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Abstract

We present new, efficient algorithms for computations on separable matrix algebras
over infinite fields. We provide a probabilistic of the Monte Carlo type to find a
generator for the centre of a given algebra 2 C F™*™ over an infinite field F using
a number of operations that is within a logarithmic factor of the cost of solving m x
m systems of linear equations. A Las Vegas algorithm is also provided under the
assumption that a basis and set of generators for the given algebra are available. These
new techniques yield a partial factorization of the minimal polynomial of the generator
that is computed, which may reduce the cost of computing simple components of the
algebra in some cases.

1 Introduction

A finite-dimensional associative algebra is a finite-dimensional vector space over a field F
equipped with a multiplication operation under which the space forms an associative (though
not necessarily commutative) ring with identity, and a matriz algebra is a subalgebra of the
matrix ring F”*™. Algebras over finite fields have been studied in an earlier paper (Eberly
& Giesbrecht 1999). In this paper we propose efficient new algorithms for separable algebras
over infinite fields.

Recall that the (Jacobson) radical Rad(2l) of an algebra 2 over a field F is the intersection
of all maximal left ideals in 2, and that 2 is semi-simple if Rad(2) = (0). Such an algebra is
separable if the algebra AF = A®¢ E obtained from 2 by “extension of scalars” is semi-simple
over E, for every field extension E of F. Curtis & Reiner (1962) and Pierce (1982) each discuss
the properties of extensions of scalars and separable algebras that will be used in this paper.
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and Algebraic Computation,” Zurich, 1996. ISSAC’96, pp. 170-178.
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As they note, any semi-simple algebra over a field of characteristic 0 and, more generally,
over any perfect field is separable, so that our algorithms apply to all such algebras.

The first provably efficient algorithms for computing the structure of a matrix algebra are
due to Friedl & Ronyai (1985), who gave polynomial time algorithms to find the Jacobson
radical and to decompose a semi-simple algebra over a finite field or number field as a
direct sum of simple algebras. Subsequent work by Rényai (1987, 1990, 1992) and Ivanyos &
Roényai (1993) examined additional questions over number fields, and in particular showed
that deciding whether an algebra over a number field possesses nontrivial idempotents has
the same complexity as factoring integers. That is, it is (currently) intractable. The problem
of finding such idempotents may be considerably more difficult: The algorithms of Rényai
(1992) and Ivanyos & Roényai (1993) answer the decision problem without generating such
idempotents and, to our knowledge, no bounds on the size of these idempotents are presently
known.

Other work concerning these computations over large fields includes the algorithms of Co-
hen et al. (1997) and Ivanyos (1999) for computation of the radical of an associative algebra,
and the randomized algorithm of Eberly (1991) for computation of the simple components
of semi-simple algebras over large perfect fields.

More practical work has concerned computations over finite fields, including the heuris-
tic of Parker (1984) to test irreducibility of an 2A-module over a small finite field and to
split reducible modules, and the more recent extension of the technique (now effective over
arbitrary finite fields) of Holt & Rees (1994), as well as the work of Schneider (1990) and
Eberly & Giesbrecht (1999) to compute primitive idempotents in associative algebras. All
these algorithms take advantage of the fact that primitive idempotents are easy to find in
associative algebras over finite fields. As noted above, Ronyai (1987) has established that
this is not the case at all for associative algebras over number fields so that other techniques
must be used in this case.

We propose modifications of the method originally given by Friedl & Rényai (1985) and
adapted by Eberly (1991) to find the simple components of a semi-simple algebra by decom-
posing its centre. As we note, the technique is applicable to separable algebras over arbitrary
fields. We provide more efficient Monte Carlo and Las Vegas algorithms for the first step in
this process, namely, computation of a generator v for the centre of a given separable matrix
algebra 2 over an arbitrary large field. The method also yields a partial factorization of the
minimal polynomial of v. A complete factorization of this minimal polynomial is required to
compute the simple components of 2, and the cost of this factorization tends to dominate the
cost of the entire process. Thus, our modifications will not reduce the asymptotic worst-case
complexity. However, the modifications may replace the need for a factorization of a single
polynomial of large degree with factorizations of several polynomials of lower degree, and
may reduce the cost of the computation in practice.

We will generally tie the complexity of our results to that of matrix multiplication. We
define MM(m) such that O(MM(m)) operations in a field F are sufficient to multiply
two matrices in F”*™ and to solve nonsingular systems of m linear equations in m un-
knowns over F. Using the standard algorithm requires MM (m) = m? while the currently
best known algorithm of Coppersmith & Winograd (1982) allows MM (m) = O(m?*37™).
As well, we define M(m) such that O(M(m)) operations in F suffice to multiply two



polynomials in F[z] of degree m. Using the standard algorithm allows M(m) = O(m?),
while the algorithm of Schénhage & Strassen (1971) and Schonhage (1977) allows M(m) =
mlogmloglogm. For notational convenience we make the reasonable assumption that
O(mM(m)) C O(MM(m)).

To prove correctness of our probabilistic algorithms, we require some technical conditions
on the presumed ability to select a random element o from the algebra 2. One rigorous way
of doing this will be to select a sufficiently large finite subset S of the field F, as well as
a finite set of elements of 2 whose F-linear span includes elements with the properties we
need, and then to select elements uniformly from the S-linear span of these elements of .
We prove in the sequel that if F is infinite then the algebra always includes the elements
we require, so that it will be sufficient to choose elements from the S-linear span of a basis
for 2. This requires O(nm?) operations in F if 2 C F™*™ 9( has dimension n over F, and a
basis for 2 is available.

Additional notation and results concerning the structure of separable algebras and their
modules, and necessary computations of matrix normal forms, are included in Section 2.
Section 3 introduces “self-centralizing elements” of algebras and the properties that we will
need to decompose these algebras. Useful pairs of these elements, which we call “centering
pairs,” are introduced in Section 4, and are used in new algorithms to compute the centre
of A. Finally, the Wedderburn decomposition of separable algebras is considered in Section 5.

2 Preliminaries

2.1 The Structure of a Semi-Simple Matrix Algebra

Suppose henceforth that 2 is a separable algebra of dimension n over a field F, and that
there exists a faithful 2A-module of dimension m. By the Wedderburn Structure Theorem
(Wedderburn, 1907)

A=2A% DA D -+ DU

for simple algebras 2A;,%As,..., 2, C 2, and each simple component 2; is isomorphic to a
full matrix ring over a division ring D; over F, so that
o, = Pl

for some positive integer ¢;, for 1 < ¢ < k. Furthermore as shown, for example, by Pierce
(1982), the dimension of each simple algebra (such as 2;, or D;) over its centre is a perfect
square. Let E; be the centre of 2; (isomorphic to the centre of D; as well and, consequently, a
field extension of F); let e; = [E; : F], let d? be the dimension of D; over E;, and let n; = d;t;,
so that 2; has dimension e;d?t? = e;n? over F for all 7 and

n=eni+ems+ -+ epng. (2.1)

Suppose in addition that 2 is a matrix algebra, so that 2 is a subalgebra of F™*™ for
some positive integer m. Now the vector space F*! is an 2-module in a natural way: For
any element o of 2 and vector v € F™ ! the result av of applying o to v is simply the
matrix-vector product obtained by multiplying the matrix o € F™*™ to the vector v.



Since 2 is separable, and therefore semi-simple, F*! is a semi-simple 2-module. That is,

F<1 is the direct sum of a set of simple A-modules, each of which is a faithful 2(;-module for
exactly one simple component 2; of 2 and which annihilates all the other simple components
2. Suppose a decomposition of F™*! as a direct sum of simple modules includes exactly s;
simple modules Ml(i), Méi), . Ms(l) such that Q[lM](Z) = forl1 <j<s;and1<i<Ek,so
that s; > 1 for all ¢ (since F™*! is clearly a faithful 2-module), and

=MV oMM e-oMVe-.oMPoMP o .0 MP. (2.2)

This decomposition is not unique. However, the values si, s9, ..., s certainly are. Fur-
thermore it is well-known (see, for example, Curtis & Reiner 1962) that all simple modules
that are faithful 2;-modules are isomorphic as 2-modules, and as vector spaces over F,

(1) ~v Mtix1
M jl >~ D~
for 1 < j <'s;. Consequently M]@ has dimension e;d?t; = e;n;d; over F for 1 < j < s; and
1 <i<k. Let m; =d;s; for 1 <i < k; then an inspection of equation (2.2) and comparison
of dimensions of modules confirms that

m = e;nid;S; + eanadyse + - - - + epnpdyp Sy = €N my + €aNoMe + -+ - 4+ epnEmy. (2.3)

2.2 Distinguishing Elements by Matrix-Vector Products

Since A C F™*™ it is clear that one can check whether a given element a of 2 is zero
by inspecting the m? entries of the matrix a. It will be useful in the sequel to check this
condition by computing and inspecting matrix-vector products instead. Therefore, let

N = Ny = max (ﬂ-‘ = max P—‘-‘ ) (2.4)
1<i<k | ™i 1<i<k | Si
Definition 2.1. A set of vectors vy, vy, ..., vy € F™! is a distinguishing set for 2 if there

exists at least one vector v; in this set such that awv; # 0, for every nonzero element « of 2.

