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Abstract

Optimal decumulation of a Defined Contribution (DC) pension plan can be viewed as a
problem in optimal stochastic control, which requires specification of an objective function, a
combination of reward and risk. An intuitive specification of reward is the sum of withdrawals
over the retirement period. This paper investigates three tail risk measures for running out
of savings in a DC plan decumulation strategy, which includes (i) expected shortfall (ii) linear
shortfall and (iii) probability of shortfall. From the perspective of all optimal solutions, we
establish that, under suitable regularity assumptions, the set of optimal controls corresponding
to all expected reward expected shortfall Pareto efficient frontier curves is identical to the set of
optimal controls associated with all expected reward and linear shortfall Pareto efficient frontier
curves. To better understand the impact of a chosen risk measure, we compare its optimal
controls across all three combinations of risk measures and reward performance criteria, while
fixing the values of the risk aversion and wealth/probability level parameters at reasonable
levels. This comparison reveals a clear preference for the linear shortfall risk measure, which
yields more desirable optimal strategies. From a practical point of view, we show that allowing
variable withdrawals has a large effect on reducing risk, compared to dynamic asset allocation.

Keywords: decumulation, stochastic control, risk
JEL codes: G11, G22
AMS codes: 91G, 65N06, 65N12, 35Q93

1 Introduction

Internationally, there is a growing movement to replace Defined Benefit (DB) pension plans with
Defined Contribution (DC) plans. A study of the P7 Countriesﬂ reveals that in terms of fraction of
total pension assets, DC plans have increased from 37% in 2003 to 58% in 2023 (Thinking Ahead
Institute, [2024). In terms of individual countries, Australia has 88% of pension assets in DC plans,
while Japan has only 5% of pension assets in DC plans. In the Netherlands, all DB plans will
transition to collective DC plans by 2028E| The trend towards DC plans seems inevitable, since
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2“The End of the Dutch Defined Benefit Model A Steeper Euro Swap Curve Ahead,” https://www.pimco. com/
eu/en/insights/the-end-of-the-dutch-defined-benefit-model-a-steeper-euro-swap-curve-ahead
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corporations and governments no longer desire to take on the risk of providing the guarantees
implicit in DB plans.

During the accumulation phase of a DC plan, the burden of deciding on an asset allocation
usually is relegated to the investor. However, upon retirement, the DC plan holder is faced with
an even bigger challenge. During the decumulation stage of a DC plan, the retiree must decide
on a withdrawal schedule and an asset allocation. Surveys have revealed that retirees fear running
out of savings more than death (Hill, [2016). Consequently, it seems clear that the retiree wants to
withdraw as much as possible, but avoid ruin. The decumulation problem has been termed “the
nastiest, hardest problem in finance,” by William Sharpe (Ritholz, 2017)).

While it is often suggested that retirees purchase annuities to reduce the risk of depletion of
savings, annuities are not popular with DC plan holders (Peijnenburg et all [2016). Milevsky and
Young] (2007a)) note that a survey of US retirees suggested that less than 2% of respondents chose
to annuitize. In the Canadian context, |Carrick (2020) reports that only 4% of retirees with DC
plans at a major Canadian insurer planned to annuitize. In fact, MacDonald et al.|(2013]) suggest
that avoidance of annuities may be entirely rational.ﬁ For example, in the North American context,
true inflation protected annuities are virtually unobtainable.

Variable annuities, where the retiree invests in risky assets, but with minimum cash flow guaran-
tees, have been suggested as hedge against longevity risk. These guarantees come in several forms,
perhaps the most popular include Guaranteed Minimum Withdrawals (GMWB) which guarantee
minimum cash flows over a fixed term, (Bauer et al., [2008; Dai et al., 2008; Chen et al., [2008;
Chen and Forsyth| 2008; [Monig and Bauer, [2016) and Guaranteed Lifelong Withdrawal Benefits
(GLWB), which provide minimum cash flows for life (Piscopo and Haberman, 2011; |Azimzadeh
and Forsythl 2015; [Horneft et al.l 2015; [Feng and Yi, 2019; |[Landriault et al., |2021}; |Bacinello et al.l
2024). However, the fees charged for these products are controversial (Monig and Bauer, 2016}
Forsyth and Vetzal, 2014). Before the financial crisis of 2008 (GFC), many academics argued that
insurance companies were undercharging for these guarantees, in the sense that the fees could not
cover the cost of hedging. This turned out to be the case, since some insurance companies took
massive writedowns on their portfolio of variable annuities after the GFC, see Forsyth! (2016). More
recently, it appears that the total fees charged by insurance companies (including fees charged on
the underlying assets) are much larger than the no-arbitrage value, indicating that perhaps variable
annuities are not so attractive to retirees (Forsyth, |2016).

Another product which incorporates a longevity hedge is a modern tontine (Donnelly et al.|
2014} Milevsky and Salisburyl, 2016} [Chen et al, [2019; [Fullmer and Sabin|, 2019} |Chen and Rachl,
2022; |[Forsyth et al.l 2024). Existing DC plans which incorporate modern tontine features include
the variable annuity funds offered by TIAAEL the University of British Columbia Pension Plarﬁ,
and the Australian QSuper fundﬁ.

The modern tontine which is most closely related to the work in this paper is the individual
tontine account (Fullmer and Sabin) 2019)). This product works as follows: the retiree makes an
irrevocable investment in a pooled fund. If the investor passes away, their portfolio is redistributed
among the surviving members of the fund. For the survivors, they receive mortality credits as well
as the returns from their own investment portfolio. The retiree maintains full control over how their
portfolio is invested.

Unlike an annuity, a tontine offers no guaranteed payouts, since returns depend on both market
performance and the survival of other participants. This added risk, has the following advantage:

3See also “When do you need insurance?” https://donezra.com/217-when-do-you-need- insurance/
“https://www.tiaa.org/public/

Shttps://faculty.pensions.ubc.ca/

Shttps://qsuper.qld.gov.au/
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for the same initial investment, the expected payouts from a tontine are typically higher than those
of a traditional annuity.

From a mathematical point of view, an individual tontine account can be modelled as a tra-
ditional DC decumulation account with a tontine overlay (Forsyth et al., [2024). However, these
products are still in their infancy m True, actuarially fair, individual tontine accounts do not seem
to be available at this time.

An extensive study of decumulation strategies can be found in Bernhardt and Donnelly| (2018]).
As an example, typical wealth management advice given to retirees is usually some variant of the
ubiquitous 4% rule (Bengen, [1994). This rule suggests that retirees should (i) invest in a portfolio
of 50% bonds and 50% equities, rebalanced annually and (ii) withdraw 4% of the initial capital each
year (adjusted for inflation). We can consider that this advice is given to a 65-year old retiree, who
wants to be sure that they do not run out of savings if he/she lives to age 95@

This advice is justified on the basis of historical rolling 30 year periods, using US data. A
retiree following this advice would never have run out of savings over any of these rolling thirty year
periods. Various adjustments to this rule have been suggested many times, see e.g. |Guyton and
Klinger| (2006). However, both the advice and historical tests can be criticized. Rolling thirty-year
periods obviously have very high correlations. Use of constant weight stock allocation is somewhat
simplistic, as is use of a constant (in real terms) withdrawal rate. In fact|Irlam (2014)) used dynamic
programming methods to conclude that deterministic (i.e. glide path) allocation strategies are sub-
optimalﬂ More recently, |Anarkulova et al.|(2025) suggest that the safe withdrawal rate might be
much lower than the the 4% rule. In contrast to rolling historical periods, |Anarkulova et al.| (2025))
use block bootstrap resampling to test withdrawal strategies. We will also use bootstrap resampling
to test our results in this paper.

Nevertheless, the four per cent rule has seen wide adoption since the original publication over
thirty years ago, and can be regarded as the default advice.

Contrary to commonly held beliefs, it appears that retirees are somewhat flexible in annual
spending. A survey in Bannerje (2021) indicates that retirees actually adjust their lifestyle (i.e.
what are perceived as fixed expenses) to match their cash flows.

In fact, recent surveys indicate that, if anything, many retirees underspend on the basis of their
financial assets (Rappaport), [2019; |Ackerly et al., 2021)). Browning et al.| (2016|) suggests that these
assets are being held as a reserve against unexpected medical expenses. However, Canada has a
comprehensive public health care system, yet [Hamilton| (2001)) finds that senior Canadian couples
85 and older either save or give away about 25% of their income.

All these facts indicate that we should allow some flexibility in withdrawals from pension sav-
ings, in order to ameliorate return risk across time. Various rules have been proposed to allow
variable withdrawals. Bengen| (2001)) updates his original work on the four per cent rule, and now
suggests fixed percentage withdrawals, with a floor and ceiling. Bengen| (2001)) concludes that these
withdrawal rules can increase the safe withdrawal rate compared to the original four per cent rule.
Variable withdrawals are also advocated in Pfau (2015). |Guyton and Klinger| (2006) explore various
heuristics governing portfolio allocation, withdrawals, and caps on inflation adjustments. Another
thread of the literature focuses on withdrawal rules which depend on the current state of the in-
vestment account and and the current life expectancy of the retiree (Dus et al., 2005; Horneff et al.,
2008; [Waring and Siegel, 2015 Forsyth et al., [2022).

"Saskatchewan Co-operative Superannuation Society Variable Payment Life Annu-
ity (VPLA): https://www.benefitsandpensionsmonitor.com/pensions/retirement-planning/
a-new-annuity-product-for-dc-plan-members/386168

8The probability of a 65-year old Canadian male living to age 95 is about 0.13.

9A constant weight strategy is trivially deterministic.


https://www.benefitsandpensionsmonitor.com/pensions/retirement-planning/a-new-annuity-product-for-dc-plan-members/386168
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Perhaps the most rigorous approach to the decumulation problem is to formulate this as a
problem in optimal stochastic control. The controls in this case, are (i) the asset allocation, i.e.
the stock/bond split and (ii) the withdrawal amounts (real) per year, subject to maximum and
minimum constraints.

We note that the vast majority of the literature on decumulation fundamentally uses a variety of
heuristic rules, which are then tested using Monte Carlo simulation (based on assumed parametric
market models) or on historical data. However, once we decide to use an optimal control approach,
it is unnecessary to consider heuristic rules. The optimal control, by definition is the best possible
strategy which optimizes the objective function (which encapsulates the risk-reward tradeoff). While
this is tautologically true, there may be other characteristics of the optimal control, which may not be
appealing to retirees. A key consequence of this approach is that it compels the retiree (or advisor)
to explicitly formulate the decumulation strategy in terms of a well-defined objective function and
a set of appropriate constraints. It is therefore crucial to understand how the choice of risk measure
and constraints influences the resulting optimal control, which constitutes one of the main goals of
this work. Such understanding can help avoid reliance on suboptimal heuristic strategies and lead
to more principled and effective decision-making in retirement planning.

One possible objective function in the decumulation problem is a utility function, combining the
withdrawals and final portfolio value. However, it seems clear (from the popularity of the four per
cent rule), that investors prefer to delineate the trade off between risk (running out of savings) and
reward (maximizing withdrawals).

Since we essentially consider the same problem as formulated by |[Bengen (1994), the obvious
measure of reward is the expected sum of the withdrawals (EW), inflation adjusted, over a 30 year
period. However, the choice of risk measure is not so clear. Clearly retirees are primarily concerned
with running out of savings, which implies that we should be focused on left tail measures of risk.

