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Automata on Infinite Words

Automata on Infinite Words

Automata that read infinite words
(parity acceptance conditions: the largest priority visited infinitely
often is even)
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Automata on Infinite Words

Automata on Infinite Trees
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Automata on Infinite Words

Automata on Infinite Trees

(Σ0
2-complete)
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Automata on Infinite Trees

Automata on Infinite Trees

Automata that read infinite (binary) trees
(parity acceptance conditions: the largest priority visited infinitely
often is even)
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Automata on Infinite Trees

Automata on Infinite Trees

Deterministic ⇒ tree is accepted iff all branches are accepted
⇒ tree is rejected iff some branch is rejected

0

c

a

1 c

cc

a

aa

c a c ca a a a

c

cc c c

a

ac a a

a

c c c a c a a a

c

a

c

a

c a c ac a c a

c

ac c c

a

aa c a

a

a c c a c a c c

a

c

a

a

a

J. Duparc, K. Fournier ( & ) Wadge-Wagner hierarchy Waterloo, 25-27 June 2015 12 / 77



Automata on Infinite Trees

Automata on Infinite Trees

Nondeterministic ⇒ Acceptance or Rejection of an input relies on
solving a game: input tree is accepted iff Automaton has a w.s.

two players:
Automaton takes charge of nondeterminism

Pathfinder takes charge of branching (left or right)

Automaton wins iff largest priority visited infinitely often is even

yields ∆1
2 languages
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Automata on Infinite Trees

Automata on Infinite Trees

Nondeterministic parity tree automaton

A = 〈A,Q, I, δ, r〉

a finite input alphabet A,
a finite set Q of states,
a set of initial states I ⊆ Q,
a transition relation δ ⊆ Q×A×Q×Q and
a priority function r : Q→ ω.
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Automata on Infinite Trees

Automata on Infinite Trees

What is the language?
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Automata on Infinite Trees

Automata on Infinite Trees

(Σ0
1-complete)
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Automata on Infinite Trees

Automata on Infinite Trees

What is the language?
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Automata on Infinite Trees

Automata on Infinite Trees

(Π1
1-complete)

{
t | no branch contains ∞ many c
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Automata on Infinite Trees

Automata on Infinite Trees

The space TA (of all full binary trees on the alphabet A) is
homeomorphic to the Cantor space:

1 either consider the prefix topology: any basic open set is of the form

Ns =
{
t ∈ TA | s ⊆ t

}
for some finite tree s over A;

2 or view each tree t ∈ TA as an infinite sequence xt ∈ Aω.
A is finite ⇒ Aω (equipped with the product topology of the discrete

topology on A) is homeomorphic to the Cantor Space.
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The Wadge Game

Automata on Infinite Trees

1 Given L,M ⊆ TA, in the Wadge game W(L,M) :

1 player I builds tI ∈ TA and player II builds tII ∈ TA;

2 at every round, player I plays first, and both players add a finite
number of children to the terminal nodes of their ongoing trees;

3 player II is allowed to skip her turn, but has to produce a tree in TA
throughout a game;

4 Player II wins the game if and only if tI ∈ L⇔ tII ∈M .

2 L ≤W M⇔ II has a w.s. in W(L,M)

⇔ there exists f continuous s.t. L = f−1M

3 L ≡W M ⇔ L ≤W M and M ≤W L.
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The Wadge Hierarchy
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The Wadge Hierarchy

The Wadge Hierarchy
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The Wadge Hierarchy

The Wadge Hierarchy
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The Wadge Hierarchy

The Wadge Hierarchy
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The Wadge Hierarchy

The Wadge Hierarchy
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The Wadge Hierarchy

The Wadge Hierarchy
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The Wadge Hierarchy

The Wadge Hierarchy
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The Wadge Hierarchy

The Wadge Hierarchy
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The Wadge Hierarchy

The Wadge Hierarchy

Which classes are inhabited by regular languages?

Height of Wadge Hierarchy restricted to regular languages?