Clearly, if a distinguishing set vy, vs,..., vy of vectors is available, then we can check
whether o = 0 for a given element o of 2 by computing and inspecting the /N matrix-vector
products avy, ave, . ..,avy. We can also check whether two elements o and [ are equal in 2
by using these vectors to decide whether the difference oo — 3 is nonzero.

Theorem 2.2. If A C F™*™ is a semi-simple algebra and N is as defined in equation (2.4),
above, then a distinguishing set of vectors vy, v, ..., vy € F™< for A exists.

Proof. Suppose first that 2 is simple and that s; = 1, so that F™*! is a simple A-module.
In this case, k = 1, n = e;n? for ny = dit;, m = e;nym, for my = dy, and N = ny/m; = t;.
Furthermore the centralizer of 20 in F™*™ (that is, the set of matrices commuting with all
the elements of 2) is a division algebra D with dimension e;d} over F, and F™*! may be
regarded as a module with dimension t; over this division algebra.



Now it suffices to choose vy, vs,...,vy to be any basis for F™*! over the centralizer D

to ensure that vy, vs,..., vy is an isolating set for 2. For if v1,72,..., 7.4 18 a basis for D
over F then the set of vectors v;v; such that 1 <14 < erd? and 1 < j < N =t forms a basis
for F™*! over F, and if o € 2 such that av; = 0 for 1 < j < N then, since ; commutes
with a,

a(yivy) = ayvy = viav; = yi(av;) = 70 =0

for all 2 and j, implying that o = 0 as well.

Suppose next that 2 is simple and s; > 1, so that F™*! = My &My -+ & M,, is
a direct sum of simple 2-modules My, My, ..., M,,. The above argument can be applied
to M, instead of F™*! to prove the existence of elements uy,us,...,u; of M; such that
au; is nonzero for at least one element u; of this set whenever « is a nonzero element of 2.
Now, since 2 is simple, the modules My, Ms, ... M, are isomorphic as modules over 2,
so that there exist A-module isomorphisms ¢; : M; — M for 2 < j < s;. Set u; = 0 for
tl +1 S 1 S NSl == [tl/Sl]Sl and let

Vi = U(i—1)s;+1 T Z ¢j (U(i—1)51+j) e Fmxd
j=2

for 1 < i < N. Since F™*! is a direct sum of the A-modules M, M,,..., M,,, and since
the above maps ¢o, @3, ..., @5, are A-module isomorphisms, if a € A such that av; = 0 then

QUG —1)s;+1 = QUG—1)g;42 = *** = Qg = 0

as well. Thus if & € 2 such that av; = 0 for 1 <7 < N, then au; = 0 for 1 < j < Nsy,

implying that o = 0 by the choice of uy, us, ..., uy,. Thus vy, vy, ..., vy is also a distinguishing
set in this case.
Finally, suppose that 2 is semi-simple over F with simple components 20,25, ..., 2.

Let wi,ws,...,wr € A be the identity elements of 2y, 2s, ..., Ak, respectively, so that these
are orthogonal central idempotents in 2, and so that

Fm><1 — wlFmXI EBWZFmXI D--- @kamXI.

Now w;F™*! has a structure as an 2;-module and the above argument can be used to

prove the existence of elements v;1,v;2,..., V1,57 Of wiF™1 such that at least one of

QUG 1, QU5 , - - ., Q44 [1,/s;] 1S onzero whenever oy is a nonzero element of 2A;.
For1 <j < N, set

_ § : . mx1
Vj = Vi,j € F s

[s:/t:]1>]

and recall that each element o of 2 has a unique representation as a sum o = a;+ag+- -+ -+ay
where a; € U; for 1 < ¢ < k. Furthermore, a = 0 in 2 if and only if o; = 0 in 2; for all ¢,
and this can be used to establish that the above elements vy, v, ..., vy form a distinguishing
set for 2. O



A consideration of the case that 2 is simple and isomorphic to a full matrix ring over F
suggests that this is the best we can hope for: In this case, if one chooses any set of fewer
than N vectors, then there will exist a nonzero element of 2 that annihilates all of them.

On the other hand, the news is not all bad. Suppose that 2 is given by a set of structure
constants that can be used to define a regular matrix representation of the algebra. In this
case we have m = n and, indeed, s; = t; for 1 < ¢ < k, so that N = 1. One can then check
whether @ = [ in 2 by checking whether av = v for a single (well-chosen) vector. The Las
Vegas algorithms given later in the paper will therefore perform quite well in this case (see
in particular Theorems 3.14 and 4.7 below).

2.3 Minimal Polynomials of Elements
Let

d— dg[ =eny + €ang + -+ epng (25)

for the values k, ey, es,...,¢e; and ny,ny...,ng as defined in Section 2.1. A comparison of
equations (2.1), (2.3) and (2.5) confirms that d < min(m,n).

The following result is well-known (or, easily deducible), but it is important enough to
this work be be mentioned here.

Lemma 2.3. Let A C F™*™ be semi-simple algebra over F, and let d be defined as above.
Then the minimal polynomial of any element of A has degree at most d over F.

Proof. Tt will be useful to consider four successively more general cases, namely, that 2 is
isomorphic to a full matrix ring over F, central simple over F, simple and, finally, an arbitrary
semi-simple algebra over F.

In the first case k = ¢y = 1, n = n? and, since elements of 20 may be identified with
ny X ny; matrices over F, the result follows from the fact that the minimal polynomial of a
matrix is always a divisor of a polynomial in F[z] with degree n;, namely, its characteristic
polynomial.

In the second case k = ¢; = 1 and n = n? as above. Let E be an algebraic closure of F
and consider the algebra A® = A ®¢ E over E obtained from %A by extension of scalars. It
is easy to show that the dimension of the vector space spanned by the elements 1, o, a2, . ..
of % over F is the same as the dimension of the vector space spanned by the elements
1® 1,0 ® 1,02 ® 1,... of AF over E, for any element o of 2, so that the minimal
polynomial of o over F is the same as that of & ®¢ 1 over E. It is well-known that AF is
isomorphic to E"**" as an algebra over E so that, once again, this minimal polynomial must
have degree at most n;.

Next suppose that 2 is simple over F, so that £ = 1 and 21 = ;. In this case 2 can
be regarded as a central simple algebra of dimension n? over its centre E;. Now, as argued
above, the minimal polynomial of any element o of 2 over E; has degree at most n;, and
the elements 1,a, o2, ..., o™ ! span E;[a] over E;. Since [E; : F] = e; there exists a basis
Bi, B, ..., B, of E; over F, and it is easy to see that the elements 3;a’ such that 1 <i < e
and 0 < j < ny span E;[a] over F. Consequently E;[a]| has dimension at most e;n;, and
since F[a] is a subspace of E;[a], F[a] has dimension at most e;n; over F as well. Since the
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degree of the minimal polynomial of « over F is the same as the dimension of F[a] over F,
the result follows for the case that 2 is simple.

Finally, suppose that 2 is semi-simple over F, and let o € F. Since 2 is a direct sum of its
simple components « can be written (uniquely) as a sum o = ay +ay+- - -+ where o; € 2;
for 1 < i < k. Now, since 2; is a simple algebra with dimension e;n? over F and has a centre
with dimension e; over F, the above argument implies that the minimal polynomial f; of «;
has degree at most e;n; over F, for all 7. However, the minimal polynomial of « is clearly just
the least common multiple of fi, fs, ..., fr and is a divisor of the product of fi, fo,..., fr. It
follows immediately that f has degree at most d = ejny + esng + - - - + exny, as desired. [

2.4 Matrix Normal Forms

Consider the Frobenius decomposition of a matrix a € F™*™:

C,, 0

_ -1 _ Cos
a=U""SU  forS= . : (2.6)

0 Cy
where U € F™*™ is a nonsingular matrix, S is a block diagonal matrix with matrices
Cy,C4,,...,C, on the diagonal, and where Cy, is the companion matrix of a polynomial
g; € F[z] of positive degree such that g;;; divides g; for 1 < ¢ < [. While the transition
matrix U is not unique, the matrix S is, and is called the Frobenius form of the matrix .
We will call a matrix U a Frobenius transition matriz for o if it satisfies equation (2.6) above.

Since the Frobenius form S is unique the polynomials g1, gs, . . ., g; are unique as well, and
are called the elementary divisors of a. As equation (2.6) should suggest, ¢; is the minimal
polynomial of o and the characteristic polynomial of « is the product ¢,95 ... g;.

Giesbrecht (1995) has provided a Las Vegas algorithm for computation of the Frobenius
form and a Frobenius transition matrix for an arbitrary matrix a € F™*™ over a sufficiently
large field, and contributes an analysis of the algorithm for the case that field elements are
chosen uniformly and independently from a finite subset of the ground field of size m? when
computing the Frobenius form of an m x m matrix. It will be useful to apply this algorithm
when elements are chosen from a larger set.