One main goal of this paper is to carry out, in the context of decumulation, a thorough in-
vestigation of the following reasonable tail risk measures in terms of portfolio value at year 30:

e Expected shortfall ES, i.e., the mean of the worst « fraction of the outcomes. Typically
a = .05.

e Linear shortfall LS, i.e. weighting negative portfolio values linearly. This is also known as the
first partial moment, or mean excess loss (Dus et al., 2005)).

e Probability of final portfolio value being negative (PS).

We first formalize an equivalence, from the perspective of all optimal solutions, between expected
withdrawal reward and expected shortfall risk (EW-ES) and expected withdrawal reward and linear
shortfall risk (EW-LS) efficient frontiers. Our main theoretical result is that, under some regularity
conditions, the set of optimal controls associated with all expected reward EW and expected shortfall
ES Pareto efficient frontier curves is identical to the set of optimal controls for all expected reward
EW and linear shortfall LS Pareto efficient frontier curves. Note a main difference between EW-
ES and EW-LS is in the parameter which specifies tail-risk level. In the EW-LS formulation,
this parameter specifies an explicit target for terminal wealth, while in the EW-ES formulation, it
defines a probability level associated with the expected shortfall constraint. Hence the equivalence
theoretical result implies that the choice between EW-ES and EW-LS is essentially a preference
in specifying probability level or wealth level when measuring tail risk. We further compare the
efficient frontiers generated using all three risk measures above when a reasonable parameter for
probability /wealth level.is given. We investigate the impact of the risk measure by examining
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performance of its optimal controls in all three reward and risk measure combinations. We calibrate
a parametric stochastic model for stocks and bonds based on almost a century of data. We solve
the optimal control problem via dynamic programming using the parametric model. The controls
are tested out-of-sample, using block bootstrap resampling of historical data (Politis and Romano),
1994; |Cogneau and Zakalmoulinel 2013} Dichtl et al., 2016} |Anarkulova et al., 2022; [2025)).

Our computational investigation leads to the following practically relevant conclusions:

e We recommend use of expected total withdrawals (as a measure of reward) and linear shortfall
LS as a measure of risk when computing optimal decumulation strategies. Linear shortfall is
an excellent practical measure of tail risk. Linear shortfall LS is (i) trivially time consistent
(ii) weights shortfal]m (iii) is close to optimal in terms of expected shortfall and probability of
shortfall (iv) has an intuitive interpretation and (v) has robust performance in out of sample
bootstrap resampling tests.

e Using Linear Shortfall as a risk measure, our example computations suggest that that the
variable withdrawal strategy is more important than the asset allocation strategy, in achieving
optimal results. Consequently, the exact solution to the optimal control problem can be
approximated by a set of simple rules, which are easy to implement, without an appreciable
loss of efficiency]H]

e The optimal controls based on the LS risk measure are robust, as determined by out-of-
sample block bootstrap resampling of historical data. This result can be explained by the low
sensitivity to the asset allocation strategy, and the bang-bang control nature of the optimal
withdrawals.

2 Problem Setting

Spending rules (such as the four per cent rule) are clearly popular with retirees. It is interesting to
note the following quotation from (Anarkulova et al.l 2025)

“Current retirement spending practices demonstrate a revealed preference for spending
rules over annuitization, such that the efficacy of spending rules is an important issue.
... Obtaining reliable, quantitative evidence on the 4% rule and alternative withdrawal
rates is of critical importance given their widespread use.”

Due to its wide acceptance in wealth management, we consider the scenario discussed in (Bengen,
1994). We consider a 65-year old retiree who desires fixed minimum annual (real) cash flows over
a 30 year time horizon. We also impose a cap on maximum withdrawals in any year. From the
CPM2014 table from the Canadian Institute of Actuaries{zl, the probability that a 65-year old
Canadian male attains the age of 95 is about 0.13. However, use of a 30 year time horizon is
considered a prudent test for having a low probability of running out of savings. In addition, note
that we will not mortality weight future cash flows, as is done when averaging over a population for
pricing annuities. Note that the probability that a 65 year old Canadian male will attain the age
of 87 is about 50%. This has the consequence that the mortality weighted cash flows of an 87 year
old (ignoring discounting) would be reduced by one half. However, being alive is a binary state, i.e.

10Being short $100,000 is worse than being short $1.
"This is primarily due to the fact that the optimal withdrawal policy is a bang-bang control (Forsythl [2022).
12yww.cia-ica.ca/docs/default-source/2014/214013e . pdf.
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either alive or dead. If alive, the retiree needs the full amount of the minimum required cash flows,
not one half. Hence, a conservative approach is to assume living to the age of 95. This is consistent
with the [Bengen| (1994} [2001) scenario, which is popular with retirees. Since we are motivated by
the problem of decumulation strategies for individual retirees, we will not mortality weight future
cash flows, as is done when averaging over a population for pricing annuities.

Note that this approach (assumption of a relatively long retirement) is consistent with the advice
in [Pfau/ (2018)

“Play the long game. A retirement income plan should be based on planning to live, not
planning to die. A long life will be expensive to support, and it should take precedence
over death planning...”

Since we allow investing in risky assets, with a minimum cash withdrawal each year, it is possible
to exhaust savings. One possibility to address this issue would be to then cease withdrawing from
the portfolio when the portfolio value becomes negative. However, this approach would not penalize
running out of cash sooner rather than later.

Consequently when the portfolio value is negative, we continue to withdraw cash from the
portfolio, which is equivalent to borrowing cash. This debt accumulates at the borrowing rate.
The fact that the portfolio can become negative, and the required cash flows can add to debt, means
that any tail risk measure will penalize these states. Hence, the optimal stochastic control will find
strategies which make these states as unlikely as possible.

We can view the accumulation of debt, in the event that the portfolio has negative wealth,
purely as a mathematical device, which penalizes insolvent states.

However, this also has a very simple practical interpretation. Essentially, we are assuming that
the investor has other assets, e.g. real estate, which can be used as a hedge of last resort. In
practice, accumulated debt due to exhausting savings could be funded using a reverse mortgage,
with real estate as collateral (Pfeiffer et al., |2013).

Note that real estate is not fungible with financial assets, except in extreme circumstances. This
mental bucketing of assets is a common tenet of behavioral finance (Shefrin and Thaler|, 1988).
With respect to real estate, if investment performance is strong or the retiree passes away early, the
property can serve as part of the bequest.

Consequently, the 65 year old retiree plans to live to the age of 95, which will require minimum
cash flows each year. The decumulation plan induces a quantifiable measure of risk. As long as the
risk can be hedged with an existing real estate asset, then the plan is considered reasonable. Since
there is only a 0.13 probability that the 65 year old Canadian male will attain the age of 95, then,
it is likely that the retirement assets (and the real estate asset) can serve as a bequest.

What about the case of extreme longevity? One idea would be to simply extend the retirement
planning horizon to the largest possible age in a mortality table. However, this would mean that
the minimum cash flows would have to be reduced significantly (compared to the standard 30 year
horizon). Since extreme longevity has a small probability of occurring, it would seem sensible to
purchase insurance against this risk, since this should be inexpensive during the early years of
retirement.

Insurance products which hedge longevity risk include variable annuities and modern tontines, as
discussed in the introduction. However, currently, the total fees being charged for variable annuities
are not attractive (Forsyth, 2016)), and true, fair, individual tontine accounts (Fullmer and Sabin,
2019) do not seem to be available at the current time.

Another possibility is to consider a two stage approach, whereby the portfolio horizon is based
on a high probability of survival, i.e. 15-20 years. At the end of this horizon, the retiree may
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switch to an annuity, or continue managing the decumulation process (Dus et al.l [2005; Milevsky
and Young, [2007bf [Habib et al., |2020; Forsythl 2021]).

However, our main focus in this paper is to compare risk measures for decumulation, assuming
that the retiree does not wish to annuitize, for a fixed time horizon. Optimal switching to an annuity
is beyond the scope of this paper.

2.1 Notation, Formulation

The investor has access to two funds: a stock index and a constant maturity bond index. At any
instant in time ¢, let the amount invested in the stock index fund be denoted by S; = S(t), and
similarly the amount invested in the bond index is denoted by B; = B(t). These amounts are real,
i.e. inflation adjusted. The total (real) value of the portfolio W; is then

Wt - St + Bt . (21)
For any time dependent function g(t), we use the notation

gtT)= lim g(t+¢€) ; g(t7)= lim g(t—¢) . (2.2)

e—0Tt e—0t

Consider a set of discrete withdrawal /rebalancing times 7,
T:{t020<t1<t2<...<tM:T}, (23)

where T is the investment horizon. For ease of notation, we assume that t; — t;_1 = At = T/M is
constant.

At each rebalancing time ¢;,i = 0,...,M — 1, the investor first (i) withdraws an amount of cash
q; from the portfolio and then (ii) rebalances the portfolio. More precisely

W) = Wi(t;)—ai- (2.4)

Denote the state of the system at each time by X(t),t € [0,7]. Informally, the state can be
regarded as the information necessary to model the control from time ¢ onwards (Powell, [2025).
Let the rebalancing control p(X (¢, )) be the fraction in stocks after withdrawals, then,

St = p

p
BU) = W) - St (2.5)
We can regard the amount withdrawn g;(-) as an additional control i.e. q;(X(t;)) = q(X(¢;), ;).
Note we make the implicit assumption that the optimal controls are of feedback form, i.e. only a
function of the state and time.

Based on the parametric SDE model for (S¢,B;) in Appendix [A| and [Forsyth| (2022), we will
assume in the following that X' (t) = (S(¢), B(t)),t € [0,T], with the realized state of the system
denoted by = = (s,b). More generally, of course, it may be necessary to include other variables to
define the state (e.g. lifting the state space to include path dependent Variables)E

In the special case that there are no transaction costs q;(-) = q;(W; ) and p;(-) = p(W;), i.e.
the amount withdrawn is only a function of total wealth before withdrawals, and the rebalancing

13 A classic example is the pricing of an Asian option, which depends of the observed average stock price A;. If the
stock price Sy follows GBM, then the state space for an Asian option is lifted to (S, A¢).
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fraction is only a function of wealth after withdrawals. Note that it is straightforward to include
transaction costs, but if typical costs for ETFs are included, this has a very small impact on the
controls (Dang and Forsyth, 2014).

The control at time ¢; is given by (q;(-), pi(-)), where (-) denotes the control as a function of its
state. We specify feasibility of control by prescribing the set of admissible values of the controls by
Z, ie.,

(quz) € Z(Wi_7 Wi+7ti) = Zq<W¢_7ti) X ZP<W1'+7ti) . (26)
where
[qminquax] tieT; t ?é ta s VV; 2 Qmax
ZCI(Wi_ati) - [qminymax(qminuwi_)] tieT; t#ty; Wi_ < gmax (27)
{0} b=ty
[pminapmax] Wl‘+ >0, 4€T; ti#tu
Z,(W;"t:) = { {0} W <0;teT; ti#tu - (2.8)
{0} b= tar

These expressions encapsulate the following constraints:

e Setting Pmin = 0, pmax = 1 (our base case) enforces no shorting, no leverage (assuming
solvency, i.e., when W;" > 0),

e Maximum (upax and minimum ¢, withdrawal constraints,
e In the case of insolvency Wf < 0, trading ceases and debt accumulates at the borrowing rate,
o At t =tyy, all stocks are liquidated no withdrawals qp; = 0,

o If W, < gmax, the investor attempts to avoid insolvency, but always withdraws at least qmin.

