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APPROXIMATION OF CONTINUOUS FUNCTIONS 
BY SUPERPOSITIONS OF PLANE WAVES 

.., 

A VOSTRECOV AND M. A. KREINES 
B. . ' 

f di ections determined by the vectors Ii = (ai) /,-O, ai = (ail' ai2• . . • a. ) b 
A sequence o r . . . . ' in • w ere 

b d • _ 1 2 • • • will be called basic, 1£ for a certain domain D of th d" a .. are real num ers an ' - , , ' • e n- une0• 

~/ l I'd an space and an arbitrary function f( x), x = (xI, x2, . •• 'xn), continuous in the do . s10na euc 1 e . main 

fun • ,1., (t ) i - I 2 . . . k each continuous in the corresponding interval there arc cuons 't'ik i , - , • ' ' 

inf (a.x) < t . < sup (a .x); a.x = a,.lxl + ... + ainxn, k = I, 2, ... , ' . ' . . ' ' xeD xeD 

such that the sequence of sums 

(1) 

converges uniformly inside D • to the function f(x). 

In this note we give necessary aod suffi ci ent conditions satisfied by any basic system of direc• 

tions, 

To formulate these necessary and sufficient · conditions we shall consider the coordinates 

a 1, a2, · · · , an of a vector 1 t-0 as homogeneous coordinates of a point A = (a) = (a 1, a2, · · · , an) 

of the (n - !)-dimensional projective space Iln _
1

. 

Theorem. For a sequence of directions determined by the vectors I.= (a.),/:. O, i"' I, 2, · · · to be 
' ' basic it is necessary and sufficient .that the sequence of the points Ai,,, (ai) of the space Iln-1 does 

not belong to any (n - 2) dimensional algebraic surface of this space. 

From this theorem it follows in particular that a sequence of vectors 1. "' (a.) determining a basic 

' ' sequence of directions cannot be entirely contained in any hyperplane of the n-dimensional vector 
space. 

1. Proof of the necessity. We will show that if (a .) € M i = I 2 . . . where M is some (11 - 2~ 
d · · · ' ' ' ' ' rd· tmens1onal algebraic surface of the space II - , then in any domain D of the n-dimeosional euc ' 
ean space the e · · n 1 eoce of 

r exi st contmuous functions which are not uniform limits of any convergent sequ 
sums of the form (1), 

Let 

m I +m 2 +•.•. +m n =m 
where c c • . . c th urface M 
. m 1, m 2' , mn are constants, m,. ~ O, 1· = I 2 . . • n be the equation of e s h re 
in homogeneous coordinates. ' ' ' ' sp e 

We take an arbitrary point x € D and choose 8 > 0 so that the 
- n 0 
K, I (.x. - X )2 < 0 . . h 

i-1 , Oi ~ ' is 10 t e domain D L . 
- · et us consider -the operator 
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Ov (u) = ~~ u (x) L lv (x)l dx, dx = dx
1 

• .. dxn, 
R 

L 
p(a/axl, a/ax 2, ... , a/axn) and v(x) is a function m times continuously cliff. . bl . e "' h b d f th - erenua e in 1ber -K bich vanishes on t e oun ary o e sphere . K together • th ll . . . . here w wi a Its partial denvauves cbe sp d (m _ 1) inclusive; we shall call such functions admissibl be or er _ e. 

up tot fu tion u (x) continuous in the sphere K and of the form u = ,.J.. (a ) ( ) E M . . Every nc . . . . ~ x , a , anmhtlates O (u) for every adm1ss1ble function v (x). In fact let us subst' tu b ' . . 0 
era.tor v ' 1 te an ar 1trary ad1D1ss1ble tbe '. ti(,:) and the function u = <p (ax) in the operator O v (u) and, assuming that a ~ 0 ( b' h d fuOCUOD • • l ,= w lC oes . eoerality) let us make under the mtegral sign in the operator L a ch f . bl oot resmct g ange o ·vana e 

setting 

(2) 
. We shall have 

~q> (ax) L [v (x)l dx = I !1 I~~ cp (y1) L lv (y)] dy, 
K K' 

(3) 

where [(' is the image of the sphere K and L results from transforming the operator L by means of 
the formulas (2). 