Lemma 2.4. Let € be a constant such that 0 < € < 1 and let F be any field with at least
m?/e elements. Given a matriz T € F™ ™ q Las Vegas algorithm can be used to find the
Frobenius form and a Frobenius transition matriz for T or to report failure — the latter with
probability at most €. The algorithm requires O(MM(m)logm) operations in F, or O(m?)
operations using standard arithmetic.

Proof. See the presentation of Giesbrecht’s algorithm and the proof of Theorem 4.1 given
by Giesbrecht (1995); the complexity analysis does not need to be changed. The algorithm

can fail at only one point — an application of the subroutine “FindModCycl” — and the fact
that this fails with probability at most € follows by an application of the Schwartz-Zippel
lemma (Schwartz 1980, Zippel 1979). O



Recall that a polynomial in F[z] is separable over F if all its roots in any field extension
of F are simple. Equivalently, a polynomial is separable over F if and only if the polynomial
and its first derivative are relatively prime. If a polynomial is separable over a field then it
is also separable over every extension of the field.

A different matrix normal form for a matrix o € F™*™ will be of use when the minimal

polynomial g; of « is separable over F. Consider polynomials hy, hs, ..., h; € F[z] such that
hy =g and h;=g¢;/giy1 for1 <i<l-—1,; (2.7)
then g, = hihg,..., h;, so that hy, hy, ..., h are pairwise relatively prime and separable

over F. We will call these polynomials (which are clearly well defined from «, since the
elementary divisors are) the distinct power divisors of a. Tt is easily checked that

gi:hihi+1...hl fOI'lSZSl,

and that the characteristic polynomial of «is fif2 ... f}. Let §; = deg(h;) for 1 < i <1 and,
when ¢§; > 0, let

be a block matrix with ¢ matrices of order §; on the diagonal, so that a(? € F?%*¥ whenever
this matrix is defined. Finally, let

&= _ e Frxm
0 a®

be a block diagonal matrix whose diagonal blocks are all the matrices a® such that §; > 0.
It is easily checked that o and & have the same elementary divisors and hence the same
Frobenius form 7. Consequently, if U is a Frobenius transition matrix for o and U is a
Frobenius transition matrix for & then

U'laU=U"'al =T,
so that
a=V'aV for V=0UU". (2.8)

The matrix & is clearly uniquely determined from « whenever the minimal polynomial of «
is separable. Kaltofen et al. (1990) call this the “rational Jordan form” and investigate its
properties in a more general setting. However, since this name has been used for several
different matrix forms in the literature, we shall call this the distinct power form of a. Any
nonsingular matrix V'€ F™ ™ such that o = V&V as above will be called a distinct power
transition matriz for a. We define a distinct power decomposition of « to include a distinct
power transition matrix for «, the distinct power form of «, and the orders of the matrices
on the diagonal of the distinct power form.



Theorem 2.5. Let € be a constant such that 0 < € < 1 and let F be any field with at least
2m? /e elements. Given a matriz o € F™™ whose minimal polynomial is separable over F,
a Las Vegas algorithm can be used to find a distinct power decomposition of o or to report
failure — the latter with probability at most €. The algorithm requires O(MM(m)logm)
operations over F, or O(m?) operations using standard arithmetic.

Proof. The desired Las Vegas algorithm and its analysis are easily described as follows.

One first computes the Frobenius form and a Frobenius transition matrix U for «, at
the cost stated in Lemma 2.4. Since F includes at least 2m?/e = m?/(e/2) elements, this
computation can be implemented to fail with probability at most €/2.

Since the elementary divisors of a are now available, the distinct power divisors are
easily computed using equation (2.7). Since exact division of polynomials can be performed
at asymptotically the same cost as polynomial multiplication, h; can be computed from g;
and g;,1 using O(M(deg(g;))) operations over F for 1 <i <[ —1 and, since g9 ...g is the
characteristic polynomial of o and has degree m, all of the distinct power divisors can be
computed from the elementary divisors using O(M(m)) operations in total.

At this point one can simply write down the distinct power form of a by inspecting
the distinct power divisors, using O(m?) operations. The Frobenius form of this matrix and,
more importantly, a Frobenius transition matrix U for it, can be computed at the cost stated
in Lemma 2.4, failing again with probability at most €/2.

Finally, a distinct power transition matrix V' = UU~" can be generated from the above
transition matrices U and U using O(M (m)) additional operations.

O

3 Self-Centralizing Elements and Their Properties

Once again let d be as defined in equation (2.5).

Definition 3.1. An element « of 2 is a self-centralizing element of 2 if the minimal poly-
nomial of « is separable with (maximal) degree d over F.

3.1 Centralizers of Self-Centralizing Elements

Recall that Cy(a) is the centralizer of o in . Clearly Fla] C Cy(«) for all a. The next
result therefore explains the choice of name for “self-centralizing elements.”

Theorem 3.2. If « is a self-centralizing element of A then Cy(a) = Fla].

Proof. As in the proof of Lemma, 2.3 it will be useful to consider the cases that 2 is isomorphic
to a full matrix ring over F, central simple over F, simple, and an arbitrary semi-simple
algebra.

In the first case A is isomorphic to F"1X™ = F4xd_ Tet ¢ : A — F¥¥?¢ be an algebra
isomorphism; then ¢ (a) is a d x d matrix whose minimal polynomial over F (the same as
the minimal polynomial of «) is separable with degree d. Consequently, ¢(«) is similar to a
diagonal matrix with distinct entries on its diagonal and it is easily proved that F[¢)(«)] =



¥ (Fla]) and Cyay(¢(a)) = ¢¥(Cy(a)) are both equal to the set of diagonal matrices in F**4.
Since 1(F[a]) = ¢¥(Cy(a)) and ¢ is an isomorphism, Fla] = Cy(«).

In the case that 2 is central simple over F it is useful (again, as in the proof of Lemma 2.3)
to consider the algebra AF over E, where E is an algebraic closure of F. Once again, 2AF is
isomorphic to E"*™ = E?*? a5 an algebra over E.

If « is self-centralizing in 2 then, by definition, the minimal polynomial of « is separable
with degree d. Since this is also the minimal polynomial of o ®¢ 1 € AF over E, and since
this polynomial is separable over E as well as over F, a ®¢ 1 is self-centralizing in E. The
centralizer of @ ®f 1 is therefore equal to E[a ®f 1] in 2F by the argument given above.

Now, since « has the same minimal polynomial over F as a®g 1 has over E, the dimension
of Fla] over F is the same as that of E[a ®¢ 1] over E. The dimension of Cy(a) over F is
the same as the dimension of Cye(a ®¢ 1) over E as well, since the elements of either set
can be obtained as linear combinations of elements of a basis by solving essentially the same
homogeneous system of linear equations. Therefore F[r] has the same dimension as Cy(«)
over F and, since F[a] C Cy(«), Fla] = Cy(a).

In the third case, that 2 is simple, 2 may regarded as a central simple algebra over its
centre E;. If « is self-centralizing in 2 then F[a] C E;[a] and F[a] has dimension e;n, over F.
Ei[a] therefore has dimension at least e;n; over F as well. On the other hand, Lemma 2.3
implies that the minimal polynomial of a over E; has degree at most n;. Suppose therefore
that the degree is r < n;. Then E;[a] has dimension r over E; and, since [E; : F] = ¢y,
Ei[a] has dimension at most e;r < eyn; over F. Consequently E;[a] has dimension exactly
eyr = einy over F, so r = ny. Therefore Fla] = E;[a], again since one of these is a subspace
of the other and both have the same dimension over F.

Now, the minimal polynomial of o over E; has full degree n; and is separable, since it is
a divisor of the minimal polynomial of o over F. The element « is therefore self-centralizing
in A when 2 is regarded as a central simple algebra over E;. Since the centralizer Cy(«) is
the same regardless of whether 2 is considered as an algebra over F or over E;, we now have
that Cy(«) = Eq]a] = Fla] as desired.

In the final case it suffices to observe, again, that an element o € 2 can be written
uniquely as a = a; + as + - -+ + ag, where a; € U; for 1 < ¢ < k. Let f be the minimal
polynomial of a over F, let f; be the minimal polynomial of a; over F, and let §; be the
degree of f; over F for all . Then, since f is the least common multiple of fi, fo,..., fr and
has degree d = ejny + egng + - - - + exny (if « is self-centralizing in 2A),

61+ 0+ -+ 0 =deg (fifo--- fi) > deg(f) = eing + eang + -+ - + exny.

On the other hand, it follows by Lemma 2.3 that ¢, < e;n; as well for all 7, so clearly
deg(f;) = 6; = e;n; for each i. Since f; is a divisor of f and f is separable, f; is separable as
well. Thus «; is self-centralizing in 2; and, since 2; is simple,

O, () = Fla] (3.1)

1

for 1 <:¢<k.
The above inequalities imply that the product and least common multiple of f1, fo, ..., f&
have the same degree. Since the latter polynomial is always a factor of the former, this implies
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that these are the same. Therefore fi, fs, ..., fr are pairwise relatively prime and
Fla] = Flog] @ Flag] @ - - - & Flag]. (3.2)
On the other hand, since 2 is the direct sum of its simple components,
Co(a) = Cy, () ® Cop () & -+ - @ Oy, () = Cop, (1) B Copy(v2) @ -+ @ Cy (k). (3.3)
Equations (3.1), (3.2), and (3.3) clearly imply that F[a] = Cy(«) as desired. O
The next result follows from the above discussion.