Recall that we assume that the retiree can finance the debt using other assets, e.g. a real estate
hedge of last resort. At first sight it might seem appropriate to simply cease withdrawals if insolvent.
However, by assumption, the retiree needs a minimum cash flow of qu;, each year. Therefore, we
penalize any set of controls which causes the retiree to exhaust his savings (and access the assumed
real estate hedge) in order to fund the minimum cash flows. Note that allowing debt to accumulate
also penalizes early insolvency compared to late insolvency.

The admissible control set A can then be written as

A= {(Qi,pi)ogiSM (pirq4) € Z(WQ,WQJF,U)} . (2.9)

For notational simplicity, we denote a dynamic control by P, and an admissible control P € A can
be written as

P ={(qi(),pi(-)) : ©=0,...,M} . (2.10)
We also define P,, = P, C P as the tail of the set of controls in [t,, tp+1,-..,ta], i€
Pr={(@n (), pn (), (anr () pas ()} - (2.11)

For notational completeness, we also define the tail of the admissible control set A,, as

An = {(%Pi)ngigM L (qi,pi) € Z(Wi,Wf,ti)} , (2.12)

so that P,, € A,,.
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3 Risk and reward

We now define the specific risk and reward measures used in the stochastic optimal control formu-
lations.

3.1 Reward

Define E;;g_’tg [-] as the expectation conditional on the observation at time t;, state Aj, under
control Py. We then define reward as

M
_ Xt
EW(Xy . ty) = Ep ™ [Zq} ; (3.1)

which is the total expected withdrawals in [0,7], with t3y = T. We will use EW as the reward
measure in all cases. Note that q; is inflation adjusted and that we do not discount the future cash
flows. We view this as a conservative approach and is consistent with the |Bengen (1994)) scenario.

3.2 Risk

Although the selection of a reward measure is relatively clear, identifying a suitable measure of risk
is more subtle. We examine the following reasonable candidates.

PS We define PS risk as the probability of shortfall w.r.t. a terminal wealth level W,
PS(Xy . ty) = Prob[Wr < W] = Ep¢ " [Lyy,.cw] . (3.2)

Usually, W is zero, i.e., we are concerned with running out of cash. We want to minimize PS
risk.

LS Linear shortfall
LS(Xy 1) = Epd " [min(Wy — W,0)] . (3.3)

Note that PS risk does not differentiate bad outcomes. Clearly, being short 1$ is not as bad as
being short 1000$. LS weights the bad outcomes. Since LS is defined in terms of final wealth,
not losses, we want to mazimize LS risk measure.

ES ES is the mean of the worst « fraction of outcomes. _A common choice is o« = .05. More
precisely, let Wr be the wealth associated with Py~o to

- [Wrl
ES(Xy tg) = Bl [T LVKW}

subject to {Eggi’ta 1w, <w] = a. (3.4)

We want to mazimize ES risk measure.

One of the main goals of this paper is to compare and contrast these different reward-risk combi-
nations, both mathematically and computationally.

3.3 Summary of Acronyms

For future reference, Table lists the acronyms used in this paper.
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Acronym Description

EW (expected withdrawals) E [Zf\io qi]

PS (probability of shortfall) Elw,<w]

LS (linear shortfall) E[min(Wr — W, 0)]
ES (expected shortfall ) E [W}

s.t. E[]-WT<W] =«

TABLE 3.1: Definition of acronyms.

4 Pareto points

We will use a scalarization technique to determine Pareto optimal points for the multi-objective
problems balancing risk and reward. As an example consider problem EW-PS. Informally, given an
scalarization parameter k > 0, we seek the optimal control Py that maximizes

EW(X; 1) — k PS(X;,t5) . (4.1)

Varying x traces out an efficient frontier in the (EW, PS) plane. For any fixed value of PS, the
corresponding point on the efficient frontier is the largest possible value of EW.

4.1 PS,LS

We solve optimal control problem for weighted reward and risk combinations, e.g., EW-PS, EW-LS.
To be precise, for each reward and risk parameter pair, we define the function G(Wrz, W) below,

PS : Gps(Wp,W) = 1w, «w (4.2)
LS : Grs(Wp,W) =min(Wp —W,0) , (4.3)

where W is a specified wealth level. Assuming a risk aversion scaling parameter k, the general
problem for EW-xS, (x = {P,L}) can be written as

M

ot

EW-xS;, (W, k) : sup {E;fg o [Z qi + kGxs(Wp, W)
PoeA i—0

+ GWT

X%vzwm]} (4.4)

((St, By) follow processes and ; teT
W, =W, —ae; X" = (S}, B/)

Wy = S() + B(t)

SF=p(- YW, Bf = (1 —pe(-))W,

(@e(-), pe(-)) € Z2(W,, W5 te)
\EZO,...,M; teeT

subject to (4.5)

Note that we have added a stabilization term eWp to the objective function in equation (4.4]).
In our examples, we use |¢| < 1, with the result that the summary statistics are virtually the same
as with e = 0. However, without the stabilization term, plots of the heat maps of the control are not

10
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well determined for large values of the wealth, as ¢ — 7. This problem can be traced to the Warren
Buffet effectE Essentially, Warren Buffet can choose any investment strategy, and will never run
out of savings.

More formally, the control problem is ill-posed when ¢ — T, W; > W. In this case, due to the
maximum withdrawal constraint, and since the Prob[W; < W] ~ 0, then the control has almost no
effect on the objective function. Addition of the stabilization term regularizes the problem (see e.g.
Chen et al.| (2025))). We will discuss this further in later sections, and Appendix

4.2 Expected Shortfall ES

We are interested in the relationship between the above reward-risk formulations with the same
reward but ES risk, i.e.,

EW(Xy,t5) + % ES(X; ,t5) - (4.6)

We formulate the EW-ES optimal control problem using the technique in |Rockafellar and Uryasev
(2000)), more precisely (0 < o < 1)

M

i 1

EW-ES,, (o, k) : sup E;fg o Zqi + Ksup <W’ + —min(Wp — W/,0)>
PocA P W' &

(s,b) ] } (4.7)

subject to {Conditions (14.5))

+6WT

Interchanging the order in sup sup{-} in problem ), we equivalently have

M

~ 1

EW-ES;, (o, k) : sup sup E;fg o Zqi + K(W’ + —min(Wp — W’,O))
W’ PocA i—0 o

+€WT

X, = (s,b) ] } (4.8)
subject to {Conditions 1D

Note that, as for the EW-xS problems, we have added a stabilization term eWr to the objective
function.

Remark 4.1 (Pre-commitment policy). Note that the optimal control for problem @ is formally
a pre-commitment policy (Forsyth, 2020a). We delay further discussion concerning this issue to

Section [{.4}

4.3 Properties of optimal solution of EW-ES formulation (4.8])

Let Py be any permissible control for problem (4.8)) and Wr be the terminal wealth corresponding
to Py. Consider the wealth level associated with wealth distribution Wy, which is the maximizer
below{|

M\Warren Buffet is 95 years old, with a net worth of 150 billion USD.
'5The arg max is well defined since sup,{-} is a continuous function of W’.

11



M

~ e 1

378 W = argmax{Egg o [ E ¢ + /-£<W’+ — min(Wrp —W’,O))
w’ i=0 @

379 +eWrp

Xy = (s,b) ] } . (4.9)

30 Following Rockafellar and Uryasev| (2000), (4.9) is equivalent to the probability constraint below,
ss1  under the assumption of continuity in distribution of W,

382 Eggi7ta[1WT<W] = «. (4.10)

sss  In other words, W is the a-VaR of Wr. This result can be easily seen from the following argument.

s« Let E'p, denote Egg_ o for notational simplicity. Consider

1
385 Ep, <W + > min(Wr — W, 0))
386 subject to
387 {EP()[]-WTSW] =« . (411)

sss  Let gp, (Wr) be the density of W under control Py. Then, write equation (4.11)) as

“+00 1 W%
389 W gp, (Wr) dWr + 04/ (Wr —W) gp,(Wr) dWr (4.12)
300 subject to
301 {fyvoo gpo Wrp) dWr =a . (4.13)
32 We can write (4.12)) as
+00 w oW 1 (W
303 W / gpe(Wr) dWr — a/ Gp,(Wr) dWrp + a/ Wr gp,(Wr) dWr . (4.14)
304 Using equation (4.13)), this becomes
I ~ [Wrl
395 W —W 4+ a/ Wr gp,(Wr) dWr = Egg o |:TWT<W:| . (4.15)
oo @
306 Thus, when (4.9) is satisfied, we have
397 E;:g_’to_ [1WT<W] = «
x5 45 | Wrlw,<w X5ty 1.
208 Epp o | SR~ By W~ min(Wr — W,0) ) | . (4.16)

300 Consequently, for the optimal W* associated with W of the control Pj for EW-ES;, (o,k), i.e.,

M
~ = 1
400 W* = argmax sup E;(g ‘o Zqi + Ii(W/ + —min(Wp — W’,O))
W’ PocA i—0 o
401 +eWrp| X, = (s,b) ] } , (4.17)

12
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we have (4.16)) also holds, or equivalently,
Prob[Wy <W*] = « (4.18)

ES = mean of worst « fraction of outcomes
— 4= 1
= Egg to [(W* +— min(W; — W*, 0))} )

From (4.18), we see immediately that W* is the a-VaR (value at risk) of the terminal wealth W
associated with the optimal control.

Risk and reward formulation EW-ES;, assumes that an investor views risk in terms of a given
probability level «, which implicitly defines a wealth level specifying the tail. Alternatively, an
investor may think of risk with respect to a wealth level W explicitly, e.g., using W = 0 represents
the risk of negative wealth at t = T'. For a fixed target wealth level W, naturally we can consider
the linear shortfall Pareto optimization:

o M
EW-LS,, (W, R) : sup {Ejfg o [ > g + & min(Wp — W,0) + eWr
PocA =0

X5) = (s ] } , (119
subject to {Conditions 1} ,

where £ > 0 is a given weight parameter. Note that we notationally distinguish risk aversion
parameters for EW-ES and EW-LS, in order to describe their precise connection subsequently.

The following Proposition states that for any point on the EW-ES efficient frontier, there
exists a pair of parameters (W, 8) such that the EW-LS policy generates this exact same point (see
also [Forsyth| (2020a)).

Proposition 4.1 (Optimal EW-ES strategy solves EW-LS). The pre-commitment strategy P* which
solves EW-ESy (oK) (4.7)) is a solution to EW-LSy,(W,2) (4.19) with the fized wealth level W = W*

defined in (4.17)).

