 0 , W>0
| AeW | 1 )

f(X) ¢ SOYS0Se if and only if SDP(P) is infeasible.




Jual Problem

"he dual problem of SDPP):

X

S

vhere

M(yv S) —

Inf
(y,s)cRM+1

st. M

Ma(y)

} (D)
(y,8) =0

Me((—f)y) + sl |

Y,

= (Yo )aeny, € RN2a andm = #N3 ,, moment matrixvly(y) and
ycalizing moment matrikie((—f)y) are indexed by?,. For

xBeNm,

Me((—

Ma(y)|o
fy)la,B] =

) B] — yCH—B

Z Yoty



semidefinite Farkas’ Lemma

standard SDP:

sup —CeW inf b'y
Wesnxn yeR!
st. AeW=b i=1-1 |
W = 0. st.C+ Z\yiAi ~ 0,
| =

emma. [Jon Dattorro2005]If the set of vectors
C AjeW |
: , YW >0

| AeW
5 closed, then primal problem is feasible if and onlyyifc R/
1S ViA = 0, we haveb"y > 0.



_losedness of the Convex Cone

emma. [Robinson73[The cone&sOS%e Is convex and closed.

emma. In our case, the subset of vector space

]
AT oW YW =0,

_AOW_

S closed.

—> Assumption in Farkas’ Lemma is satisfied!



Viain Contribution

‘heorem. The following are equivalent:
1. f ¢ SOFSOZe,

2. Jfeasible pointy,s) € R™" of (D), s.t.s < 0,

3. Jrational vector y = (y,) € Q™, s.t.,Mq(y') = 0,
Me(fy') < 0.

Proof:

Semidefinite Farkas’ Lemma

_|_
Dual problem(D) is strictly feasible

4

J rational vector y = (y, ) € Q™

12
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nterpretation by Linear Forms dR([X]

Siveny = (yq) € RY', define the linear formy € (R[X])" by
Ly(f) = y' CoeffVed f) = Zya fo, for f = Zfafo‘ e R[X].
a a

-oru(X),v(X) € R[X|, we have
Ly(u?) = CoeffVequ)' M(y)CoeffVequ)

Ly(fv?) = CoeffVeqv)' M(fy)CoeffVeqv)



nterpretation by Linear Forms dR([X]

‘heorem. The following are equivalent:
1. f ¢ SOFSOZe,

2. Y e QM st.vv,ue R[X ]Wlthdegv<e
degu < e+ (degf)/2, we have. (u?) > 0 and
Ly (fv4) <O.

f f=yu?/y v with degy < e, then

0<Ly(Yuf) =Y Ly(fvf) <0

wvhich is a contradiction.

14



special Casee=0

e=0 = Certify f(X) # Zu. ) € R[X]

‘heorem. The following are equivalent:
f(X) # 3t (X)?, u(X) € R[X],
2. Hy’ c QM s.t.Vu e R[X] with dequ < (degf) /2. we have
Ly (u?) > 0andLy(f) <O.

Ahmadi and Parrilo 2009: y — separating hyperplane

15



=Xxploit Sparsity in SOS

"heorem. [Reznick78]For a polynomialp(X) = T, paX?, let
>(p) be the convex hull ofa| py # 0}. If f = 5,97 then

(gi) € 3C().

€ SOYS0S¢ if and only if

16



=Xxploit Sparsity in SOS

"heorem. [Reznick78]For a polynomialp(X) = T, paX?, let

>(p) be the convex hull ofa| py # 0}. If f = 5,97 then
(gi) € 3C(f).

€ SOYS0S¢ if and only if

f(X) - (MEW&me) = mpwimg.

ng € my = Sizes of the SDP&) and(D) decrease.

16



-indingy’ by Big-M Method
-mploy the Big-M methodVandenberghe9@p (P) and(D):

"= sup —Coe(W—-w) — Mw \
Wesk<k weR
] | _ . > (P*)
<t A .(W W) _ O W= 0w 0,
| Ae (W—W) | 1 )
s= inf s \
(y,9)cRML

st. M(y,s) = 0, » (D)
TrM(y,s) < M, )

P*) and O*) are strictly feasible=r* =s" — —co asM — .