Theorem 3.3. Let @« = ay + ag + -+ + g, where a; € A; for 1 < 1 < k. Then « 1s
self-centralizing in A iof and only if o; is self-centralizing in A; for all i and the minimal
polynomials of oy, aw, ..., ap over F are pairwise relatively prime.

Proof. As argued above, if « is self-centralizing then, by inspection of the degrees of the
minimal polynomials of a and of ay, as, ..., ax, the minimal polynomials of aq, s, ..., a4
must be pairwise relatively prime and of maximal degree. They are also separable since
they each divide the minimal polynomial of a. Conversely, if the minimal polynomials of
a1, o, ..., q are pairwise relatively prime and separable then the least common multiple of
these polynomials is also their product, so that if each of these polynomials also has maximal
degree then the minimal polynomial of « is separable with maximal degree as well. O

Suppose next that « is self-centralizing in A C F™*™ and consider the distinct power

divisors hq, ha, ..., h; of a as defined in Section 2.4. Let f; be the minimal polynomial of «;
for 1 <i<k.
Lemma 3.4. If « is self-centralizing in A and f1, fo, ..., fr are as above then each polyno-

mial f; is a divisor of exactly one of the distinct power divisors of o and is relatively prime
with each of the rest. In particular,

hi= 1] # (3.4)

m;=i

Proof. Since « is self-centralizing, the polynomials f, f5, ..., fx are separable and pairwise
relatively prime. It therefore suffices to prove that every irreducible factor of f; is a divisor
with the same multiplicity m; of the characteristic polynomial of «, for equation (3.4) then
follows from the definition of hq, ho, ..., h; as the distinct power divisors of .

Since F™*! is a direct sum of simple 2-modules, as shown in equation (2.2), and all
simple A-modules that are faithful 2;-modules are isomorphic, there exists a nonsingular
matrix X, whose columns are elements of carefully chosen bases for the simple modules

Ml(l), MQ(I), ey Ms(f) shown in equation (2.2), such that
agl) 0
NG
X laX = 2 ,
0 agi)

11



where

o) = o) = o

3 G Feinidixeinidi
k2

is a matrix that expresses the action of a on the simple module MJ@ with respect to the basis

of this module that is included as columns of X. Consequently, since each M ]@ is a faithful
(1)
J
and 1 < 5 < s;. Now it is necessary and sufficient to establish that each matrix «
Frobenius form

is the polynomial f;, for 1 < < k
(i)
J

and simple 2A;-module, the minimal polynomial of «

has

cy, 0

3

cy

7

0 cy,

3

with d; elementary divisors that are all equal to f;. Indeed, it will be sufficient to prove that
Ozg-l) is similar to a matrix

c Feinidixeinid; (3.5)
0 Ci,j

for any matrix C;; € F¢"*“™ at all — for then it will be clear (by a comparison of degrees
and taking advantage of the fact that f; is separable) that C;; has minimal polynomial f;
and is similar to C, as needed.

With this in mind, let us consider 2l; as a central simple algebra over its centre, E;, and
consider MJ@ as a simple module of dimension d;n; over this extension of F. Recall that the
minimal polynomial of a; over E; is a separable polynomial g; of degree n; over E; such that
fi is divisible by g; in E;[z] — this was established and exploited in the proof of Theorem 3.2,
above.

Now let K; be an algebraic closure of E; and consider the simple algebra Ql;( =2 Qg K; =

K" and its module MJ@ ®g, K;, over K;. The latter module is a direct sum of d; simple

Q(f ‘-modules that each have dimension n; over K; and these modules are isomorphic, since
they are simple modules over the same simple algebra. Consequently there exists a basis

Ki , K; K; K; K; K; (4)

VL1 Vs s Vs - -+ Vg1 Vgl on -+ 3 Vg, € Mj ®g, Ki

for MY ®e. K;, consisting of carefully chosen bases for each of the above d; simple modules
7 7 19 (2 )

such that the action of o; ®g, 1 € Q[f with respect to this basis is given by a block diagonal
matrix

K
oK
7, Sl
J . c Kcllnlxd,nz
K



with d; copies of a matrix Ci'fj € K™"*™ on its diagonal. Since the minimal polynomial of
a; Q, K; over K; is the same as that of «; over E;, namely g; € E;[x], and this polynomial has
degree n;, the matrix Ci'fj is similar to the companion matrix C,, in K"*" . Therefore there

is also a basis for M]@ ®g, K; such that the action of a; ®g, 1 on this module with respect to

this basis is given by the matrix
Cy, 0
M = i y € E?idixnidi C K?id"x’“di. (3.6)
0 | Cy,
Happily, this implies that there exists a basis

(2)
V1,1, V1,25 - - - s Ulngs - - -5 Ud;, 15, Vd; 25 - - -5 Udyon; € M] (37)

for the module MJ@ over E; such that the action on «; over MY with respect to this basis

j
is given by the matrix M as well: The action of ; on M]@ over E; with respect to an
arbitrary basis is necessarily represented by some matrix M in E"4*™¢ that is similar to M
in Kmdixmidi Since M and M both belong to E[®*™% they must be similar as matrices in
this ring as well, so that a change of basis for M]@ over E; will bring the matrix into the
desired form. . .

Now consider the E;-linear map ¢; : M](Z) — M]@ such that

bi(vns) Urp1s if 1 <r<njand 1 <s <d,,
i\Urs) = .
’ (" if r=n;and 1 <s <d,.

Since the action of this map with respect to basis in equation (3.7) is given by the (permu-
tation) matrix

[TL' E Enidixnidi
v %

XMng

where 0,, and I,,, are the zero and identity matrices in E}"*" respectively, it is clear that

the actions of «; and ¢; on M]@ commute.
Now let wy, ug, ..., ue, € E; C A; be a basis for E; over F and consider the action of a; on

A

;7, as a module over F, with respect to the basis
U1V1,1, U2V1,1y - - oy Ue; V1,1, ULVL,2, UVL 25+« oy Ue; V1,25« « « ULV, ;s U2VUd; gy - - - 3 Ue; Udy g (38)

obtained by replacing each element v; ; of the basis in equation (3.7), above, by the block of
vectors uyv; j, Ul j, - . -, Ue, Vs j. Since the subspace of M]@ over E; spanned by the vectors
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Un1,Uh2,---,Unn is invariant under «; for 1 < h < d; (see, again, the matrix form in
equation (3.6)), the subspace of M]@ over F spanned by the vectors

U1Uh,1, U2Uh,15 -« -5 Ue;Un,1y - - - W1Uhn; U2Uh ;s - - -5 Ue; Uhon;

is invariant under «; as well. Thus, the action of a; on M]@ with respect to the basis in
equation (3.8) is given by a block-diagonal matrix

oW 0
R
Ci,j
(ds)
for matrices Ci(;), Ci(?, ey C’i(f;i) € Femixeni - Furthermore, the above map ¢; commutes with

«; as an F-linear map. Since the action of this map with respect to the above basis is given
by a (permutation) matrix

e;n; Ieini

~ O
o

ein; e;in;

M¢ — ‘[eini c Feidinixeidini,

_Oeini IEiTLi OeiTLi_

where 0O.,,, and I.,, are the zero and identity matrices in F®™*¢" respectively, it follows
that

o) 0 o) 0 o 0
) 1 o cy)
P — M(z) P M¢) — P ,
(ds) (ds) (1)
0 Oz',j 0 Ci,j 0 Ci:j
so that Ci(;) = C’i(? == C’i(f;i) = (;,; for some matrix C;; € Fenixein:,

Since the matrix ! also expresses the action of a; on the module M]@ with respect

J )
to a basis over F, it now follows that agz) is similar to a matrix with the form given in
equation (3.5) above, as desired to complete the proof. O

Suppose yet again that « is self-centralizing in 2 with distinct power divisors hq, ha, ..., Ny
and that the distinct power form & of « is as shown in Section 2.4,

14



where each matrix o) € Fi%>9% for §; = deg(h;) and &) has minimal polynomial h;. Let
V be any distinct power transition matrix for a, so that o = V~'aV, and let
AVEY 0
1 Ais
n=V" _ Ve Fmm, (3.9)
0 AVY:

where A;; € F7%*3% is the identity matrix if i = j and is the zero matrix otherwise, for
1 <i4,5 <I. Clearly 71, 7,...,7 are pairwise orthogonal idempotents in F™*™ whose sum
is the identity matrix.

Theorem 3.5. If « is self-centralizing in A C F™*™ and the idempotents 11,7, ..., T are
formed from « as above, then these are central idempotents in .