Since 

for any m_ times differentiable function ¢, it is easy to see that the coefficient of am; ay7 in the 
operator L is equal to O. Furthermore let us observe that the function v(y) = v (x) vanishes on the -, 
boundary of the domain K together with all its partial derivatives. ·Using this and applying in the 
right side of (3) a single termwise integration with respect to . a variable not coinciding with y 1 we see 
the validity of the equation 

for any admissible function v (x). 

From this and the additiveness of the integral and the possibility of passing to the limit in the 
operator O v (u) for a fixed function v (x) it follows that if the functions <pik (ai x), i = 1, 2, · · · , k; 
k = 1, 2, ... , are continuous in the sphere K., then every function f (x) which is the limit of a se
quence of sums of the form (1) uniformly converging in K. also annihilates the operator O v (u) for 
every admissible function v (x). 

To complete the proof it is necessary to show the existence of a function u = uo (x) continuous in 
tbe domain D and not annihilating the operator O v (u) for any admissible function v (x). 

If c . 
1 • 1 p ( a . . • a ) then such a func-0 O o 1s a nonzero coefficient of the po ynomia a 1 • 2 • • n m l'm2,"· ,mn . 

· O O 0 lion Will be f m 1 m 2 mn · d 1 f tion ' or example, the function uo (x) = x 1 x2 .. . x n . For 1t an ti e un c 

'Ne shall have 

n ) 2)m v (x) = (8 2 - I. (x · - x oi 
O i = 1 ' 
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I 1 111 il'i c Ntnblitilicd. and thus the necessity of the conditions of t ,c l ,core . 
f lircctionN dctcrrnlncd by tlic vcctor l'l 2. Proof of the necessity. Let n sequence o < 

I . .,, (a ,) -1, o, i ... 1, 2, · · · • 
' ' 

be such that the corresponding sequence of points 

A' = (",) (4) 

b I (n _ 2)-dimcnsionnl nlgcbrnic surface. We may, obviou•Jy, of the space lln-1 does not e ong to nny 11· " . 1 . - 1 2 . . . ns pairwise nonco menr. consider the vectors ,, i - , , , 

1 b m nnd nny nggregnte of points l(alc,)I C l<a,)I, where k, is a natural For any natura num er nu111. 
N N n · _ 1 2 . . . let us consider the identities ber, r = 1, 2, · · · , , = cm +n' ' - ' ' ' 

(akrt Xl + LJ1,r:!X'2 -4- , , , -f- l1kr 11X11)rn -~" 

~ 
ml m, m, m" "'• in, mn (5) -- m1!m-i! .. . m11! 

ll11r 1ak , 2 , ,a krnX1 · 2, Xn ' 
,,,,+m,+ ... + N111=~m 

m,:>o, j I, 2, I n, 

which we shall treat as a system of linear equations in the quantities 

(6) 
The determinant of this system is equal to 

A ( ) I 111, m, Ll ak,, , . , , llkN = u,,,1akr2 · , 

m1 + m'.! + ... + m,. = m, m1 > 0, j := l, 2, .. , n. 

We shall call a system l(ak,)I, r = 1, 2, • • • , N for which !i(ak 
1

, · • • , akN) -/= 0, a nondegeneratc sys• 
tem of points of order m. 

Let now n = 2. In this case for the sequence Ii, i = l, 2, • · · , we may take any sequence of pair• 
wise noncollinear vectors. It is also easy to see that when n = 2 any sequence of ,li~tinct points of 
the sequence (4) contaning m + 1 points is a nondegenerate system of order m, m = 1, 2, • · · . Hence 
putting k, = r, r = 1, 2, · · · , m + l and solving the system (5) with respect to the unknowns (6) we 
f . d h d m I m2 1 10 t at every pro uct x 1 x 2 , m 1 + m2 = m, m 1, m 2 ~ O, and consequently any homogeneous po Y-
nomial of degree m in the variables x 1, x 2, is representable as a linear combination of the powers 
(aix)m, i = l, 2, · · · , m + 1. From this and the arbitrariness of m it follows that every polynomial 
Pk (x) of degree le is representable in the form 

k+I 
Pk (x) = I ¢ . (a.x), 

i = l ' ' 

where the functions <pi (t) are also polynomials of degree le 1n t. 

