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APPROXIMATIOH OF A PLANE WAVE BY 
OF PLAHE WAVES OF GIVE.._. DIRSUPERPOSITIOHS 

n ECTIOHS 

B . A. VOSTRECOV AND M .. KR v... 
· .n . EmES 

Let x ::: (x1, · · ·, xn) be a point of the Euclidean space R 
( ) n' and let D be a certain domain •·n th1·s 

nacc. furcher, let a= a 1, · · ·, an be a point of the (n _ I) d . . 
s,,-- - 1mens1onal real • . 
with given homogeneous coordinates a 1, . . . , an. In the s ace Il pro1ect1ve space Iln-1' 

r() . P n-1• we choose a set f · 
any point a, Let t be an arb1trary function which is c ti" • • 

0 po10ts M and 
00 nuous 1D the rnterval 

inf (ax)·< t < sup (ax), 
xED xED ax= ax + + 1 1 • • • GnXn. (1) 

We will derive a necessary and sufficient condition that f . /( ) every unct10n ax x € D 
pro1imated uniformly on the compact subsets of the domain D b • f' ' 

can be ap-

. y a summation o the form 
N 

~ cp, (aix), 
i = l 

(2) 

where N is an arbitrary natural number, ai is a point of the set M and ¢/ti) is a function continuous 

in the inte"al 

Toward that end, we will consider an arbitrary homogeneous polynomial P (y) = P (y 
1
, · : • , y n) in 

the variables y l' · · ·, y n with r cal coefficients, and we will introduce the following definition. 

Definition. We will say that the point a, a€ !In-I is algebraically related to the set M, if every 

polynomial containing the set M (i.e. vanishing at each of the points of M), contains also the point a. 

Theorem. In order that an arbitrary continuous function /(ax), x € D, can be uniformly approximated 

on the compact subsets of the domain D, by a summation of the form (2), it is necessary and sufficient 

that the point a= (a
1

, ... , an) be algebraically related to the set M. 

Proof of the necessity. We assume that the arbitrary continuous function f(u) can be uniformly 

approximated on the compact subsets of the domain D by a summation of the form (2)· Let 

p (y l' · :_· • Y 
11

) be an arbitrary polynomial of degree m containing the set M • We choose any close~ 

sphere K lying together with its boundary in the domain D. We de~ote by VR, the class of all func~1ons 

v (x) which . . . h h K nd which vanish together w 1th 
are m times continuously diffcrenuable 10 t c sp ere , a -

their par · 1 d . . h b dary of the sphere K. For the 
Ua envatives up to the (m - I) st order inclusively, on t e oun 

class off . 
unctions "R• we define the functional 

(u, v) = ~ u (x) p ( a~1' ... , a~n) v (x) dx, 
R 

t.>here ·u ( ) . . . the sphere K. The functional (u, v) is ad-
z: ls an arbitrary function which is conunuous 10 ce 

ditive 10· u and . . in the sense of uniform coovergen 
v and, for a fixed function v (x), 1s coounuous 
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within the class of all functions u (x) which are continuous in the sphere K. We can easily sec also 

that, if P (a 01 , • • •, a
0

n) = o, the~ (cp (a
0

x), v) = O for functions of the class v'f?., whatever be the 

continuous function cp (a
0

x), x € K. From this, ~nd because of the relatively suitable function {(u) 

assumed, it follows that ([ (ax), v) = O if v (x) € v·;r Since the function f(i) is arbitrary, we choose 

it such that, in the interval inf (ax) 5 t 5 sup (ax), it possesses a continuous arbitrary /("') (i), 
x€K "€K 

where /(m) (t) 1, O in this interval. Integrating by parts, we obtain 

(f, v) = (- l)m ~ t<m> (ax) P (a1, ••• , an) v (x) dx = 0, 
D 

from which, .by virtue of the arbitrariness of the function v (x) € VK,, it follows that 

t<m> (ax) P (a1, ••. , an) == 0, X E K, 

i.e. P(a 1, · · · , an)= 0 and the point a= (a 1, · · ·, an) is algebraically related to the set M. 

Proof of the sufficiency. Since a,ny continuous function in the interval (1) can be uniformly ap

proximated by a _polynomial on the compact subsets of this interval, it is enough for the proof of our 

statement to show, for any natural number m, the possibility of the representation 

k 

(ax)m = ~ 'A1 (a,x)m, a1 EM, 
i=l 

-where k is some natural number and >..1, · · · , >.le arc real numbers. 

It is obvious that the number Ai .. should satisfy the system of equations 

k 
m, m1 mn "'1 m, m, mn~ a1 a2 ••• an = LJ ai1 a, 2 ••• a,n 11,,, 

i=l 

m, >,. 0, m1 + m2 + ... + mn. = m. 