Proof. Let Py solve (4.7)). Then it solves (4.8) due to equivalence between (4.8) and (4.7). Conse-
quently Pg also solves the linear shortfall problem EW-LS;,(W*,%) in (4.19)), i.e., P§ solves

o M
EW-LS;, (W, &) : sup {E;{g o [ Z ¢i + Amin(Wr —W,0)
PoeA i=0

(s:b) ] }
subject to {Conditions lj ,

with # = £, W = W*, and W* defined in (4.17)). O

«

+eWr

Let us consider sets of all permissible parameter pairs for EW-ES;, and EW-LS;, respectively:

Dps = {(a,k) |0<a<1l; k>0}
Drs = {(W,/{)|WER;/€>O}. (4.20)

13
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We can understand the precise relationship between EW-ES;; and EW-LS; in terms of optimal
controls across all parameter pairs. Define sets of all optimal controls associated with these sets of
parameter pairs:

Hig = {P§ : Pg solves EW-ESy (e, k) (4.7) for some (a,x) € Dgs}

{s =1{Py : P§ solves EW-LS; (W, &) (4.19) for some (W,i) € Drg} . (4.21)

We then have the following Corollary, which immediately follows from Proposition [4.1}

Corollary 4.1. Let Hy,q and Hj g be defined in (4.21)). Then the set Hy,gq of optimal controls for
Problem EW-ESy, is a subset of the set H} g of optimal controls for Problem EW-LS;,.

4.4 Time inconsistent EW-ES and time consistent EW-LS

While Proposition indicates that EW-ES;, and EW-LS;, share a common solution when the
wealth level W = W*, these two dynamic optimization formulations have different properties in
terms of time consistency. To see this, we first recall the concept of time consistency and relate its
relevance to the EW-ES, (a,k) problem, (4.8)).

Consider the optimal control P} = (P*)! computed at o from problem at all rebalancing
times,

(P)(X(t; ) t:) , i =0,..., M, (4.22)

ie., denotes the optimal control (P*)% at any time t; > tg, as a function of the state variables
X (t).

Next we solve the problem starting at a later time tx, &k > 0, and denote the optimal control
starting at ty by:

In general, the solution of (4.8) computed at tj is not equivalent to the solution computed at ty:

(P (X (), t:) # (P)O(X(t] ), i) 5 i >k > 0. (4.24)
This non-equivalence makes problem time inconsistent, implying that the optimal control
computed at ty, £ > 0, deviates from the control determined at time ¢g. The optimal control
P§ = (P*)' determined at the initial time is considered a pre-commitment control since the investor
would need to commit to following the strategy at all times following tg, even if the optimal control
recomputed at future time becomes different. Some authors describe pre-commitment controls as
non-implementable because of the incentive to deviate from the initial control.

Following Proposition , the pre-commitment control for EW-ES;, , fortunately, is optimal
for EW-LS;, (W,#), for which W is fixed at the optimal value (at time zero) in ([4.17).

With a fixed W, EW-LS,; (W ,x/a) uses a target-based linear shortfall as its measure of risk,
and EW-LS,, is trivially time consistent. Furthermore, W has the convenient interpretation of a
disaster level of final wealth, as specified at time zero.

While the pre-commitment strategy P* from EW-ES; (a,k), , is time inconsistent when
viewed as a solution to EW-ES, this strategy is time consistent with respect to EW-LS;, (W*,%). In

14



a3 other words, conditional on information at ¢,, and fixed W*, the future decision {(P*) (X (t; ), ;) ; i =

a4 n,..., M} of the optimal pre-commitment EW-ES control, computed at tg, solves

465 EW-LS;, (W*,k/a) : sup E;f" o Z ¢i + —min(Wp — W*,0) (4.25)
PneA " — o

466 +eWr|X(t,) = (s,b) },

a7 for any given permissible stock and bond value pair (s,b).

ss Remark 4.2 (EW-ES — EW-LS). Propositz'on essentially tells us that any optimal control P*
w9 from EW-ES problem @, solves some EW-LS problem with a fixed wealth level W*. Since

a0 EW-LS is time consistent, the EW-ES optimal control P* is time consistent when Pareto optimality
ann is assessed with EW-LS with this fived wealth level W*.

a2 Since the optimal control P* for EW-ES;, («, k) solves EW-LS; (W*, k/«a) at any t,,, where W*
a73 is the a-VaR of the conditional terminal wealth W7, conditional on W = s + b, we can regard P*
a7 as an induced time consistent strategy for EW-LS; (W* k/a) (Strub et al., 2019). Consequently
475 the investor has no incentive to deviate from the induced time consistent strategy, determined at
476 time zero. Hence this policy is implementable.

477 For more detailed analysis concerning the subtle distinctions involved in pre-commitment, time
a7s  consistent, and induced time consistent strategies, please consult Bjork and Murgoci| (20105 2014));
a7 |Vigna (2014;|2022); [Strub et al.| (2019); [Forsyth (2020a)); Bjork et al. (2021);|Landriault et al. (2021)).

a0 4.5 Equivalence between EW-ES and EW-LS problem

a1 Problem EW-ES; (o,k) requires specification of the parameter pair («,x) while problem EW-LS;, (W &)
as2  meeds stipulation of parameter pair (W,4). We now consider an equivalence relationship between
a3 EW-ES;; and EW-LS;, by considering optimal controls from all parameter pairs. In other words,
asa  we consider the relationship between the EW-ES,, (a,k) efficient surface, as (a,x) varies, and the
ass EW-LS;, (W,k) efficient surface, as (W,k) varies.

486 Proposition in establishes that the optimal control associated with any point on the
157 EW-ES efficient surface generates some point on the EW-LS efficient surface. Now we establish
488 that, under certain conditions, the converse also holds. In other words, given a point on an EW-LS
as0  efficient surface, then the associated EW-LS optimal control will generate some point on the EW-ES
a0 efficient surface.

401 Given (W,k), & > 0, let P} be the optimal control at a point on the EW-LS,, efficient surface
a2 and W7 be the corresponding terminal wealth. To connect this optimal EW-LS solution P to some
a03  point on the EW-ES; efficient surface precisely, we define

a4 ai(W) = prob(Wy < W), Wy is the terminal wealth of Py which solves EW-LS;, (W, &) (4.26)

K

a5 Remark 4.3 (Construction of ot (W)). Given (W, ), and an optimal control Pg(W, &) which solves
a6 Problem EW-LS;,(W, k), we determine of(W) from

497 ax(W) = Eprwa)[livz<wy] - (4.27)
498 To ensure a proper correspondence to EW-ES;, we consider the solution to EW-LS;, satisfying
a9 0 < (W) <1, ie., we consider a restricted domain for EW-LS;, as:

500 Dfy = {(W,&)| 0<afi(W)<1 and & > 0} . (4.28)

501
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Assumption 4.1 (invertibility of af(W)). The function ofi(W) in (4.20)) is well defined and is
invertible at (W.i&) € Dfg, i.e., for any W # W, (W', i) € D¢, af(W') # o (W).

Note that here we only assume that, for each given (W,%), EW-LS;, (W, &) yields a unique prob-
ability value o (W) but we do not assume uniqueness of the optimal controls for EW-LS; (W, ).

Proposition 4.2 (Optimal EW-LS,, strategy solves EW-ES;,). Suppose Assumption holds at
(W, k) € Dfg, then a solution to EW-LS;,(W, &) is a solution to EW-ES;,(ai(W), ok (W)R), with
(i (W), o (W)#) € Dgs.

Proof. Consider EW-LS;, (W, ) for a given (W,&) € D} 4. Let (W) be defined in (4.26). Consider
EW-ES;, (a*,*%) where a* = o (W). Note that by definition of D}, we must have (a*,a*k) €
Dgs. Proposition shows that a solution of EW-ES;, (a*,Aa*) is a solution to linear shortfall
EW-LS;, (W* &) problem for W* defined in with prob(W; < W*) = a% (W*) = o*. Hence

azZ(W) = ai (W) = a™.

Since ot (W) is invertible, we have that W = W*.
Assume that Pj solves EW-LS; (W, &), then P§ solves EW-LS;, (W*, &) (4.19) , since W = W*.
Let & = %%, where W* defined in (4.17). Then P solves

M
X to .
sup { B0 E g + &(W*+ = min(Wp — W*,0
’P()G.A{ Po [ prd 1 ( a ( )

)

subject to {Conditions 1} )

Since W* is defined in (4.17)), then P solves (4.8), and hence (4.7)).
In other words, a solution P to EW-LS;, (W,&) solves EW-ES; (o*,a*k), where a* = o (W).
This completes the proof. O

+6WT

Applying Corollary and Proposition we obtain the following Corollary

Corollary 4.2. Suppose Assumption holds for any (W.k) € DZS' Let Hyq and Hj g be defined
in (4.21). Then the set H,q of optimal controls for Problem EW-ESy, is identical to the set ’Hfg of
optimal controls for Problem EW-LS;,, where
Hit = {P5(W,k) € Hig and (W,i&) € D ¢}

Proof. From Proposition any optimal solution Pj of EW-ES; (a,k), (a,k) € Dgg, solves
EW-LS;,(W*, k) where # = £, and 0 < a = af(W*) < 1, W* defined in (4.17). Hence we
have

His C His-
Conversely, following Proposition if Py € ’H}kjs_, then Py € Hyg. Hence

His = Hig-

O]

Corollary [4.2]essentially states that, under Assumption [.1] the set of optimal controls associated
with all points on the EW-ES;, Pareto efficient surface, (a, k) € Dpgg, is identical to the set of
optimal controls for all points on the EW-LS;, Pareto efficient surface with (W, &) € D} 4. It would
be interesting to discover conditions on Problem EW-LS;, which are required to guarantee that
Assumption holds. We leave this for future work.
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5 Numerical Comparison of Different Risk-Reward Pairs

In we have established an equivalence relationship between EW-ES;, and EW-LS;, across all
parameter pairs. In practice, a retiree maybe only interested in the efficient frontier for a fixed
probability level a for EW-ES;, or wealth level W for EW-LS;. In this section we computationally
assess and compare, based on market data, EW-ES; ,, EW-LS;,, and EW-PS;, efficient frontiers
when parameter o« and W are fixed. Note that EW-PS;, does not have equivalence relationship
with EW-ES;, or EW-LS;,, since the probability of shortfall risk ignores the magnitude of loss.

5.1 Data

We use data from the Center for Research in Security Prices (CRSP) on a monthly basis over the
1926:1-2023:12 periodE Our base case tests use the CRSP US 30 day T-bill for the bond asset
and the CRSP value-weighted total return index for the stock asset. This latter index includes all
distributions for all domestic stocks trading on major U.S. exchanges. All of these various indexes
are in nominal terms, so we adjust them for inflation by using the U.S. CPI index, also supplied by
CRSP. We use real indexes since investors funding retirement spending should be focused on real
(not nominal) wealth goals.

We use the parametric model for the real stock index and real constant maturity bond index
described in Appendix [A]

Remark 5.1 (Choice of 30-day T-bill for the bond index). It might be argued that the bond index
should hold longer-dated bonds such as 10-year Treasuries since this would allow the investor to
harvest the term premium. Long-term bonds enjoyed high real returns during 1990-2022. However,
it 1s unlikely that this will continue to be true over the next 30 years. For example, during the
period 1950-1983, long term bonds had negative real returns (Hatch and White, |1985), while short-
term T-bills had positive real returns. If one imagines that the next 30 years will be a period with
inflationary pressures, this suggests that the defensive asset should be short-term T-bills. Note that
the historical real return of short-term T-bills over 1926:1-2023:12 is approximately zero. Hence our
use of T-bills as the defensive asset is a conservative approach going forward.