On words: ωω [Klaus Wagner 1979]

On trees:

deterministic: (ωω)3 + 3 [Filip Murlak 2006]

non-deterministic: ??????

this paper: for priorities ≤ 2

≥ ϕ2(0) + 1 = sup
n<ω

ε. . .ε0︸ ︷︷ ︸
n

+1
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The Wadge Hierarchy

The Wadge Hierarchy

1 ε0 = sup
n<ω

ω .
. .
ω0︸ ︷︷ ︸

n

;

2 εα+1 = sup
n<ω

ω .
. .
ω(εα+1)

︸ ︷︷ ︸
n

; ϕ2(0) = sup
n<ω

ε. . .ε0︸ ︷︷ ︸
n

3 ελ = sup
α<λ

εα, for λ some limit ordinal.
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The Wadge Hierarchy

The Wadge Hierarchy

Another characterisation of ϕ2(0):

ϕ2(0) is the first non-null ordinal closed under

1 x, y 7−→ x+ y. 2 x 7−→ ωx

or equiv.

x 7−→ (ωω)
x

3 x 7−→ εx

ϕ2(0) = sup
n<ω

ε. . .ε0︸ ︷︷ ︸
n
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The Wadge Hierarchy

Conciliatory Tree Automata

Conciliatory Tree Automata

conciliatory tree: finite or infinite (binary) tree

For conciliatory languages L,M we define the conciliatory version of
the Wadge game: C(L,M)

1 rules are similar, except that both players are allowed to skip and to
produce trees with finite branches - or even finite trees.

2 L ≤c M if and only if II has a winning strategy in the game C(L,M).

3 L ≡c M if and only if L ≤c M and M ≤c L

4 The conciliatory hierarchy is thus the partial order induced by ≤c on
the equivalence classes given by ≡c.
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The Wadge Hierarchy

Conciliatory Tree Automata

Any conciliatory language L over alphabet A yields

Lb of full trees over alphabet A ∪ {b}:

Lb =
{
t ∈ TA∪{b} : t[ /b] ∈ L

}
where

1 b is an extra symbol that stands for “blank”, and

2 t[ /b], the undressing of t, is informally the conciliatory tree over A
obtained once all the occurences of b have been removed in a top-down
manner

Lemma

Given L,M any conciliatory languages,

L ≤c M ⇐⇒ Lb ≤W M b
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The Wadge Hierarchy

Conciliatory Tree Automata

An infinite tree t with blanks
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The Wadge Hierarchy

Conciliatory Tree Automata

Definition (treeb automaton)

A treeb automaton Ab on the alphabet A ∪ {b} is any tree automaton s.t.
for each state the only possible b-transition is of the form:

i

b

0
b

⇤

⇤
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The Wadge Hierarchy

Conciliatory Tree Automata

Example
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The Wadge Hierarchy

Conciliatory Tree Automata

Definition (conciliatory tree automaton)

A conciliatory tree automaton A on the alphabet A is a regular tree
automaton, except that it also accepts or rejects conciliatory trees per

A accepts t ⇐⇒ Ab accepts tb.

where tb is the full tree on A ∪ {b} obtained by completing the missing
branches with b’s.

Proposition

Given any conciliatory tree automaton A, and any conciliatory language L
over A,

A recognizes L ⇐⇒ Ab recognizes Lb.
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The Wadge Hierarchy

Conciliatory Tree Automata

Example

conciliatory language full tree language
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A conciliatory Ab (full description){
t | t contains c

} {
t | t[ /b] contains c

}
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Operations on Conciliatory Tree Automata

Outline
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Operations on Conciliatory Tree Automata

Operations on Conciliatory Tree Automata

Operations on Conciliatory Tree Automata

1 sum:
A,B −→ A+B

2 multiplication:
A, α −→ A•α

3 pseudo-exponentiation:

A −→ (ωω)A

4 The pseudo-epsilon:
A −→ εA
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Operations on Conciliatory Tree Automata

Operations on Conciliatory Tree Automata

The sum (+)

B+A =

i

i

A 0
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BB{ ⌘W C
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c
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Operations on Conciliatory Tree Automata

Operations on Conciliatory Tree Automata

The multiplication (•) by ω

A•ω =
1

0

0

0

1

a

a

a

a
c

a

a

0

⇤A
c a

1

A{ ⌘W C
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Operations on Conciliatory Tree Automata