18
Algorithm Degree Lower Bound Verification

nput: f € Q[X], e Z-o.
utput: If f ¢ SOS/SOS,, return certificate/ € Q™.

1. Reduce the problem to SDF3) and(D).
2. Fixabigi € 7Z and modify(P), (D) to (P*),(D").

3. Solve(P*), (D*) by iteration until solutiorpy = (Y, s
with s¢ < 0is obtained.

4. Find a strictly feasible pointaD) p= (V,95).
5. FixO<t<landp= (1-t)pc+tp=(y,s) suchthas <O0.
6. Choose a rational poimt = (y',s) € B(p) wheree < 3|5].

>DPTools[Guo09] High precision SDP solver in Maple based
N the potential reduction method[iviandenberghe96]



Sseneralization to Rational Functions

roblem: Given rational functionf /g € Q(X) with g(X) > 0,

tegere > 0, certify f /g ¢ SOY SO Se.
etd=e+ [(degf —degg)/2] and

M = {)?‘”B*V | XY € Termgg), degX®, degXP < d} ,

Mo = {XO‘“”V | XY e Termg f),degX?®, degxP < e} .

‘heorem. The following are equivalent:

1. 1/9¢ SOFSOSe,

2. [1 pTpor3y € QMs.t.Vu,v e R[X] with degu < d,
degv < e, we have.y (gu?) > 0 andLy (fv?) < 0.

19



Viotzkin Polynomial
\le prove that the well-known Motzkin polynomial
f(X,Y) = X424+ X2Y*4+1—-3X2Y?
5 not SOS. Otherwise, by exploiting sparsitycan be written
sf(X) =y ui(X,Y)? where
u(X,Y) = Ugo+ Up1XY + Up 1 XY + ug 2X Y2,

"he certificate we obtained is

22011 358944
)/:(ylo,o— 55402)/11 0 >/21 0 }/12 0 }/22— 9403 ’

96310 0631
V32 =0,¥o3="0,Y4, = 2693 Y33="0Y54= 2693

20
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Continue

U(X,Y)2 :U(Z)p + Uo’oU171XY -+ Uo,oU271X2Y -+ Uo,oU1,2XY2
— uilXZYZ U 1U2 1 X3Y2 4 ug 1up 2XAY3
+ U5 1 XAY 2+ Up 1Un 2X3Y S 4 Uf pX 7YY,
22011, 358944, 96310, 96310,

v (U2) = >0
v(U) = 5540200+ 9203 Y11 2693211 260312
\nd

(1) 96310 96310 22011 358044  178662293250763
YA T 4693 T 4693 ' 55402 9403 2444794913158

which impliesf can not be written as SOS.



I-Posed Polynomial

onsider polynomiaf (X,Y) = X% +Y? —2XY € R[X,Y]. Since
= (X —Y)?, we havef* = inf f = 0.

{owever,ve > 0, fo(X,Y) = (1—£%)X?+Y? - 2XY is not SOS.

akex =y =C, fs(x,y) = —°C? = inf f; = —o0. lll-posed!

ore =101, 1072, 1073, 104, SDP solveiSeDuMiin Matlab
annumerically detectf, is not SOS. But foe = 107> or
maller, itfails!

Jur method in Maple can givexactcertificate offe being not
50OS fore = 108 or smaller!

Reference: Hutton, Kaltofen and Zhi, ISSAC 2010
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—xamples withe > 0
~onsider the even symmetric sextic§@noi et al.1987] Let

- n
Mr (X) — Xir7
2
hen for integed < k < n-— 1, we define formd by

fo = —nNMg + (n_l_ 1)M2M4 - Mgv
\nd

f = (K% +K)Mg — (2k+ D)MoMg+M3, 1< k<n—1.
2

-0rn = 4, takinge = 1, we can certifyf, ¢ SOSYS0S.
-orn =5, takinge = 1, we can certifyf;, f3 ¢ SOSSOS.

‘0 our knowledge, they are tliest PSD polynomials which can
ot be written ag; u?/ ¥ j v¢ with degy ; v¥ = 2!
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THANK YOU!
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