We choose k = c,:;!_1 and consider the determinant obtained from the system (4) 

(3) 

(4) 

for the totality of points belonging to the set M. If for a given m, there is no polynomial of degree m 

containing the set M, other than the identically vanishing one, then it is easily seen ·that the totality 

of points of the set Maj, i = 1, · · ·, k, for which Ma~, · · · , aZ) ,/,. 0 are chosen and the possibility of 

the representation (3) for this m is proved. If, however, some nontrivial polynomial does exist, then 

~(al' • • • , a1) = O, whatever be the totality of points (a,, i = 1, • • •, k), from the set M. In this case 

the choice is made from among the minors of the determinant ~(al'•··, a1) if only one minor 

~(a 1 , · · · , a, ), s < k and only one system of points a,• , • · • , a! exist such that ~(a•, , • • · , a•, ) ,' 0, 
1 • 1 1 • 1 • 

while all the minors of the determinant ~(a 1, · · · , a1) which are of higher order will be equal to 
zero at all the points of M. 

If among the rows of the minor ~(a 1 , • • • , a, ), mo-"'o mo 
there is ·no row of the form a, 1 a. 2 •• •.a,. n, 

0 0 0 0 1 • 
m1 + m2 + · · · + mn = m, m; ~ 0, then we augment the minor ~(aj , • • • , aj ) 

1 • 

I 1 '2 n 
by the elements of that 

row and the elements of any column of the original determinant, taken at the arbitrary point a, € M. 
We obtain some minor Ma, 1, · ·.· , aj • a1). We fix the points aj 

1
, • • •, aj • and let the point a, run 

.through all the points of the set M, thus tracing each time ~(aj , • .. , aj , a,) = o. Expanding this 
1 • 

-minor about the elemcots of the added column, we find that on the set M there is a linear relationship 
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0 0 0 
HI Ill , Ill 

'"" poWf'r "11' "1 '}, • ' , ri, n unil 11,,. powt-rl'i corr el'lpo Ii 
11r-1wl'I"" J i• . uc ug lo the rows of th . 

1110 ,,. !1 1110 e minor 
• ) 111r powrr "1,' ",22 111 11 hdn~ 111~ I ( • , ' , • "I' , " . ur y ex1)ft:l'll'le(I ln terms of th 

A -, 1 • . e rest of the mentioned 
"' 1,11, ch~ ol,11,lnttl I lnf'flr t:0111l1l1111do11 11110 tli e corr es r, Ii 

,,.,rrl'I, '1 ,.on( 1111 homogeneous I . 
r41 

"' ) rrplitcl11,t, In 1hr 1lf'lc:-r111l11n11t t\(nj , .. . 
1 11• u ) 

1 
po ynom1al 

Jl(Y ••' 1 1 11' I '• I' lie component s a 11

11 ,. 1iv 1hr1 •orr("1tpn1ull11~vurl11hl ~11y 1,y, ••· y SI• I '1' 0
'2• ·· · ,a,,. 

r 1hr po II ' I 2 I ,.. IICC t lt polynominl p ( ) . 11 'I II will 11r c("1cirnrlly co11rnln tht< point n nllio hy the s t t Y contaJns 
1hl'I 11r1 " ' ,,. . ' n cmcut of the theorem, II 

'

hl\l ch" fu11c clo11 11 .. (n:a) Rntllifl<:11 t.he eq1111tlon in the ,,0 ti 1 1 . , ence it 
f,1llll"''" ,. r n c cravnuves 

/) ( 1 '.~ 1 " , 1 ; ) I l ::-, l). 
I I X11, 

S111,,.tlrntlnR che powe r (nx)"' ln thlN equntion, we find that exnctly d 
1 

. . 
ic same re auonsh1p that was 

•t mo mo o 

'

,..,nd 111,()ve for the point •, f: 11 , exiinl'I between the power a I a 2 ... am n O d th 
,,.. 1 2 n n e powers corrc• 

,~Un,1110 chc row:1 of the minor l\(nj 1' ..• ' aj ) tnken nt the point a, Since the chosen row of the 
,~,-- O O O • 

form 11
111 

l a '"1 2 • • , ti~" doc 11 not enter In the composition of the rows of the determinant Ma• . . . a• ) 11 2 " '1' .,,, 

which Is arbitrary, the 11olvllhllity of the sy11tem (,i) in terms of >..; follows from the proof and thus the 

poulhUhy of the repre11enrntion (3). 

The mentioned theorem nllows the notion of the nlgebrnic rclntionship of a point to the set M to be 

fonnulatctl ns follows: 

The point a € Hn-l ls nlgebrnicnlly rclnted to the set M, if it exists in the domain D in such a 

manner thnt the nrbhrnry function /(ax), x € D ( f (t) continuous in the interval (1)), can be wtiformly 

approximated on the compnct subsets of D by n summation of the Conn (2), 
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