Operations on Conciliatory Tree Automata

Multiplication by any integers 0 < n < ω

A•n = A+A+ · · ·+A︸ ︷︷ ︸
n

Yields the multiplication (•) by any ordinals 0 < α < ωω

Example

A•(ω2 + ω · 3 + 1) = (A•ω)•ω+(A•ω)•3+A
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Operations on Conciliatory Tree Automata

Operations on Conciliatory Tree Automata

The pseudo-exponentiation
(
(ωω)A

)

0

i

i

0

1

i

1

" "

⇤ ⇤

c

⇤

a

⇤

a

c

i

i
i

⇤

⇤

⇤
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Operations on Conciliatory Tree Automata

The pseudo-exponentiation
(
(ωω)A

)

c a c ca a a a

c

cc c c

a

ac a a

a

c c c a c a a a

c

a

c

a

c a c ac a c a

c

ac c c

a

aa c a

c

a c c a c a c c

a

c

a

a

a
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Operations on Conciliatory Tree Automata

The pseudo-epsilon (εA)

i

i

⇤
i

i

⇤

⇤

⇤

0

c

a

1

c

c

c
a

a

a

1

c

a

2

c

c

c
a

a

a

1

⇤

⇤

⇤⇤
⇤

⇤

0

⇤

⇤

⇤
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Operations on Conciliatory Tree Automata

The pseudo-epsilon (εA)

i

i

i

" "

⇤ ⇤

⇤

⇤

i

i
i

⇤

⇤

AD2(⇧1
1)

AĎ2(⇧1
1)
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Operations on Conciliatory Tree Automata

The pseudo-epsilon (εA)

c a c ca a a a

c

cc c c

a

ac a a

a

c c c a c a a a

c

a

c

a

c a c ac a c a

c

ac c c

a

aa c a

c

a c c a c a c c

a

c

a

a

a

J. Duparc, K. Fournier ( & ) Wadge-Wagner hierarchy Waterloo, 25-27 June 2015 58 / 77



Operations on Conciliatory Tree Automata

Operations on Conciliatory Tree Automata

In the following we endow <c with the stronger meaning:

L <c M ⇔ L ≤c M and I has a w.s. in C(M,L) (hence M 6≤c L)
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Operations on Conciliatory Tree Automata

+ preserves


1 {

2 ≤c
3 <c

Proposition

1 (A+B){ ≡c A{+B{

A ≤c A′ and B ≤c B′ ⇒
2 A+B ≤c A′+B′

A ≤c A′ and B <c B′ ⇒
3 A+B <c A′+B′
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Operations on Conciliatory Tree Automata

• preserves <c

Proposition

0 < α < β < ωω ⇒
1 A•α <c A•β

A <c B ⇒
2 A•α <c B•α
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Operations on Conciliatory Tree Automata

A −→ (ωω)A preserves


1 {

2 ≤c
3 <c

Proposition

1 ((ωω)A){ ≡c (ωω)(A
{)

A ≤c B ⇒
2 (ωω)A ≤c (ωω)B

A <c B ⇒
3 (ωω)A <c (ωω)B
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Operations on Conciliatory Tree Automata

A −→ εA preserves


1 {

2 ≤c
3 <c

Proposition

1 (εA){ ≡c ε(A{)

A ≤c B ⇒
2 εA ≤c εB

A <c B ⇒
3 εA <c εB
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Operations on Conciliatory Tree Automata

any (ωω)C is closed under

{
1 +

2 •

Proposition

A,B <c (ωω)C ⇒

1 A+B <c (ωω)C

2 for any ordinal 0 < α < ωω

A•α <c (ωω)C
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Operations on Conciliatory Tree Automata

any εC is closed under


1 +

2 •
3 (ωω)

Proposition

A,B <c εC ⇒

1 A+B <c εC
2 for any ordinal 0 < α < ωω

A•α <c εC

3 (ωω)A <c εC
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Operations on Conciliatory Tree Automata

pseudo-epsilon (εA) is a fixed point of pseudo-exponentiation ((ωω)A)

Theorem

(ωω)(εA) ≡c εA
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The Wadge Hierarchy of [0, 2]-tree languages