Proof. Since the polynomials hq, hs, ..., h; are pairwise relatively prime there exist polyno-
mials g1, g, ..., ¢ such that

_ J1 (mod hy) if j =1,
=00 (mod hy) ifj#1i,

for 1 <i,j <1 If oM, a® ... a® are on the diagonal of the distinct power form & of «,
as above, then oY has minimal polynomial h; for all 4, and g;(a)) = A;; for 1 < i, < [.
Thus

0 ANy
and g;(a) = ¢;(V'aV) = V7=lg;(&)V = ;. On the other hand, it follows by Lemma 3.4 that

1 (mod f;) if1<j<kandm;=ri,
0 (mod f;) if1<j<kandm;#i.

gi =

Since o = a; + ag + - -+ + oy, where a; € 2; with minimal polynomial f; for 1 < j <k,
gi(cy;) is the identity element of 2; (and a central primitive idempotent in () if m; = 7, and
gi(c;) = 0 otherwise. Now since

gi(a) = gi(ar) + gi(az) + - + giow),
it follows that 7; = g;(«) is the sum of (distinct) central primitive idempotents in 2, so that
7; is a central idempotent of 2 as claimed. O

This implies that if wy,ws,...,w, are the central primitive idempotents of 2, and the
identity elements of 2, %Ay, ..., A, respectively, then

T — Z Wy . (310)

Thus 71, 79,...,7 do not depend on the choice of the self-centralizing element o or the
distinct power transition matrix V' used to define them.
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3.2 Existence and Density of Self-Centralizing Elements

Theorem 3.6. If 2 is a separable matriz algebra over an infinite field F then A contains a
self-centralizing element.

Proof. Tt will be useful once again to consider several cases.

Suppose first that 2 is simple, so that k& = 1. In this case 2 = 2, = D“*" where D,
is a division algebra that is central simple over the centre E; of 2 and where the dimension
of Dy over E; is a perfect square. Once again let this dimension be d?, so that n; = d;t; and
n = en? = e d:?.

As shown, for example, by Pierce (1982), D includes a subfield K that is separable over E;
such that [K : E;] = d;. Since 2 is a separable algebra, the field E; is separable over F. It
follows, for example, by Proposition 2.5.8 of Bastida (1984) that K is also separable over F.
Furthermore, [K : F] = [K : E4][E; : F] = e1d;. Consequently there exists an element a of
K C D such that F[a] = K and such that the minimal polynomial of a is separable with
degree ed; over F.

Now let 1) : % — D{**"* be an isomorphism of algebras over F. It suffices to choose « as

ay 0
I 2 ) (3.11)

0 | a,
where aq,as,...,a;, € K C Dy such that F[a;] = Flag] = - -+ = F[ay,] = K and the minimal
polynomials of ay,as,...,a; over F are distinct. Then, since K is a separable extension

of F these minimal polynomials will be separable and irreducible over F, and the minimal
polynomial of a over F will be their product, a separable polynomial with degree e dt; =
€e1Mn.

If K = F then it suffices to choose ay,as,...,a; as distinct elements from F. On the
other hand, if K # F, then we can set a; = a for the element a described above such that
Fla] = K. If b € F then Fla+b] = Fla], since clearly a+b € F[a] and a = (a+0b) —b € Fla+b].
Furthermore, if g(z) € F[z] is the minimal polynomial of @ over F and ¢ has distinct roots
C1,C2, ..., Cerq, in an extension of F, then the minimal polynomial of a + b over F is g(x — b)
and this polynomial has distinct roots c¢; + b,co + b,...,ceq, + b in the same extension.
Thus the minimal polynomial of a + b is also separable over F. It is therefore sufficient to
set a; = a + b;, for 2 < i < ty, where by, b3, ..., b, are chosen from F in such a way that
the minimal polynomials of ay,as,...,a; over F are pairwise relatively prime. Since these
polynomials are each irreducible in F[x], this will be the case as long as each polynomial has
a root in an extension of F that is not also a root of any of the rest. Now, since F is infinite,
it is clear that suitable elements by, bs,...,b;, of F can be found. Thus a self-centralizing
element of 2 exists if 2 is simple.

Suppose that 2 is separable but not simple over an infinite field F. The above argument
implies that a self-centralizing element [3; of 2; exists for each of the simple components
A1, 2y, ..., A, It now suffices to set ay = (31 and to set oy; = 3; + b; 1y, for 2 <7 < k, where
bs, b3, ..., b, are chosen from F to ensure that the minimal polynomials of aq, as, ..., oy are
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pairwise relatively prime. Each element «; will be self-centralizing in 2; by essentially the
argument used in the construction of « in the case that 2l is simple above, and Theorem
3.3 will then be applicable. Since F is infinite it is easy to prove that suitable elements
by, b3, ..., b, can be found. O

The next result establishes that self-centralizing elements of separable algebras are also
easy to find. Once again, let d be as given in equation (2.5).

Theorem 3.7. Let A C F™ ™ be a separable algebra of dimension n over a field F, and

suppose a self-centralizing element is included in the F-linear span of elements v1,v2, ..., Yn
of F. Let S be a finite subset of F with size at least 3d®/2¢, for € > 0. If the elements
S1, S92, ..., 8y are chosen uniformly and independently from S then the element

5171+ S22+ SpYh
is self-centralizing in A with probability at least 1 — €.

Proof. A polynomial f € Flzy, s, ...,x,]\{0} with total degree at most 3d* will be produced
such that, for all elements sy, Sa, ..., s, of F, if f(s1, S9,...,8s) # 0 then s1y;+s972+ - -+SpVn
is a self-centralizing element of 2. The result will then follow by an application of the
Schwartz-Zippel lemma (see Schwartz 1980, Zippel 1979).

Since the F-linear span of vy, 7s,...,7, includes a self-centralizing element, there exist
elements 1, S5, ..., 5, of F such that the element

S=5m+ 5%+t 5m

is self-centralizing in 2. Let y1,yo, ..., yn be indeterminates over F and let

mxm

o=y + 7Y + -+ mun € Flyt, yo, o un]™

so that § = 0($1, S9,...,8,). Now consider the system of polynomial equations
O'd‘i‘Zd,lO'dil‘i‘""i‘ZlO'—l-Zol:0 (312)

in the indeterminates yi,¥s, ..., Yn, 20, 21, - - - , Za—1- This system includes m? equations (since

o' is an m X m matrix) which are linear in the indeterminates zg, 21,...,24_1. Replacing

each indeterminate y; by the field element §;, for 1 < i < h, we obtain a system of linear
equations

84 2y 8 b 28+ 21 =0 (3.13)

in the indeterminates zg, 21, ..., z4_1. This system has a unique solution whose entries (and
the leading term, 1) are the coefficients of the minimal polynomial of § over F. Therefore
there is a subset of d of these equations with full rank d. The corresponding equations in
the system (3.12) form a system

M| | =uv (3.14)



where M € Flyy, ya, ..., yn|™¢ and v € Fly1, ya, - . ., yn] L.

Let ¢ = det M € F[y1,ys,...,yn]; then g is not identically zero, since a nonsingu-
lar matrix in F¥*¢ is obtained from M by replacing y; with 3; for all i. Furthermore if
S1,89,...,8, € F such that g(s1,ss,...,s,) # 0 then it follows by the definition of ¢ that
the elements 1,0(sy, 8o, ...,54),0(81, 89, ...,51)%, ...,0(51, 89,...,5,)0 ! of A are linearly in-
dependent over F. In this case, Lemma 2.3 implies that the the minimal polynomial of
0(81,82,...,5,) = S171 + S2Y2 + ... Spyn over F has degree exactly d.

Cramer’s rule can now be applied to the system shown in (3.14) to obtain polynomials
ho,hi, ..., hg_1 € Fly1,ya, - .., ys] such that the minimal polynomial of s1y; +saya+- - -+ SpYn
over F is

ha— ... h ... h ...
e d-1(51, 2, 7Sh)xd—1 e 1(s1, 82, ) o(51, 52, , 5h)
9(817827"'78h) 9(317827"'78h) 9(817327"'78h)
whenever si, so, ..., s, € F such that g(sq, ss,...,s,) # 0. Consider the polynomials
h= gz’ +hg 12"+ 4 hyx + ho € Flz,yr, Yoy - ., U]
and
fo Res, (h, 22) € Fly1, a2, - - -, yn] if d #0in F,
" | g Res, (h, %) € Fly1, 42, ..., yn] otherwise.

Since h($1, $a,...,5,) € Flx] is the product of g($1, S2, ..., 8,) and the minimal polynomial
of $171 + Sovo + -+ - + S$pYn, h(51,82,...,5,) is a separable polynomial in F[z]. Therefore
f(§17§27"'7‘§h) %0

Conversely, let s, so,...,s, € F such that f(sq,ss,...,s,) is nonzero. Since g divides f

(because f is the determinant of a Sylvester matrix of polynomials whose entries in one
row are all divisible by g when d # 0, and by definition otherwise), g(si, sa,...,Ss) is
nonzero as well, so the minimal polynomial of s;7vy; + s272 + - - - + S5y, has maximal degree d,
and h(sy, Sg,...,s,) is the product of this minimal polynomial and ¢(si, S2,...,s). Since
f(s1,82,...,8,) # 0, h(sy,82,...,8,) is a separable polynomial in F[z] and the minimal
polynomial of sy, 459724 - -+5s,7p is therefore separable as well. Thus, s17v1+s2724  ~+SpVn
is self-centralizing in 2, as desired.