(7) 

. Hence taking a sequence of polynomials IP k(x)I, le= 1, 2, ..• ' uniformly approximating the func· 
tton f(x) in D, and using the equation (7) we obtain the proof of sufficiency in the case n = 2• 

For n > 2 an arbitrary system of points l(ak )I, r = 1, 2, ... 'N, from the sequence (4) need not be 
nondegenerate. 1::-e shall sho h . h f ' ystems of w, owever, t at or any natural m there exist nondegenerate s 
points belongin g to the indicated sequence. For this end a ssume the contrary and select from the s~· 
quence (4) any system of distinct points l(az,)I, r == l, 2, .•. ' N. We fix any N - 1 among these p<>tntS 
and make run the remaining poi t ( * ) h ( ) · - 1 2 • · · · 0 

, say akj t rough all the points of the sequence ai, ' - ' ' 
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fl ( * . 
By hypothesis, '\ 1, · · • , ak •• • • • • ak ) = 0 each tim s· 

I N · e. tnce the initi l 
oy (n - 2)-dimensional algebraic surface all min f b . a sequence does not belong 

to a * ' ors o t e /th row of the d . 
A (a* • ... • akN) are equal to O. In view of the arbitrari f . eterm1nant 
u kl . . ( * ness o the choice of th . 

I( )I and the vanablc pomt ak.) among the points of th . . e sy st em of the points 
ak, I ts system, 1t follows fr h f . 
enerally, any minor of order (N - I) of the detenninant ~ (a . . . om t e ore going that, 

g · ( ) k 1 • , ak ), taken fo b' 
111 

of points of the sequence 4 is equal to o. Repeating th . N r an ar ttrary sys-
te ( ts argument for each minor of d (N I) 
we find that all minors of order N - 2) of the determinant unde 'd . or er -

r const erauon are also equ I O f 
ll passible systems of points of our sequence. Continuing in th . a to or 

a . e same way we arnve at the identical 
vanishing of all m10ors of order I of the determinant /). (a . . . a ) f • . 

. • k 1' ' kN or all po10ts of the sequence 
(a .) i = I, 2, • • • , and this contradicts the hypothesis since 1 _j_ 0 • _ 1 l ' i F ' L - ' 2, • • • • 

Hence the sequence (ai), i = 1, 2, ... ' contains nondegenerate systems of . t f d 
. po10 s o any or er m. 

For each m we frx one such system and substitute the coordinates f th . f h' . 
. . . o e po10ts o t ts system into 

the relations (5). If now P k(x) is an arbitrary polynomial of degree k th 1 · h b . d , en so vtng t e so o ta10e 

system (5) with res~t !0

2 
_th e u:";;owns (6) for m = 1, 2, · · · , k, and replacing in the polynomial 

Plx) the powers xl x2 · · · xn 'ml+ m2 + · · · + mn == m, mi 2:. 0, by the solutions we arrive at the 

equation 

Nk 

Pk (x) = I ¢· (a .x), 
i=l ' ' 

where 'Pi (t), i = 1, 2, · · • , N k• are certain polynomials in t of degree not exceeding k. The proof of 

the sufficiency of the conditions of the theorem then reduces to the possibility of a uniform approxi

mation of the function f (x) in the interior of the domain D by polynomials. 

Using the preceding result we can, for example, assert the following. 

Let ti, i = 1, 2, • • • , be a sequence consisting of infinitely many distinct real numbers and con

verging to some number t
0

• Then the sequence of directions (ti, e ti, I), i = I, 2, . .. , iti the three-dimen

sional space is basic. 

This assertion follows from the fact that the end points of the vectors taken in the plane Il 2 do 

not lie on any algebraic curve. 
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