Outline

1 Automata on Infinite Words

2 Automata on Infinite Trees

3 The Wadge Game

4 The Wadge Hierarchy

5 Operations on Conciliatory Tree Automata

6 The Wadge Hierarchy of [0, 2]-tree languages
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The Wadge Hierarchy of [0, 2]-tree languages

Every ordinal α > 0 admits a unique Cantor Normal Form of base ωω:

α = (ωω)αk · βk + · · ·+ (ωω)α0 · β0

where

1 k < ω 2 αk > · · · > α0 3 0 < βi < ωω.
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The Wadge Hierarchy of [0, 2]-tree languages

For every 0 < α < ϕ2(0), inductively define (Aα, Āα):
If the Cantor Normal Form of base ωω of α is

α = (ωω)αk · βk + · · ·+ (ωω)α0 · β0

set
Aα = A(ωω)αk•βk+ · · ·+A(ωω)α0•β0

and
Āα = A(ωω)αk•βk+ · · ·+Ā(ωω)α0•β0

where A(ωω)αi and Ā(ωω)αi are respectively:

1 gand gif αi = 0

2 (ωω)Aαi and (ωω)Āαi if αi < (ωω)αi

3 εA2+β
and εĀ2+β

if αi = (ωω)αi and αi = εβ for some β < αi.
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The Wadge Hierarchy of [0, 2]-tree languages

Lemma

Let 0 < α < β < ϕ2(0),

1 Aα and Āα are effective and [0,2];

2 I has a w.s. in both C(Aα, Āα) and C(Āα,Aα)

⇒

Āα and Aα are ≤c-incomparable;

3 Aα <c Aβ Āα <c Aβ Aα <c Āβ Āα <c Āβ ;

4 all the underlying winning strategies are effective.
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The Wadge Hierarchy of [0, 2]-tree languages

Theorem

There exist two families
(
Aαb

)
α<ϕ2(0)

and
(
Āαb

)
α<ϕ2(0)

of parity tree
automata s.t.

1 they recognize languages of full trees over the alphabet {a, b, c};
2 their priorities are restricted to [0,2];

3 α < β ⇔ Aαb, Āαb <W Aβb, Āβb;
4 Aαb and Āαb are ≤W -incomparable;

5 all the underlying winning strategies are effective.
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The Wadge Hierarchy of [0, 2]-tree languages

A maximal [0, 2]-automaton: W[0,2] is any automaton that can
simulate every parity game with priorities among [0, 2].

Example

The alphabet is {l, r, 00; 01; 02; 11; 12; 22}

r

l

r

l

22

00

00, 01, 02

01 2

r

l

01, 11 02, 12, 22

11, 12

Proposition

W[0,2] is a fixed point of the pseudo-epsilon: εW[0,2]
≡c W[0,2]
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The Wadge Hierarchy of [0, 2]-tree languages

Definition

The automaton Bα

Ā↵
0

a A↵

A r a
b

b
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The Wadge Hierarchy of [0, 2]-tree languages

The Wadge Hierarchy of [0, 2]-tree languages

Conjecture

Let A be some nondeterministic [0, 2]-tree automaton, exactly one of the
following holds:

1 A ≡W W[0,2]

2 A ≡W Aαb (for some 0 < α < Ω)

3 A ≡W Āαb (for some 0 < α < Ω)

4 A ≡W Bα (for some 0 < α < Ω)
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The Wadge Hierarchy of [0, 2]-tree languages

Theorem

The Wadge hierarchy of [0, 2]-tree languages has height at least

ϕ2(0) + 1 = sup
n<ω

ε. . .ε0︸ ︷︷ ︸
n

+1

The Wadge hierarchy of [0, 2]-word languages has height ωω

The Wadge hierarchy of det. [0, 2]-word languages has height ω2 + 1

Theorem (Filip Murlak)

The Wadge hierarchy of deterministic tree languages has height

(ωω)3 + 3
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The Wadge Hierarchy of [0, 2]-tree languages

Conjecture

The Wadge hierarchy of [0, 2]-tree languages has height exactly

ϕ2(0) + 1 = sup
n<ω

ε. . .ε0︸ ︷︷ ︸
n

+1

Wrong!

It is at least

ϕ3(0) + 1 = sup
n<ω

ϕ2(ϕ2(. . . (ϕ2(0)...)︸ ︷︷ ︸
n

+1
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