Remark 5.2 (Sensitivity to Calibrated Parameters). Some readers might suggest that the stochastic
Processes are simplistic, and perhaps inappropriate. However, we will test the optimal
strategies (computed assuming processes ) with calibrated parameters in Table using
bootstrap resampled historical data (see Section@ below). The computed strategy seems surprisingly
robust to model misspecification. Similar results have been noted for the case of multi-period mean-
variance controls (van Staden et al., |2021). We conjecture that this robustness is due to the self-
correcting nature of feedback controls.

5.2 Historical Market

We compute and store the optimal controls using the parametric model and , following
the same procedure as in the synthetic market case. However, we compute statistical quantities
using the stored controls, but using bootstrapped historical return (test) data directly. In this
case, we make no assumptions concerning the stochastic processes followed by the stock and bond

16More specifically, results presented here were calculated based on data from Historical Indexes, (©2024 Center for
Research in Security Prices (CRSP), The University of Chicago Booth School of Business. Wharton Research Data
Services (WRDS) was used in preparing this article. This service and the data available thereon constitute valuable
intellectual property and trade secrets of WRDS and/or its third-party suppliers.
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Data series Optimal expected
block size b (months)

Real 30-day T-bill index 50.805
Real CRSP value-weighted index 3.17535

TABLE 5.1: Optimal expected blocksize b= 1/v when the blocksize follows a geometric distribution
Pr(b=k) = (1 —v)*"Yv. The algorithm in |Patton et al.| (2009) is used to determine b. Historical
data range 1926:1-2023:12.

indices. We remind the reader that all returns are inflation-adjusted. We use the stationary block
bootstrap method (Politis and Romano), {1994; Politis and Whitel 2004; Patton et al., 2009; Cogneau
and Zakalmouline|, 2013; Dichtl et al., [2016} |(Cavaglia et al.| [2022; [Simonian and Martirosyan, [2022}
Anarkulova et al., [2022).

Sampling the data in blocks accounts for serial correlation in the data series. A key parameter
is the expected blocksize. We use the algorithm in |[Patton et al.| (2009) to determine the optimal
blocksize for the bond and stock returns separately, see Table Informally, the expected blocksize
corresponds to the average memory length of the time series. Short term bond returns are primarily
driven by policies of central banks, which generally favour gradual changes to interest rates. We can
see that the expected blocksize for T-bills, from Table is about 51 months, which is consistent
with intuition. On the other hand, the expected blocksize for stocks, from Table is about 3
months, indicating that, stocks show a very short memory length, which is also consistent with
intuition.

In our application, we use a paired sampling approach to simultaneously draw returns from
both time series. This paired sampling technique preserves historical correlations between the stock
and bond indexes. However, there does not seem to be an existing algorithm which estimates the
expected blocksize for a paired time series. In this case, a reasonable estimate for the blocksize for
the resampling algorithm of a paired time series would be about 2.0 years, which is roughly the
average of the two expected blocksize estimates for the separate time series for stocks and bonds.
We will give results for a range of blocksizes as a check on the robustness of the bootstrap results.
Detailed pseudo-code for block bootstrap resampling is given in [Forsyth and Vetzal (2019).

5.3 Investment Scenario

Table [£.2 shows our base case investment scenario. We use thousands of dollars as our units of
wealth. For example, a withdrawal of 40 per year corresponds to $40,000 per year (all values are
real, i.e. inflation-adjusted), with an initial wealth of 1000 (i.e. $1,000,000). This would correspond
to the use of the four per cent rule (Bengen, 1994). Recall that we assume that the investor has
real estate, which is in a separate mental bucket (Shefrin and Thaler} 1988)). Real estate is a hedge
of last resort, used to fund required minimum cash flows (Pfeiffer et al) 2013). We assume that
the retiree owns mortgage free real estate worth $400,000, of which $200,000 can be easily accessed
using a reverse mortgage.

5.4 Numerical Results

We use the numerical method described in (Forsyth), 2022 Forsyth et al. 2024) to compute the
optimal controls, which is based on solving a Partial Integro-Differential Equation (PIDE), combined
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615

Investment horizon 7' (years) 30.0

Equity market index CRSP Cap-weighted index (real)
Bond index 30-day T-bill (US) (real)
Initial portfolio value Wy 1000
Mortgage free real estate 400

Cash withdrawal /rebalancing times t=0,1.0,2.0,...,29.0
Withdrawal range (per year) [qmin, Gmax] = [30, 60]
Equity fraction range [Pmin, Pmax] = [0,1]
Borrowing spread 0 0.03
Rebalancing interval (years) 1.0

Target Wealth W (EW-xS, = {P,L}) 0.0

a (EW-ES) 05
Stabilization € (see equation ) -10~*

Market parameters See Table IE'

TABLE 5.2: Input data for examples. Monetary units: thousands of dollars.

with discretizing the controls and finding the optimal values by exhaustive search. A brief overview
is given in Appendix [B]

We compute optimal strategies from EW-ES; (o, k) with @ = 0.05 and x > 0. For EW-LS; (W,&)
and EW-PS; (W,%), we compute optimal strategies with W =0 and & > 0.

5.5 Convergence

Figure[5.1]shows the convergence of the EW-LS frontier, as a function of the PIDE nodes. The curves
for different numbers of nodes essentially overlap, indicating satisfactory convergence. Appendix
shows convergence as the number of grid nodes increases, for a single point on the synthetic
market EW-LS efficient frontier. Similar results were obtained for the other strategies.

5.6 Performance Frontiers: EW-LS, EW-PS, EW-ES

In this section, we compare efficient frontier curves computed from EW-ES;, (a,x) with fixed o =
0.05 and x > 0, and EW-xS;,(W &) (x =P,L) with W = 0 and & > 0. We choose this comparison
setting since it seems more immediately relevant from a retiree’s perspective.

We note that it is relevant to compare performance of optimal strategies using risk measures
which are not directly included in their respective objective functions. This helps an investor
understand consequences of implementing a specific strategy in terms of different but relevant
performance measures. When the performance of optimal controls from EW-X (with X = one of
ES, LS, or PS) is plotted in the domain EW-Y), where X’ can be different from ), we refer the
curve as a performance frontier. The term efficient frontier refers to the case when ) = X. The
efficient frontier must plot above all other performance frontiers. We assess the performance of

these strategies in the performance domain (EW,LS), (EW,PS), and (EW,ES) in Figures , 5.3(a)l
and respectively.

Since all three formulations share the same reward, the top left sides of performance frontiers
from all strategies are expected to converge asymptotically (as risk aversion parameter goes to zero)
in all performance domains (EW,LS), (EW,PS), and (EW,ES).

19



616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

60

3}
@
T

| 2048 x 2048 \

I3
<)

'S
@

1024 x 1024

IS
o

w
@

512 x 512

E[average withdrawal]

w
S

-30 -25 -20 -15 -10 -5 0 5 10

Linear Shortfall

FIGURE 5.1: EW-LS convergence test. Real stock index: deflated real capitalization weighted CRSP,
real bond index: deflated 30 day T-bills. Scenario in Table[5.3 Parameters in Table[A.d The optimal
control is determined by solving the PIDEs as described in Appendiz[Bl Grid refers to the grid used in
the algorithm in Appendiz[B; ny X ny, where ny is the number of nodes in the log s direction, and ny is
the number of nodes in the logb direction. Units: thousands of dollars (real). The controls are stored,
and then the final results are obtained using a Monte Carlo method, with 2.56 x 10% simulations.
Target wealth W = 0.0. Mazimum fraction on equities pmax = 1.0.

Note that efficient frontier curves in either performance domain (EW,ES) or (EW.LS), from
EW-ES,, (a,x) and EW-LS;,(W,%), for fixed o and W, are not expected to coincide, except possibly
at single points.

As the risk aversion parameter increases, performance frontiers on the right side from different
formulations are expected to deviate from each other more significantly. Overall, Figure[5.2] Figure
[5.3(a)l and [5.3(b)| do demonstrate larger differences in performance frontier curves on the right side,
see particularly EW-ES frontiers in Figure . This confirms that the choice of objective function
is important in achieving risk control. Subsequently we compare and contrast performance frontiers
in more detail.

5.6.1 EW-LS Performance
Figure plots frontier curves in the (EW,LS) domain. We compute EW-LS, EW-ES and EW-

PS optimal controls, but plot their (EW,LS) performance measures in the same figure. Naturally
the efficient frontier curve of the EW-LS control must plot above all the other curves (since the
objective function of EW-LS aligns with the specified measures). However, it is interesting to see
that the EW-ES and EW-PS controls are not overly suboptimal, relative to EW-LS;, (W = 0,%),
using (EW,LS) criteria.

From Proposition we expect that there is a point (with target wealth W = 0) at which the
EW-ES and EW-LS curve coincide. In Figure [5.2] we can see that this point occurs at EW =~ 52.3.
Figure also shows the results for the Bengen strategy (Bengen) 1994)E We can see that the
Bengen strategy is considerably suboptimal compared to any of the other strategies. However, it
is only fair to point out that the Bengen strategy always withdraws 40 per year (units thousands),
while the other strategies have minimum withdrawals of 30 per year.

17Recall that the recommended policy is to withdraw 4% of the initial capital per year, inflation adjusted, and to
rebalance to a weight of 50% stocks annually. The 4% withdrawal would correspond to 40 per year for our example.
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FIGURE 5.2: EW-LS performance frontier. Real stock index: deflated real capitalization weighted
CRSP, real bond index: deflated 30 day T-bills. Scenario in Table[5.2. Parameters in Table [A 1}
Synthetic market. Controls computed using EW-PS and EW-ES, and results plotted in terms of EW-
LS criteria. The EW-LS frontier plots above the the controls computed using EW-PS and EW-ES
objective functions. The Bengen control withdraws 40 per year, and rebalances annually to 50% bonds
and 50% stocks. The wealth target level W = 0 for both EW-LS;, and EW-PS;,.

5.6.2 EW-PS Performance

Figure plots the EW-PS performance frontier. Along the x-axis we plot Prob[Wr > 0] =
1 — Prob[Wr < 0], to produce consistent shapes for the frontiers. As before, we compute the
EW-ES and EW-LS efficient controls, but plot them using PS as a risk measure. As expected, the
EW-PS frontier plots above the other curves (it is, after all, the efficient strategy according to the
Prob[Wr > 0] risk measure).

There is somewhat more variation in these curves compared to Figure[5.2] In particular, the EW-
PS and EW-LS curves generate Prob[Wrp > 0] ~ 0.9998 for the largest values of x (the right hand
most point on the curves). In contrast, the EW-LS strategy never gets above Prob[Wr > 0] ~ 0.994.
We also see that the EW-LS curve flat-tops to the left of EW ~ 52[1]

5.6.3 EW-ES Performance

Figure [5.3(b)[shows the EW-ES performance frontier. We also show (EW,ES) measures for optimal
EW-PS;,(0,x) and EW-LS;,(0,x) strategies. The curves for EW-PS and EW-LS are very similar.
However, for ES > 0, the EW-ES curve is dramatically different. This can be explained as follows.

The EW-ES strategy moves towards maximizing ES as x becomes large. This comes at the
expense of decreased Prob[W; > 0] (from Figure [5.3(a)). On the other hand, the EW-LS and
EW-PS strategies have no risk if W > 0, so focus entirely on increasing EW, if W; > 0 ast — T
Effectively, this means that for the EW-LS and EW-PS strategies, it does not make sense to consider
points in the performance frontier which are below the knee of the curves. To the left of the knee of
the curves, EW-LS is very close to the EW-ES curve.