It remains only to bound the total degree of f. The entries of the matrix o* each have
total degree at most i in y,%s,...,yn, for 0 < i < d. Therefore each entry in the 7*!
column of the matrix M shown in equation (3.14) has total degree at most ¢ — 1 in these
indeterminates, and the entries of the vector v have total degree at most d. The determinant g
of M, and the polynomials hg, hq,...,hy_; obtained by an application of Cramer’s rule to
this system, therefore each have total degree at most (‘;) in y1,vys,...,yp. Since f is a factor
of the determinant of a (2d — 1) x (2d — 1) Sylvester matrix whose nonzero entries are scalar
multiples of these polynomials®, it follows as required that f has total degree at most

3 2 3
(Qd_1)<d>_2d +d—d _3d
2 2 2

*Indeed, if the characteristic of F does not divide d, so that O0h/0z has degree d — 1, then f is equal to
this determinant. Otherwise this matrix is block triangular and its determinant is the product of f and a
nonnegative power of g.

O
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3.3 Certification of Self-Centralizing Elements

Theorem 3.7 yields a simple Monte Carlo algorithm to generate a self-centralizing element:
Choose a random linear combination of a set of elements of 2l whose F-linear span is known
to include such an element.

In this section we describe a method to either certify that a given element a of A is
self-centralizing or reject the element, assuming that a basis for 2 over F is available. This
method is also randomized and may only fail by rejecting an element that is, indeed, self-
centralizing. Another method that is somewhat slower, but guaranteed never to give an
incorrect answer, is mentioned at the end of the section.

Once again consider an element « of 2. The minimal polynomial f of a over F is easily
computed by generating the Frobenius form of a and, since f is separable if and only if f
and f' are relatively prime, one can efficiently detect and reject any element whose minimal
polynomial is not separable over F.

If o’s minimal polynomial is separable, and the degree bound d is known, then it is easy
to complete our procedure — we simply compare the degree of f to d, accepting « if the
degree equals d and rejecting a otherwise. We will therefore continue by giving a method
that can be used when d is unknown, noting that it is never necessary to use this again after
a self-centralizing element of 2 has been found and certified, since d is available after that.

The following (partial) converse of Theorem 3.2 will serve as the basis for our test.

Theorem 3.8. If o is an element of A whose minimal polynomial over F is separable but
has degree less than d then Fla] is a proper subset of Cy(cv).

Proof. Suppose the centre of 2 is contained in F|a] (the result is trivial otherwise). As usual,
let @« = a1 + s + - - - + g, where a; is a member of the simple component 2; of 2, and let
fi be the minimal polynomial of a; over F for 1 < < k.

Suppose f1, fa, ..., fr are not pairwise relatively prime; then there exist distinct integers ¢
and j between 1 and £ such that the greatest common divisor g; ; of f; and f; has positive
degree. However, since the identity element w; of 2; is in the centre of 2, and this is
contained in F[a] by assumption, w; = h(a) for some polynomial h € F[z]. Since i # j and
h(a) € A, h(ej) = 0 in 2, implying that & is divisible by f; and therefore by its factor g; ;.
On the other hand, since h(o;) = w; in 2A;, h = 1 (mod f;), implying that h is relatively
prime with f; and therefore with its factor g; ;. This clearly contradicts the fact that g; ; has
positive degree. Thus fi, fo, ..., fr are pairwise relatively prime, the minimal polynomial
of o over F is their product, and

Fla] = Fla1] & Flas] @ - - - @ Flay].

Since the centre E; of 2; is contained in F[a;] (within 2(;), Floy] = E;[e;]. Suppose the
minimal polynomial of «; over E; has degree 7;; then this is also the dimension of E;[o;]
over E;. Since E; is a field extension with degree e; over F, Flo;] clearly has dimension e;n;
over F, so that the minimal polynomial f; of «; over F has degree e;n;. Since the minimal
polynomial of a over F is the product of fi, fo, ..., fr, this minimal polynomial has degree

6lﬁl +62ﬁ2+ +6kﬁk <d=emn; +eng+...eng.
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It follows that n; < n; for at least one integer ¢; fix any such 7.

It now remains only to prove that there is an element 3; of 2; such that o;3; = (;a; but
Bi ¢ Fla;]. For the remainder of the proof, let us consider 2; as a central simple algebra over
its centre E;; it now suffices to show that the dimension of the centralizer of «; in %A; over E;
is strictly greater than 7;. We will show that the dimension is greater than or equal to n,.

Since the dimensions are invariant under extension of scalars, it suffices to show that the
dimension of the centralizer of o; ®g, 1 in QlZK =2, ®g, K over K is at least n;, for some field
extension K of E;. In particular, it is sufficient to prove this when K is an algebraic closure
of E;, so that

AL = A; @, K = K™,
Let
W UL — K

be an isomorphism of algebras over K and consider the matrix ¢ (o; ®g, 1) € K"*". The
minimal polynomial of this matrix over K is the same as the minimal polynomial of «;
over E; and, since this is a factor of the minimal polynomial f; of a; over F, this polynomial
is separable over both E; and K. Since its degree is strictly less than n;, the matrix ¢ (a; ®g, 1)
is diagonalizable in K"*™ but is similar to a diagonal matrix D; whose diagonal entries are
not distinct. Now

D; = X "(a; @, 1)X

for some nonsingular matrix X € K™"*"_ The matrix D; commutes with all diagonal ma-
trices, so that its centralizer has dimension at least n; over K. Since a matrix # commutes
with D; if and only XX ! commutes with ¢ (ca; ®g, 1), and 1 is an algebra isomorphism,
the dimension of the centralizer of a; ®g, 1 over K is also at least n;, and the dimension of
the centralizer of «; over E; is at least n; as well. O

If a basis vq,7,...,7, for 2 over F is available, then we may complete the process of
deciding whether « is self-centralizing by checking whether the dimension of the space of
solutions of the homogeneous system of linear equations

o' (i: l"i%‘) - (i fUz'%‘) a=0,
i=1 i=1

in unknowns w1, s, ..., x,, is the same as the degree of the minimal polynomial of « over F.
It therefore suffices to consider a system with m? equations in n unknowns. However, as
suggested in Section 2.2, it may be possible to improve on this by inspecting matrix-vector
products instead of the entries of matrices in 2. Consider the algorithm shown in Figure 1
on page 21.

Lemma 3.9. If a € A is not self-centralizing, and the algorithm in Figure 1 is executed
with o and a basis for A as input, then the algorithm returns the answer No.
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Input: An element « of a separable algebra A C F™*™ whose minimal polynomial f
has degree d over the field F, and a basis 1, 7o, ..., v, for & over F

Question: Is « self-centralizing in A7

1. if ged(f, f') =1 then
2. 1:=0;0;, :=mn
loop

3. 1:=1+1

Randomly choose a vector v; € F™*1
D. Compute the dimension d; over F of the space of solutions for the

homogeneous system of linear equations

n
ij(cwjvl —vav) =0 for1 <1<
j=1

in the n unknowns z, s, ..., 1z,
6. if 9, = d then
7. answer Yes

else
8. if (6; = 0;—1 or i > m) then
9. answer No

end if
end if
end loop
else
10. answer No
end if

Figure 1: Certification of a Self-Centralizing Element

Proof. Since « is not self-centralizing, either its minimal polynomial f is not separable, or
it is separable but the degree d of f is less than d. In the former case ged(f, f') has positive
degree, so the test in step 1 will fail and step 10 will be executed to reject a. In the latter case
Theorem 3.8 implies that F[a] is a proper subset of the centralizer of a in . It follows that
the dimension of the solution space of the homogeneous system of linear equations considered
at line 5 will never be less than d 4 1, and the test at line 6 will always fail. Therefore the
test at line 8 will eventually succeed, either because two dimensions ¢, ; and J; coincide, or
because m + 1 vectors have been considered (so that i = m + 1 > m). Thus the algorithm
will eventually return the answer No (by executing line 9) in this case as well. O

For i > 1, let R; be the maximum (over all choices of the vectors vy, vy, ...,v; € F™¥1)
of the rank of the coefficient matrix of the system of linear equations shown at line 5 on the
i'" execution of the loop body. Clearly R; < R;,; for i > 1. Furthermore, since the vector
[s1,82,...,5,]" is a solution for this system whenever s17y; + s272 + - - - + s,7, belongs to the
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centralizer of « € A, R; < n — 0 for all > 1 where ¢ is the dimension of this centralizer.
Let N be as defined in equation (2.4) on page 4.

Lemma 3.10. Ry = Ry =n — 4.

Proof. Since Ry < Ryy1 < n — 4, it suffices to show that Ry > n — 4.

Consider the given system when ¢ = N and suppose vy, v, ..., vy is a distinguishing set
for 2(. In this case, for every element 3 of A, (fa — af)v; for 1 < i < N if and only if 3
commutes with «, so that [sq, s9,...,$,]" is a solution for the given system if and only if
S17Y1 + So¥e + - - - + SpY, is in the centralizer. Thus the rank of the coefficient matrix of the
system is n — §. This clearly implies that Ry > n — ¢, as needed. 0

Lemma 3.11. If « is not in the centre of A then Ry > 0 and, in general, if 1 < i < N such
that R; <n — ¢ then R;y1 > R; + 1.

