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The Knaster-Tarski fixed point theorem

Theorem (Knaster—Tarski) Suppose that L is a complete lattice and f: L —
L is monotonic. Then f has extremal fixed points. Moreover, the set of all
fixed points of f is a complete lattice by itself.

Applications in CS
e automata and languages
e programming logics and verification
e semantics
e algorithms, etc



Fixed points of nhon-monotonic functions

Fixed points of non-monotonic functions in CS
e Boolean automata and language equations (Brzozowski-Leiss 1980)
e logic programming (Przymusinski 1989, Rondogiannis-Wadge 2005)
e semantics of parallelism (Chen 2003)

Logic programming
e Przymusinski's well founded semantics

— abstract fixed point theory by Denecker, Fitting, Gelder, TruszczynskKi...

e Rondogiannis-Wadge semantics
— abstract fixed point theory: this work
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Stratified complete lattices

x a fixed limit ordinal

Definition Suppose that L = (L, <) is a complete lattice We call L a strat-
ified complete lattice if it is equipped with preorderings C,, a < k Such
that:

o Vz,y Va,B (rCayAB<a = x=p3y)
e Vr,y (WNaxz=qy) = z=y)

Example
L=WV?<): ViFp<Fi<..<Fy<...<0<...<Th<...<Th1 <Ty (a< k)

f Ea g iff

1. V2VB < a ((f(2) = Fs & g(2) = F3) A (f(2) = T3 < g(2) = Tp))
2. Vz ((f(2) =Ta = g(z2) =Tu) A(g(2) = Fy = f(2) = F,))



Axioms
Al. VzVady (x =q yAVz(x Ch 2 =y < 2))
Fact: y is uniquely determined by = and «. Notation x|,
A2. Y(xi)icrzn)VyVa (i =a y,i €I = \,c;2i =a y)
A3. Vz,yVa < k (2 <y = z|a < yla)
Ad. Ve, yVa <k (e <ynN(VB<az=py)) = zLl,y)

Example When f € V%, a < k:

fla(z) = {f(z) if f(2) € {Fs.Tp: B < o}

F,4+1 otherwise

Stratified complete lattices satisfying A1—-A4 will be called models.



Lattice theorem

Definition Let L be a model and z,y € L. We define x C y iff £ = y or
da x Co y.

Theorem (with P. Rondogiannis) If L is a model, then (L,C) is a complete
lattice with the same extremal elements.



Weakly monotonic functions

Definition Suppose that L isa model and f: L — L. We call f a-monotonic
for some a < k if

Vz,y(z Eay = f(z) Ca f(y))
Moreover, we call f weakly monotonic if it is a-monotonic for all a < k.

Example Let k = 2 and define A : V2 — V as the binary minimum (infimum)
operation and = :V — V by

Ta+1 if x = Fa
—(x) =< Fop1 ifxz=T,
0 if =0

P is a propositional logic program over Z i.e., P is a countable set of instruc-
tions

Z<—=DP1, " yPm, 41, ; Qn
where z,p;,q; € Z. Let ®p: V% — VZ be defined by:
(f)(z) = \/ f1) N A flpm) A=f(gr) A+ A flan)

Z4=P1;  Pmy G g €P
Then ®p is weakly monotonic.



Fixed point theorem

Theorem (with P. Rondogiannis) Suppose that L is a model and f: L — L is
weakly monotonic. Then f has a least fixed point and a greatest fixed point
w.r.t. the ordering L.

Theorem (ZE) Suppose that L is a model and f : L — L is weakly monotonic.
Then the fixed points of f form a complete lattice w.r.t. the ordering L.



Fixed point theorem

Example
P : P, S —q;, t<4 —t
p = o
S pr— —|q
t = -t

Minimal model: (p7 T0)7 (Q7 FO)? (87 Tl)a (ty O)

p IS ‘more true’ than s since there is a rule that says p is true, while s is true
only because q is false by default

Another model: (p,To), (q,7T0), (s, F1),(t,0)

Well-founded model: (p,T7),(q,F),(s,T),(t,0)



Inverse limit models

Inverse system of projections

hg: Lo — Lg, B<a<k
hJohf=hS, ~y<B<a
Inverse limit complete lattice:

Loo = {(xoz)a</<; S H L : VB <o hg(xa) — 335}

a<k

equipped with the pointwise ordering

Definition Let z = (z4)y<x and y = (yy)y<x iN Lo and a < k. We define
x Loy iff o < yo and zg = yg for all 8 < a.

Proposition (ZE) L. is a stratified complete lattice. It is a model iff each
hg is locally completely additive:

VX C LaVy € Lg (h3(X) = {y} = h3(\/ X) =y)
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Representation theorem

Theorem (ZE) Every model is isomorphic to the model determined by the
limit of an inverse system over complete lattices with locally completely ad-
ditive projections.

10



Z. Esik: A fixed point theorem for non-monotonic functions

Future work

Comparison with well-founded fixed points

Applications
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