Recall that we have assumed that the retiree can access $200K using a reverse mortgage with
real estate as collateral. Consequently, as a rule of thumb, any point on any frontier which has
ES > —200 is acceptable from a risk management point of view. In other words the mean of the

181f we extend the x-axis to the left, then, eventually, all three curves meet. However, these points have an
uncomfortably large Prob[Wr] < 0, hence are not of practical interest.
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Table[A7dl Synthetic market. The Bengen control withdraws 40 per year, and rebalances annually to
50% bonds and 50% stocks. Target wealth W =0 for EW-LS and EW-PS.

worst 5% of the outcomes can be hedged using real estate. In particular, we can see that the Bengen
strategy fails this risk management test.

5.6.4 Comparison of performance frontiers

Our first observation is that in all cases, whatever the strategy or risk measure, the Bengen strategy
is significantly sub-optimal. We also make the following additional observations:

e Firstly recall that we use the same target wealth level W = 0 for both EW-LS;;, and EW-PS;,.
We observe that their frontier curves are close in all three measurement domains, (EW,LS),
(EW,PS) and (EW,ES), even asymptotically as the risk aversion parameter x — +o0o. This
suggests that choosing EW-LS;, also leads to good performance in terms of EW-PS;, . Fur-
thermore, since linear shortfall is an expectation of piecewise linear shortfall, i.e., E(max(Wp—
W.0)), while the probability function is the expectation of a discontinuous indicator function,

ie., E(lw,<w), consequently solving EW-LS;, can be computationally preferable to solving
EW-PS,, .

e Choosing a suitable risk measure as part of the objective function which aligns with the
desired decumulation goals does matter. Different risk measures can lead to very different
performing strategies. This is particularly important in decumulation. For example, Figure
5.3(a)| shows that the optimal EW-ES,, strategy is inefficient at minimizing the probability
of negative terminal wealth. The smallest probability of negative wealth achieved is at the
expense of steeply diminishing reward. Similarly Figure shows that, with the wealth
target W = 0, the 5% ES risk associated with the optimal EW-LS;, and EW-PS;, strategies
as the risk aversion parameter & — +oo is far from the optimal 5%-ES risk achievable.

e While Figure seems to indicate that all the strategies perform reasonably well in terms of
the LS risk measure, we note that there is a similar steeper drop from the optimal EW-ES;,
strategy as the risk aversion parameter goes to +0o. We further note that the scales of the
horizontal axis in Figure and Figure are very different. Optimal EW-ES;, strategies
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are unable to achieve the minimum LS risk and the smallest LS risk strategy is achieved at
the expense of suboptimal rewards.

From Figure [5.3(a)[ we can see that, in terms of the PS risk measure, EW-LS plots a bit below
the optimal EW-PS frontier. However, the EW-ES curve has a very unusual behaviour (in terms of
PS risk). Any increase in EW above about 53 causes a large decrease in Prob[Wr > 0].

Turning attention to Figure in terms of ES risk, all strategies behave similarly to the left
of ES ~ 0. However, the EW-ES efficient frontier continues to generate positive ES for EW < 50.
Essentially, this is because the EW-ES strategy focuses on maximizing ES, but at the expense of
giving up increases in Prob[Wr > 0]. Recall from our previous discussion that the EW-PS and
EW-LS strategies only make sense if we look at points to the left of the knee of the curves.

From a practical point of view, it is not clear that maximizing ES when it is positive is consistent
with the retiree’s view of risk (i.e. running out of savings).

5.7 Summary of comparisons of performance frontiers

In examining Figures [5.2}5.3] we should bear in mind the following

e Efficient frontiers typically have two well characterized regions. In the extreme right most
portion of the curve, small decreases in ES, (1-PS), or LS (i.e. small increases in risk) result
in large increases in the reward. In the extreme left hand portion of the curve, small increases
in reward require large increases in risk. The knee of the curve separates these two regions.
Consequently, most investors will choose a point in the knee of the efficient frontier, since this
represents a good trade-off between risk and reward.

e Robustness can be measured by examining how the frontier EW-X behaves when plotted with
Y as a risk measure.

In summary, Figures [5.2}[5.3] show that

e EW-PS and EW-LS have similar knee regions in all the plots. EW-ES is somewhat of an
outlier, with some plots having very small knee regions, and other plots showing very large
knee regions.

This behaviour can be traced to the fact that EW-LS and EW-PS have an investor specified pa-
rameter W = 0, which is the disaster level of final wealth. The efficient frontiers consequently are
easy to interpret. In contrast, EW-ES determines parameter W as part of the optimization process,
which sometimes leads to non-intuitive behaviour.

We will further differentiate these strategies, in Section [6] by examining the Cumulative Distri-
bution Functions (CDF) of the final wealth based on bootstrap resampling data.

5.8 Tests for robustness: bootstrap resampling

We compute and store the optimal controls for EW-PS, EW-LS and EW-ES objective functions,
based on the parametric market model described in Appendix [A] We then test these controls using
block bootstrap resampling of the market data in 1926:1-2023:12 (Politis and Romano), [1994; [Politis
and White|, 2004} [Patton et al.| 2009} |Cogneau and Zakalmouline| [2013}; [Dichtl et al.] 2016} [Cavaglial
et al., 2022; Simonian and Martirosyan, 2022} Anarkulova et al., [2022).
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FIGURE 5.4: Optimal controls computed using the synthetic market model. These controls tested using
bootstrapped historical data. Expected blocksizes (years) shown. 108 bootstrap resamples. Real stock
index: deflated real capitalization weighted CRSP, real bond index: deflated 30 day T-bills. Scenario
in Table[5.4 Parameters in Table[A.d The Bengen control withdraws 40 per year, and rebalances
annually to 50% bonds and 50% stocks. The Bengen results are also shown for expected blocksizes of
0.5,1.0,2.0 years.

Figure compares the synthetic market results (test and train on the parametric market
model) as well as testing this control on bootstrapped historical data, for all three objective func-
tions: EW-LS, EW-PS and EW-ES. The bootstrapped tests are carried out for a range of expected
blocksizes. In all cases, for all blocksizes, the performance frontiers are quite close, indicating that
the controls computed using the parametric market model in Appendix [A] are relatively robust to
model misspecification.

Further insight can be obtained by examining the summary statistics in Table (synthetic
market) and Table (historical market). It would seem that the EW-LS strategy is a good
compromise, having a relatively small Prob[Wr < 0], and with an expected shortfall close to the
optimal value from the EW-ES solution. Note that W is a byproduct of the optimization algorithm
for the EW-ES problem. This may not correspond, intuitively, to the investor’s preferences. For
example, as we move rightward along the EW-ES performance frontier, W becomes a large positive
value. Any value of Wp to the left of this point, is regarded (by the objective function) as a bad
outcome, which probably does not correspond to most investor’s concept of risk.

In contrast, W is an input parameter for EW-PS and EW-LS. In our case, since our main concern
is running out of cash, setting W = 0 is clearly a reasonable choice.

Note that Table shows that the ES(5%) result for the EW-LS control (computed in the
synthetic market) is actually better than for the EW-ES control (also computed in the synthetic
market), when tested in the historical market. This suggests that the EW-LS control is more robust
than the EW-ES control.

Another test of robustness is shown in Table Here, we rank each strategy, in terms of per-
formance, according to each risk criteria, in the historical market. All strategies have approximately
the same EFW =~ 53. In this case, we can see that EW-LS is the clear winner.

5.9 Comparison with the Bengen strategy

Consider Figure [5.4(a), with EW ~ 50. This translates to average withdrawals of 5% of initial
wealth with Prob[Wp < 0] < 1%. Contrast this with the bootstrapped results for the Bengen
strategy, where the withdrawals are 40 per year (4% of initial wealth (real)), with a probability of
failure > 10%.
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Strategy K Ey,q)/M LS(W=0) ES(%) Prob[Wr < 0] W

EW-ES  0.5925 52.97 -11.106 -102.36 271 -31.15
EW-LS  9.3822 52.99 -5.3332 -106.66 .048 0.0
EW-PS  2670.9 53.04 -9.2747 -185.40 .027 0.0

TABLE 5.3: Synthetic market, summary statistics for EW-PS, EW-LS, and EW-ES objective func-
tions, EW ~ 53 for all strategies. LS refers to Elmin(Wp —W,0)], ES(5%) is the mean of the worst
five per cent of the outcomes. W is specified for EW-PS and EW-LS, while it is an outcome of the
EW-ES optimization. Scenario in Table[5.3 Parameters in Table [AT1l Units: thousands of dollars
(real). M is the total number of withdrawals (rebalancing dates).

Strategy E[Y_, q:)/M LS(W=0) ES(5%) Prob[Wr < 0]

EW-ES 53.18 -5.4192 -46.21 0.250
EW-LS 52.93 -1.5448 -30.85 0.0226
EW-PS 53.12 -3.705 -74.02 0.0120

TABLE 5.4: Block bootstrap resampling, summary statistics for EW-PS, EW-LS, and EW-ES objective
functions, EW ~ 53 for all strategies. Blocksize two years, 108 bootstrap resamples. Optimal controls
computed in the synthetic market. LS refers to E[min(Wr —W,0)], ES(5%) is the mean of the worst
five per cent of the outcomes. Scenario in Table[5.3 Parameters in Table[Ad. Units: thousands of
dollars (real). M is the total number of withdrawals (rebalancing dates).

Strategy Rank

LS(W =0) ES(5%) Prob[Wp <0] Total Score
EW-ES 3 2 3 8
EW-LS 1 1 2 4
EW-PS 2 3 1 6

TABLE 5.5: Ranking of strategies, historical market. Each strategy is ranked (first, second or third).
Optimal controls computed in the synthetic market. Total score is the sum of the rows, smaller is
better. EW ~ 53 for all strategies. Data is from Table [5.4, Block bootstrap resampling, summary
statistics for EW-PS, EW-LS, and EW-ES objective functions. Blocksize two years, 10° bootstrap
resamples. LS refers to E[min(Wp — W, 0)], ES(5%) is the mean of the worst five per cent of the
outcomes. Scenario in Table . Parameters in Table . Units: thousands of dollars (real).

Similarly, Figure has (EW,ES) = (50,0) for the EW-ES optimal strategy, compared with

(EW,ES) = ~ (40, -350) for the Bengen strategy.

Finally, Figure [5.4(c)| gives (EW,LS) = (50,0) for the EW-LS optimal policy, compared with

(EW,LS) = ~ (40, -20) for the Bengen strategy.
Of course, all these comparisons come with the caveat that the Bengen strategy withdraws a fixed
amount per year, while the results for the optimal strategies are in terms of expected withdrawals.
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FIGURE 6.1: CDF curves, all strategies have the same average EW ~ 53. Optimal controls com-
puted using the synthetic market model. Tests in the synthetic market Figure and the historical
market, Figure|6.1(b)| shown. FEzpected blocksize: two years. Real stock index: deflated real capital-
ization weighted CRSP, real bond index: deflated 30 day T-bills. Scenario in Table[5.9 Parameters

in Table @

6 CDFs of the optimal strategies

Figure shows the CDF curves for the final wealth Wr for all three strategies. The results are
shown for both the synthetic and historical market. For each strategy, the point on the efficient
frontier was selected so that EW ~ 53. It is interesting to observe that all strategies have similar
CDFs for X > 0 (Prob[Wr > 0]), and rapidly increase to the right of this point. This indicates that
all strategies are efficient in the sense that there is little unspent wealth at t = 30 years (age 95).
This contrasts with the Bengen policy, which has a non-trivial probability of either running out of
cash or ending up with large unspent wealth.