Proof. Consider the second claim first, suppose to the contrary that R; = R;;1 < n—0, and
let v1, vg, ..., v; be vectors such that the system given in line 5 (on the i execution of the
loop body) has rank R; when these vectors are used. Then, since R;,; = R;, the additional
equations obtained by considering any other vector v must be linear combinations of the
equations that have already been obtained, implying that R; = R;11 = R;12 = +++ = Ry,
and contradicting Lemma 3.10.

The first claim follows by essentially the same argument, since it can be used to show
that if Ry = 0 then R; = 0 as well for all + > 1, contradicting Lemma 3.10 and the fact that
0 < n when « is not in the centre of 2. O

Now let N, be the smallest positive integer such that Ry, = n — 9, so that N, < N by
Lemma 3.10.

Lemma 3.12. Let € be a real number such that 0 < € < 1, and suppose S is a finite subset
of F that includes at least n/e distinct elements. If the algorithm shown in Figure 1 is
executed with inputs o and a basis for A, and the entries of the vectors vy, vs, ... used by this
algorithm are selected uniformly and independently from S, then all three of the following
conditions are satisfied with probability at least 1 — €.

o If « is self-centralizing in A then the loop body of the algorithm is executed exactly
¢ = N, times, and the algorithm returns the answer Yes.

o [If v is not self-centralizing in A then the loop body of the algorithm is executed exactly
¢ =14 N, times, and the algorithm returns the answer No.

e If( is defined as in the above two statements, then the linear system considered on the
i execution of the loop body has rank R;, for 1 <i < /.

Proof. The claim is trivial if « is in the centre of 2, because the coefficient matrix of every
system that can be considered has rank zero in this case. If « is also self-centralizing then
d = d = n = 0, regardless of the choice of vy, and the test at line 6 will succeed on the first
execution of the loop body. If « is not self-centralizing then d, = §; = n = d # d, so that
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the test at line 8 will succeed on the second execution. All three conditions are satisfied in
either case. Suppose, therefore, that « is not in the centre.

Now, 6 # n and R; > 0. Since the centralizer of a in 2 has dimension J, the set of
elements Sa — af such that § € 2 has dimension n — 9§ over F. Let (1, (s, ..., 8,_s € F such
that 8o — afy, oo —afs, ..., Bo_sa — af,_s are linearly independent and therefore form a
basis for this set.

Let 7 be an m-dimensional vector whose entries are distinct indeterminates over F. To
prove that the coefficient matrix for the system considered on the first execution of the loop
body has rank R; with high probability, consider the m x (n — ¢) matrix of polynomials

[(Bia—aB)T (Bea —afo)U ... (Bu—s — afn_s)V] .

The definition of R, implies that there is a vector v € F™*! such that, if ¥ were replaced
by v in the above matrix, then the resulting matrix would have rank R;. This matrix
would therefore have a nonsingular R; x R; submatrix. The corresponding submatrix of
the above matrix of polynomials is thus an R; X R; matrix whose determinant is a nonzero
polynomial g, with total degree at most R; in the entries of . Furthermore, it is clear by the
definitions of g; and R, that if ¥ € F™*! such that g, (7) # 0, then the matrix obtained from
the above by replacing ¥ with © has rank R, as does the coefficient matrix of the system
obtained on the first execution of the loop body if v is the first vector selected. It follows by
an application of the Schwartz-Zippel lemma that if v; is randomly selected as described in
the claim, then the probability that the first system has rank less than Ry is at most eR; /n.

Suppose next that 1 <i < N, and that vectors v, v, ..., v; have been chosen so that the
coefficient matrix of the system considered at line 5 on the ;' execution of the loop body
(involving vectors vy, vy, ...,v;) has rank R; for 1 < j <i. Now, the tests at lines 6 and 8
will both fail on the i*" execution of the loop body since §o =n, 1 < Rj < Ry < --- < R; <
Ry =6, and §; =n — R; for 1 < j <. An i+ 1% execution will therefore be performed.
Let v be a vector of indeterminates as before, and consider the matrix

(5104 - 0451)?)1 (526Y - 0452)?)1 cee (ﬂanOé - aﬁnﬂs)?ﬁ-
(51& - CY51)U2 (520 - aﬁz)w cee (5n—5a - aﬁn—é)UQ

(510 —‘ &51)% (520 —‘ 052)%’ . (5n—56¥ —. aﬁn—é)vi
(Bra—af)v (foa —aBo)v ... (Busa— afy )0 |

The submatrix including all columns and the top m: rows has rank R; by the choice
of vy, vy, ...,v; and it follows by the definition of R;,; that there exists a vector v;; such
that the matrix obtained from the above by replacing v with v;;; has rank R;;;. This
matrix would have a nonsingular R;,; X R;;; submatrix such that the top R; rows of this
submatrix are selected from the top mi rows of the entire matrix. A consideration of the
corresponding submatrix of the above matrix of polynomials and another application of the
Schwartz-Zippel lemma establish that if a matrix v;,; is randomly selected as described in
the claim, and v, replaces v, then the resulting matrix has rank less than R;,; with prob-
ability at most €(R;.1 — R;)/n. This also bounds the probability that the system generated
on the 7 + 1% execution of the loop body has rank less than R, if the system obtained on
the i execution had full rank R;.
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It follows by induction on 7 that if 1 <i < N, and vy, vs,...,v; are chosen as described
then the probability that the j*" coefficient matrix has rank R; for all j between 1 and 7 is
at least 1 —¢(R;/n). In particular, the system obtained after IV, executions of the loop body
has maximal rank Ry, = n — 0 with probability at least 1 — e(Ry, /n) > 1 — €. Suppose for
the remainder of the argument that this system does have maximal rank.

Now, if « is self-centralizing then the algorithm will terminate on the N execution of
the loop body, returning the answer Yes, because the test at line 6 will succeed. If « is not
self-centralizing, then it will terminate on the N, + 1%° execution of the loop body instead,
returning the answer No, because the ranks of the last two systems considered must be the
same, but must also be less than n — 4.

Therefore all three conditions are satisfied with probability at least 1 — ¢, as claimed. [

A final lemma concerns the cost of implementing this algorithm.

Lemma 3.13. The algorithm shown in Figure 1 can be implemented in such a way that
each execution of the loop body can be performed using O(nm? + Z—ZMM(m)) operations, or
O(nm? + n?m) operations if standard arithmetic is used.

Proof. Consider the i'" execution of the loop body. If i = 1 this requires that a homoge-
neous system of m equations in n unknowns xq, xs,...,z, be formed and examined, while
if 2 > 1 then it involves the addition of another m equations in these unknowns to a system
that has been constructed in previous executions of the loop body. The loop body can be
implemented to have the above complexity, provided that information about the previous
system is maintained and used.

Suppose, in particular, that the coefficient matrix of this system has rank r. It will be
assumed that r linearly independent rows of the coefficient matrix, the indices of r linearly
independent columns specifying a nonsingular r x r submatrix X, and the inverse of this
submatrix are maintained.

Since r = 0 before the first execution of the loop body, this information can be initialized
in constant time before this first execution begins.

The beginning of the i execution of the loop body involves the incrementing of a variable
and the selection of a vector v; from F™*! and this can clearly be performed at the stated
cost. The equations to be added to the system at this point have the form

> wjlavv; — yiov;) =0,

J=1

where 1, ¥, ..., Y, is a basis for 2, and these can be formed using at most 4n multiplications
of m x m matrices (in 2) by the vector v;, at cost O(nm?).

Now it remains only to compute the rank ¢§; of the current system and to generate the
data that will be needed for the next execution of the loop — for, once d; is known (and §; ;
is recalled), the remaining steps of the loop body can be executed using a constant number
of operations.

Suppose m > n; then the new equations can be split into [m/n]| sets of at most n equa-
tions each and added to the previous system in [m/n]| stages, one set at a time. Since each
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intermediate system has rank at most n, the system will include at most 2n equations in n
unknowns at each stage. Therefore the process of computing the rank of each intermediate
system, and selecting and inverting a nonsingular submatrix of maximal size, can be imple-
mented using O(MM(n)) operations. Since O(m/n) stages are required, the entire process
can be completed using O( MM (n)) = O(mn?) operations.

Suppose instead that m < n. In this case, one should begin if ¢ > 1 by eliminating the
entries in the new rows of the current system’s coefficient matrix that lie in the columns that
were used to form the nonsingular matrix X currently in use. Since X! is available, this
elimination can be performed using O(MM(n)) operations. The resulting m equations
can be inspected to determine which new equations should be added to the set that will be
used in the next execution of the loop, as well as the rows and columns that should be added
to the nonsingular submatrix X.