Figure focuses on the area of the CDF curves near X = 0. Examining the synthetic
market results, Figure we can see that the EW-PS and EW-LS curves behave very similarly
near Wr = 0, but there is a difference in the left tail, as might be expected. We can see that EW-PS
does an excellent job of producing small Prob[Wp < 0]. However, this strategy does not do well
in the left tail compared with EW-LS. The EW-ES strategy, on the other hand, has a fairly high
probability that W < 0, compared with either EW-PS or EW-LS. However, this is a bit misleading,
since the EW-ES CDF plots below the other strategies for X < —40. The historical market CDFs,
Figure , are qualitatively similar to the synthetic market curves.

6.1 Summary of comparison of CDFs

Our conclusions from Figures [6.116.2] are
e The CDFs for all strategies are similar for Wp > 0.
e EW-PS performs poorly in the left tail compared to the other strategies.

e EW-ES performs poorly in terms of Prob[Wp < 0] compared to the other strategies.
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FIGURE 6.2: Zoomed plots, CDF curves, all strategies have the same average EW ~ 53. Optimal
controls computed using the synthetic market model. Tests in the synthetic market Figure and
the historical market, Figure|6.1(b) shown. Expected blocksize: two years. Real stock index: deflated
real capitalization weighted CRSP, real bond index: deflated 30 day T-bills. Scenario in Table [5.3
Parameters in Table @

Note that the disaster level of final wealth W = 0 is specified by the investor for EW-LS and EW-PS,
while W is a byproduct of the optimization algorithm for the EW-ES strategy.

7 Comments: EW-LS, EW-PS and EW-ES strategies

The EW-PS optimal control, using PS risk (probability of running out of savings), seems at first
sight to be an appealing intuitive strategy. However, the CDF of the final wealth shows that this
strategy generates a very fat left tail. This is simply due to the fact that PS risk does not weight
the amounts less than W.

The EW-ES optimal control also has a simple intuitive interpretation. The ES (mean of the
worst 5% of the outcomes) is a dollar amount that can be compared with, for example, the retiree’s
real estate hedge of last resort. However, in some cases, the ES can be large and positive, which
does not correspond to what we would normally think of as risk. In addition, EW-ES is formally
time inconsistent. There is, of course, an induced time consistent policy, which is simply the EW-LS
control with suitable W.

The EW-LS control is trivially time-consistent. The investor specified parameter W in the EW-
LS objective function is easily interpreted as the disaster level of final wealth. The EW-LS controls
also perform reasonably well using ES (expected shortfall) or PS (probability of shortfall) as risk
measures. In particular, the knee of the EW-LS strategyB when plotted using ES as a risk measure,
has a similar ES risk as the optimal EW-ES strategy.

The EW-LS control is also more robust, when tested in the historical (bootstrapped) market,
compared to the other strategies.

Consequently, we recommend use of the EW-LS control for decumulation.

19Gee Section for a definition of the knee portion of the efficient frontier.
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8 Details of EW-LS strategies on historical market

Figure shows the percentiles of the optimal fraction in stocks, versus time, in the historical
market. Initially, the fraction in stocks is a bit less than 0.60. The median fraction drops smoothly
down to zero near year 29. At the fifth percentile, complete de-risking occurs at about year 16. In
the case of poor investment returns, the allocation to stocks is 0.60-0.80 at the 95th percentile.

Figure shows the wealth percentiles in the historical market. We can see that Wp just
approaches zero at the 5th percentile, at year 29. Again, we remind the reader that it is assumed
that the retiree has real estate which can be used to fund a shortfall at less than the 5th percentile.
The expected shortfall at the 5% level in this case is about —30.

Remark 8.1 (Shortfall hedge). Recall that we have assumed that the retiree has mortgage-free real
estate, which is not considered to be part of the DC wealth. Assuming that a reverse mortgage can
be obtained for one half the value of the real estate, this suggests that, in this case, real estate valued
(in real terms) > 60,000 can manage a shortfall of 30,000. Consequently, our advice to retirees is
that they should select points on the efficient frontier where the ES in dollar terms, m is less than
one-half the net value of their real estate.

Finally, we can see from Figure that the median withdrawal rapidly increases to the
maximum withdrawal by year one.

The heat maps for the optimal fraction in stocks and the optimal withdrawals are shown in
Figure Figure [8.2(b)| shows that the withdrawal control is approximately bang-bang, i.e. it is
only ever optimal to withdraw qmax Or qmin and nothing in between. For an explanation of this, see
Forsyth| (2022]).

20More precisely here, we mean | min(ES,0)|.
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8.1 Intuitive Explanation of the Optimal Controls

Superficially, these heat maps appear to be complex. However, in practice, these heat maps can be
reduced to simple rules.

First, we draw attention to Figure . Due to the (approximate) bang-bang nature of the
optimal control, the withdrawal control is conceptually simple. If the observed total wealth is in
the blue region, withdraw at quin, otherwise, withdraw at g¢uax. Basically, if the observed market
returns are doing well, then withdraw at the maximum rate. If market returns are poor, withdraw
at the minimum rate. It is only necessary to keep track of the location of the boundary separating
the maximum withdrawal region from the minimum withdrawal region as a function of portfolio
value and time.

Turning attention to the asset allocation heat map, Figure we note the following. From
the 5’th percentile to the median percentile, the allocation to stocks is in the range 50-60%. The
red region occurs if the portfolio has done poorly. In this case, going to 100% stocks represents the
pulling the goalie strategy@ On the other hand, note that there is a rapid reduction in allocation
to stocks if the portfolio does well. There is a sharp transition between the green and the upper
blue regions.

If we are willing to give up a bit in optimal performance, we can approximate the allocation
heat map by the following rules. Set the stock allocation to 60%, unless you are well into the blue
region in Figure If you are fortunate, and your portfolio does well (blue region) then you
can de-risk your portfolio completely.

Note that our allocation control approximation ignores the red region in Figure As we
shall see in Section [9] the efficient frontiers are not very sensitive to the asset allocation control,
hence replacing the red region by a green approximation will not be largely sub-optimal.

To summarize, a financial advisor could use the following method of devising an optimal policy,
and explaining the strategy a specific retiree.

2n ice hockey, if your team is down by one goal, with one minute left to play, then a common strategy is to pull
your goalie, giving you an extra attacker. However, since your goal is empty this is a risky strategy.
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e Determine the point on the LS frontier where the retiree is comfortable with the risk-reward
tradeoff. This would require setting the minimum withdrawal requirements, and estimating
the size of other assets (i.e. real estate) which could be used as hedge of last resort.

e Construct the asset allocation heat maps and the withdrawal heat maps.

e The withdrawal control is quite simple, withdraw the minimum in the blue region, and the
maximum in the red region.

e An approximate, but slightly sub-optimal, policy for asset allocation would be to invest 60%
in stocks unless in the blue region (asset allocation heat map). If the retiree is well into the
blue region, then he can completely de-risk.

Summary advice to the retiree

e Allocate 60% to stocks, unless the market does really well, and then we can de-risk the
portfolio. Most likely we will stick to 60% stocks for the first 10 years.

e Withdraw at the minimum rate for the first few years, and see how your portfolio does. If
returns are good, we can withdraw at the maximum amount each year. Most likely, you
will withdraw at the minimum rate for the first two-three years, and then withdraw at the
maximum rate.

9 Sensitivity to Control Constraints

The base case in Table @ has the minimum withdrawal g, = 30 and the maximum withdrawal
dmax = 60. Figure shows the effect of varying these minimum and maximum withdrawal con-
straints, while keeping the stock allocation fraction in the range [pmin,Pmax] = [0,1]. The optimal
policy for each set [qmin, qmax| is computed for the EW-LS objective function in the synthetic mar-
ket. Each frontier is labelled with the range of qumin — qmax, instead of [qmin,qmax|, for presentation
clarity in these figures. The performance frontiers are shown in terms LS, ES and PS risk measures.
Note that this is a true efficient frontier only in the (EW,LS) domain.

Figure [0.2] shows the base case in Table 5.2} using the EW-LS objective function, but varying
the range of values of the fraction in stocks [Pmin, Pmax], While keeping the withdrawal control range
[Gmin, 9max] = [30,60]. Each frontier is labelled with the permitted range [Pmin, Pmax|. The frontiers
are shown in terms LS, ES and PS risk measures.

These results suggest that varying withdrawals has a much bigger effect on the efficient frontier
(as a function of various risk measures) than variable asset allocation. In fact, even using a fairly
narrow range of permitted fraction in stocks [Pmin, Pmax] = [0.40,0.60] does not lower the efficient
frontier by much. This may be acceptable in the interests of simplicity.

Since the precise asset allocation does not have a large effect on the efficient frontier, this means
that model misspecification, in terms of the asset allocation control, will not greatly affect the
efficient frontier. This is consistent with our observations in Section that the optimal controls
were robust in out-of-sample bootstrap resampling tests.
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FIGURE 9.1: Scenario in Table . EW-LS control computed from problem EW-LS Problem .
Parameters based on the real CRSP index, and real 30-day T-bills (see Table . Control computed
from the Problem in the synthetic market. Effect of varying [qmin,dmax], as labelled on the
curves. Base case [qmin = 30, qmax = 60]. Stock allocation fraction [Pmin,Pmax] = [0,1]. Bengen
(Bengenl, |1994) strategy: rebalance to 50% stocks, constant withdrawal 40 per year. Units: thousands
of dollars. All quantities inflation adjusted.

10 Practical Implications

From a practical point of view, we suggest that EW-LS controls can be viewed as a decision rule
that parallels, but improves upon, the four per cent rule.

How would this be applied in practice? An advisor would interview a prospective retiree, and
elicit information such as (i) minimum real cash flows required (ii) maximum allocation to equities
and (iii) value of other assets (which will usually be real estate). It will also be necessary to
determine the disaster level (W) of wealth at age 95. If there is no bequest motive, W = 0 might be
appropriate. If the retiree has a desire for a bequest, or if she is concerned with extreme longevity,
then W > 0 would be more in line with her concerns.

Then, the EW-LS criteria is used to generate an efficient frontier, satisfying the constraints. Each
point on the frontier can be discussed in terms of (i) expected annual withdrawals (ii) probability of
exhausting savings and (iii) expected shortfall. Some points on the frontier can be easily rejected,
e.g, the expected shortfall is larger than the value of real estate, or the probability of ruin is too
large.  From the points that remain, the retiree will chose a point which is suitable, based on
her risk preferences. Insurance products. which can hedge against extreme longevity, can also be
discussed at this decision time.

Once a desirable point on the frontier is selected, then the heat maps for this point can be con-
structed. Each year, the retiree (or perhaps a wealth manager) determines the value of investment
portfolio, and then consults the heat maps to determine the withdrawal amount, and the new asset
allocation.

11 Conclusions

As noted in|Anarkulova et al.| (2025)), retirees and wealth advisors demonstrate a revealed preference
for spending rules for decumulation of DC pension plans. Almost all previous work on spending
rules postulates heuristic strategies and tests these rules using historical data.

We follow a different methodology here. We determine the spending rules as the solution of
an optimal stochastic control problem. The control problem is solved numerically, based on a
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parametric model of long term stock and bond returns.

For an optimal control problem, the first order of business is to specify the objective function, in
terms of risk and reward. Since we allow variable withdrawals (subject to maximum and minimum
constraints) we define reward as the sum of expected (real) withdrawals over a 30 year retirement

We focus on Expected Shortfall ES, Linear Shortfall LS, and Probability of Shortfall PS risk
measures. We establish mathematically that, under certain assumptions, the set of optimal controls
associated with all expected reward and expected shortfall EW-ES Pareto efficient frontier curves
is identical to the set of optimal controls for all expected reward and linear shortfall EW-LS Pareto
efficient frontier curves. This has the consequence that the set of optimal controls for EW-ES,, are
time consistent under the EW-LS;, risk measure.

Fixing disaster level W = 0 and probability level of a = 5%, based on our analysis and compu-
tational assessment of various risk measures, we conclude that risk as measured by linear shortfall
LS, i.e. linearly weighting the final wealth below zero, is an appropriate risk measure.

As noted, the optimal EW-LS control is computed using a parametric market model. However,
this control has been tested out-of-sample using block bootstrap resampling of historical data. These
tests show that the optimal control is relatively robust to parameter misspecification.

Bootstrap resampling of historical data shows that the 4% rule (initial capital: one million,
withdrawing 4% real of initial capital per year) has a probability of failure > 10%, and expected
shortfall ES(5%) < —$350,000. In contrast, under bootstrap resampling tests, the EW-LS optimal
control can withdraw 5% of initial wealth annually, on average, (adjusted for inflation) with a 98%
probability of success, with an ES(5%) ~ —$15,000.

The EW-LS controls are dynamic. Both withdrawal amounts and stock allocation depend on
the realized portfolio wealth (and time to go). However, the controls are summarized as easy to
interpret heat maps, which makes implementation of these optimal controls straightforward.

Our numerical experiments also reveal that allowing flexible withdrawals has a much larger
effect on the efficient frontier, compared to the asset allocation. For example, allowing flexible
withdrawals, but constraining the fraction in equities to the range [0.40,0.60] results in strategies
which are only slightly sub-optimal, compared to allowing the equity fraction be in the full range
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[0.0,1.0]. This may be an acceptable trade-off, i.e. giving up some efficiency in return for simplicity,
and a cap on the maximum fraction allocated to stocks.

Finally, we note that the optimal controls can be computed directly from the bootstrapped
resampled data, without specifying a parametric model of the underlying stock and bond processes.
This requires use of machine learning techniques (Li and Forsyth, |2019; N1 et al., 2022; van Staden
et al., 2023;2024). These methods also allow use of more assets in terms of investment choices. We
leave further study of machine learning techniques in the context of DC decumulation for future
work.
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Appendix

A Parametric Model

We assume that the investor has access to two funds: a broad market stock index fund and a constant
maturity bond index fund. The investment horizon is T'. Let S; and B; respectively denote the
real (inflation adjusted) amounts invested in the stock index and the bond index respectively. In
general, these amounts will depend on the investor’s strategy over time, as well as changes in the
real unit prices of the assets. In the absence of an investor determined control (i.e. cash withdrawals
or rebalancing), all changes in S; and B, result from changes in asset prices. We model the stock
index as following a jump diffusion.

In addition, we follow the usual practitioner approach and directly model the returns of the
constant maturity bond index as a stochastic process (see, e.g. [Lin et al., 2015; [MacMinn et al.,
2014). As in MacMinn et al. (2014), we assume that the constant maturity bond index follows
a jump diffusion process. Empirical justification for this can be found in [Forsyth et al,| (2022),
Appendix A.

Let S;- = S(t —¢€),e — 0T, ie. t~ is the instant of time before ¢, and let £ be a random
number representing a jump multiplier. When a jump occurs, S; = £°5,-. Allowing for jumps
permits modelling of non-normal asset returns. We assume that log(£*) follows a double exponential
distribution (Kou, 2002; Kou and Wang}, |2004)). If a jump occurs, u® is the probability of an upward
jump, while 1 — u* is the chance of a downward jump. The density function for y = log(£*) is

Foly) = wnie V50 + (1 - w’)n3e™¥ 1< - (A1)

We also define (1 )
s s usnf —u’ 775
e = E[§" - 1] = — +— 1. A2
¢ [ ) n—1 ns + 1 (A-2)
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In the absence of control, S; evolves according to

S
T

(w° = Myg) dt+o°dZ +d [ D (& -1) |, (A.3)
=1

as; _
S,—

where p° is the (uncompensated) drift rate, o° is the volatility, dZ* is the increment of a Wiener
process, m; is a Poisson process with positive intensity parameter /\g, and & are i.i.d. positive
random variables having distribution . Moreover, &7, 7f, and Z° are assumed to all be mutually
independent.

Similarly, let the amount in the bond index be B,- = B(t—¢),e — 0". In the absence of control,
By evolves as

b
T

_ (Mb AL+ Ly <0}) dt+ovdzb+d [ -1) ], (A.4)
i=1

as,
B,-

where the terms in equation (A.4) are defined analogously to equation (A.3). In particular, 71'{3 isa
Poisson process with positive intensity parameter A2, and {f’ has distribution

fb(y = log §b) = ubnll’e*"’fylyzo +(1- ub)nge"gyly<0 , (A.5)

and ’yg = B[¢*—1]. &, 7b, and Z° are assumed to all be mutually independent. The term ugl{Bt_ <0}
in equation represents the extra cost of borrowing (the spread).

The diffusion processes are correlated, i.e. dZ*-dZ% = pg, dt. The stock and bond jump processes
are assumed mutually independent. See Forsyth| (2020b) for justification of the assumption of stock-
bond jump independence.

We use the threshold technique (Mancini, [2009; (Cont and Mancini, 2011; |Dang and Forsyth),
2016) to estimate the parameters for the parametric stochastic process models. Since the index data
is in real terms, all parameters reflect real returns. Table shows the results of calibrating the
models to the historical data. The correlation pgp, is computed by removing any returns which occur
at times corresponding to jumps in either series, and then using the sample covariance. Further
discussion of the validity of assuming that the stock and bond jumps are independent is given in
Forsyth| (2020Db)).

CRSP u’ o’ A8 u® n; 75 Psb
0.087323 0.147716 0.316326 0.225806 4.3591  5.53370 0.095933
30-day T-bill ub b b ub n} n5 Psb

0.0032 0.0140 0.3878 0.3947  61.5350 ©53.4043 0.095933

TABLE A.1l: Parameters for parametric market models and fit to CRSP data (inflation
adjusted) for 1926:1-2023:12.

B Numerical Techniques

We solve problems (4.4)) using the techniques described in detail in [Forsyth and Labahn (2019);
Forsyth| (2020a} 2022)). We give only a brief overview here.
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We localize the infinite domain to (s,0) € [Smin, Smax] X [Dmin, bmax), and discretize [bmin,bmax)
using an equally spaced log b grid, with n;, nodes. Similarly, we discretize [Spmin, Smax] o1 an equally
spaced log s grid, with ng nodes. For case b < 0, we define a reflected grid b = —b, with the n x ng
nodes. This represents the insolvent case nodes. The PIDE for & > 0 has the same form as for
b > 0. This idea can be used more generally if leverage is permitted, which we do not explore in
this work. Localization errors are minimized using the domain extension method in |[Forsyth and
Labahn/ (2019).

At rebalancing dates, we solve the local optimization problem by discretizing (q(-),p(-)) and
using exhaustive search. Between rebalancing dates, we solve a two dimensional partial integro-
differential equation (PIDE) using Fourier methods (Forsyth and Labahn, [2019; Forsyth, [2022)).
Finally, in the case of EW-ES, the outer optimization over W is solved using a one-dimensional
method.

We used the value e = —107* in equation , which forces the investment strategy to be bond
heavy if the remaining wealth in the investor’s account is large, and ¢ — 7. Using this small value
gave the same results as € = 0 for the summary statistics, to four digits. This is simply because the
states with very large wealth have low probability. However, this stabilization procedure produced
smoother heat maps for large wealth values, without altering the summary statistics appreciably.

B.1 Convergence Test: Synthetic Market

Table [B-1] shows a detailed convergence test for the base case problem given in Table [5.2] for the
EW-ES problem. The results are given for a sequence of grid sizes, for the dynamic programming
algorithm in (Forsyth, 2022)) and Appendix The dynamic programming algorithm appears to
converge at roughly a second order rate. The optimal control computed using dynamic programming
is stored, and then used in Monte Carlo computations. The Monte Carlo results are in good
agreement with the dynamic programming solution. For all the numerical examples, we will use the
2048 x 2048 grid, since this seems to be accurate enough for our purposes.

‘ Algorithm in (Forsyth, 2022]) and Appendix ‘ Monte Carlo
Grid LS E[y", ql/M Value Function ‘ LS Ey . q)/M
512 x 512 -1.40884 50.9082 1484.981 -1.26443 50.938
1024 x 1024  -1.32050 50.9491 1488.864 -1.27396 50.953
2048 x 2048 -1.30148 50.9643 1489.880 -1.28189 50.963

TABLE B.1: EW-LS convergence test. Real stock index: deflated real capitalization weighted CRSP,
real bond index: deflated 30 day T-bills. Scenario in Table[5.3 Parameters in Table[Ad The Monte
Carlo method used 2.56 x 10% simulations. The MC method used the control from the solving the
PIDEs as described in Appendiz[B. k = 30, W = 0.0. Grid refers to the grid used in the Algorithm in
Appendiz[B: ng X ny, where ny is the number of nodes in the log s direction, and ny, is the number of
nodes in the logb direction. Units: thousands of dollars (real). M is the total number of withdrawals
(rebalancing dates).
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Ficure C.1: EW-PS CDF of the terminal wealth, with stabilization parameters shown. Point on
curve where EW ~ 53.0. Real stock index: deflated real capitalization weighted CRSP, real bond
index: deflated 30 day T-bills. Scenario in Table[5.3 Parameters in Table[A.1. Synthetic market.

C Effect of Stabilization term

Recall that the optimization problem, for all objective functions, becomes ill-posed along any path
where W; > W, t — T'. To remove this problem, the stabilization term

¢E[Wr] (C.1)

is added to each objective function. We set |¢| < 1, to ensure that this term has little effect unless
we are in the ill-posed region. Essentially, if € < 0, then this forces the portfolio to invest 100% in
bonds. On the other hand, if € > 0, then the portfolio will invest 100% in stocks. We remark here
that these choices are essentially arbitrary: by assumption, the 95-year old retiree has a short life
expectancy, and has large wealth, so that even with maximum withdrawals, there is almost zero
probability of running out of cash.

To verify that the choice of positive or negative € has little effect near Wy, = W, Figure shows
the CDF curves for the EW-PS strategy (EW = 53.0), for both positive and negative e. We can see
that both curves overlap for W < 100. Consequently, left tail risk measures will be identical for
both cases, and there will be no differences in average withdrawals, since we will be constrained by
the maximum withdrawal specification. To the right of W = 100, we can see that for € > 0, there
is higher probability of obtaining larger W compared to the case € < 0. This is of course expected,
since investing in all stocks, (when W; is large) will have a larger expected portfolio value.

The CDF curves for +¢ for EW-ES and EW-LS policies are similar.
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