Suppose that a matrix

S X C
=[]

has been selected. Since X is a nonsingular ¢, ; x §; ; matrix and Xisa nonsingular §; X ¢§;
matrix, C € Fo-1x00i=0i-1) R ¢ Fli—di-1)x0i1  and YV e FOi—0i-)x(0i=0i-1)  Fyrthermore
0;i—1 < n and §; — 9;_1 < m, because the entire system has rank at most n and the new
system has been obtained by adding only m new equations to the previous one. It is well
known (and easily verified) that

B PSP et

RX_1 [(5i_5i_1) 0o S 0 [(5i—5i—1)
and
£ = {Lsi_l _ch] [Xl 0 ] [ I, 0 ]
0 Iis6:1) 0 ST [-RXT Ti5;—5, 1)
X+ X lCSTIRX X oS!
B —S~'RX ! S-1

for S =Y — RX'C € FO:0i-1)x(0=0i-1) = A careful scheduling of operations will permit
X~ to be computed from X' and X~! using O(::l—i./\/l./\/l(m)) = O(n*m) operations, as
required. ]

Now we can bound the cost to certify a self-centralizing element.

Theorem 3.14. Suppose as usual that A C F"*™ is a separable algebra with dimension n
over a field F, and let 7,72, ..., be a basis for A over F. Suppose as well that € is a real
number such that 0 < € < 1 and that S is a finite subset of F including at least n/e distinct
elements.

Let a € A, and suppose that the algorithm shown in Figure 1 is executed on inputs o and
Y1sY2y -+ 5 Yn, i1 sSuch a way that the entries of the vectors vy, v, ... used by this algorithm
are chosen uniformly and independently from S. Then each of the following conditions is
satisfied.
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e The algorithm always terminates and returns either Yes or No as output, after per-
. 2 . . .
forming O(nm?+2% MM (m)) operations, or O(nm?+n*m?) operations using standard
arithmetic.

o If « is not self-centralizing in A then the algorithm’s output is always No.

o [If v is self-centralizing in A then the algorithm’s output is Yes with probability at least
1—e.

e The algorithm will terminate after O(Nnm2+N:l—22MM(m)) operations, or O(Nnm?+
Nn?m) operations using standard arithmetic, with probability at least 1 — e.

Proof. Tt is clear by inspection of the algorithm that, if it terminates at all, then it does so by
returning either Yes or No (but not both). Furthermore, since the parameter i is incremented
on each execution of the loop, a glance at line 8 will confirm that the loop is never executed
more than m + 1 times. This, and Lemma 3.13, are sufficient to establish the first claim —
for the cost of executing the loop clearly dominates the cost of executing the other steps.

The second claim is a consequence of Lemma 3.9, and the third is a consequence of
Lemma 3.12.

Finally, the last claim follows from Lemma 3.12, which implies that with high probability
the loop body will be executed at most N,+1 < N+1 times, and Lemma 3.13, which bounds
the cost of each execution of this loop. O

As noted above, the algorithm may return No with small probability when its input « is
self-centralizing in 2. This behaviour can be eliminated by checking the system of equations

n

Z(ﬁi%‘a — i) =0

=1

at any point in the loop body when the original algorithm would return No; if the dimension
of the solution space for this system equals the degree of the minimal polynomial of «
then (since it has already been confirmed that this minimal polynomial is separable), the
algorithm should return the answer Yes. On the other hand, No should be returned if the
dimension and degree are different.

With this change, the worst case complexity of the algorithm will clearly increase, since
a system with m? equations and n unknowns may be considered. However, Theorems 3.2
and 3.8 imply that this more expensive algorithm will always return a correct output, as
desired.

4 Centering Pairs and Their Properties

4.1 Definitions

It turns out that certain pairs of self-centralizing elements are more useful in combination
than any one such element.
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Definition 4.1. A pair of elements a and [ of A is a centering pair if @ and 3 are both
self-centralizing in 2 and

Centre(2) = Cy(a) N Cu(B) = Fla] NF[4]. (4.1)

Having a centering pair a and 3 for 2 is clearly of great advantage in computing the
centre of 2, since a basis for the centre over F could be obtained by solving the homogeneous
system of linear equations

d—1 d—1
(Yo + 1o+ +ys_1a” )3 = Blyo + yra+ -+ ya—1a” ) =0

for the unknowns yg, 41, ...,y4_1 in F: Every solution [sg, s1,...,sq4_1]" € F? determines an
element

d—1
Sop+ s+ -+ s

of Fla] that commutes with 3. Since [ is self-centralizing in 2, this implies that the
above element belongs to F[3] as well. It therefore belongs to F[a] N F[3] which is the
centre of 2 by definition. Conversely, every element of the centre belongs to the set
{so+s1a+---+ s 1?1 1 s, 81,...,54.1 € F} and specifies a solution for this system.

While it is plausible that this method is faster than previous general methods for com-
putation of the centre, it requires that we form and solve a system of m? linear equations
in d unknowns. We can do considerably better than this by projecting from the space of
matrices to the space of vectors. It will be shown in the sequel that with high probability
the desired relationships still hold, and this motivates the following definition.

Definition 4.2. A pair « and 3 of elements of a separable matrix algebra 24 C F™*™ is a
complemented centering pair for 2 if this pair is a centering pair for 2 and, furthermore,
there exists a pair of vectors v and v in F™*! such that

(uu =vu and pv = vv) = p=v € Fla] NF[F] (4.2)

for all u € Fla] and all v € F[3]. Any pair of vectors u and v satisfying condition (4.2),
above, is said to complement the centering pair o and f3.

4.2 Existence and Density of Centering Pairs

Once again let d be as given in equation (2.5).

Theorem 4.3. Let A C F™*™ be a separable matriz algebra over a field F. If F is infinite
then 2 includes a complemented centering pair of elements o and (3.

Theorem 4.4, below, will be used to prove Theorem 4.3 and will therefore be proved first.

Theorem 4.4. Let A be as above, and suppose vy, Yo, ..., vn € A such that there is a com-
plemented centering pair o and (3 in the F-linear span of y1,vs, .., Yn. Let € be a real number
such that 0 < € < 1 and suppose S is a finite subset of F that includes at least 5d° /e dis-
tinct elements. Then, if elements ay,as,...,ap,b1,ba,...,bp,C1 ¢, ..., Cpydy,do, ..., dy are
chosen uniformly and independently from S, then the elements a1y, + asys + -+ + apy, and
by +boyo+- - -+ bpyn form a complemented centering pair in A, complemented by the vectors
[c1, Cay .oy emlt and [dy, do, - . ., dy]t in F™ with probability at least 1 — ¢.
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Proof of Theorem /.4. Let s1,82,...,8h, ti,to, ..., th, Ug, U, ..., Uy, and vy, Vo, ..., v, be in-
determinates over the field F. It is given that there exist elements §1, o, ..., Sy, t1,t2,..., 1, €
F such that the elements

§=58171+8Y+...8v and t=tHy +tye+ ... thm
of A form a complemented centering pair. Consider matrices of polynomials
o=ms1+YeS2+ -+ msn and T =yt + Yale + -+ Yl
so that § = o(8y, 89, ...,5,) and £ = ({1, 1o, ..., 1,). Clearly
o(ri,roy oy mh) =T(r, oy Th) =T+ 122 + oo+ 1 €A

for all ry,79,...,7, € F.

It can be established as in the proof of Theorem 3.7 that there exist nonzero polynomials
fo € Fls1,82,..., 5] and f5 € F[ty,ty,...,t,] (formed using § and  respectively) such that
fol81,82,.--,80) #0, fa(t1, 1, ..., 4) # 0, each polynomial has total degree at most %
in its indeterminates, and such that for all ry,re,...,r, € F, if either f,(ry,72,...,75) or
fs(ri,72, ..., 1) is nonzero then riy; + roye + -+ - + rp,7y, is self-centralizing in 2.

Since § and ¢ form a complemented centering pair, there also exist vectors

Uy U1
. o . . Vg .
u=| . | €F and v = eF
(1 Um

that complement § and ¢. Thus there exists a homogeneous system of 2m linear equations

(2ol + 218 + 298> + -+ + 2418370 — (yol + it + 9ot + - - Fyg_1t7 )0 = 0,

(2ol + 218 + 198% + -+ - + $d71§d71)@ — (yol + it 4+ yol® + - + ydflidil)@ =0 (43)
in 2d indeterminates xg, x1,...,Tq_1, Y0, Y1, - -, Ya—1, such that
aol + a6+ -+ ag_ 187 =bgl + byt + -+ by 147"
for each solution [ag, a1, ..., aq_1,bg,b1,...,bg_1]" € F?? of this system, with the above ele-

ment agl + @18+ -+ + aqg_1 87" of A in the centre of A. Conversely, every element of the
centre is equal to both agl + @18 + - - + ag_18%" and byl + byt + - - - + by, %" for some

solution [ag, @y, ..., aq 1,b0,b1,-..,bq_1]". Writing
o Yo
- 1 5 Y1
= and ¢ = A
Td—1 Yd—1
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the system of linear equations shown in (4.3), above, can be expressed as

A m —0
Y
where A € F2mX2‘f. Since the space of solutions of this system has the same dimension e as
the centre of 2, A has rank 2d — e and has a nonsingular (2d — e) x (2d — e) submatrix B.

Now set
Uy U1
Ug mx1 U2 mx1
Xx=| .| €Fluy,u...,upl and = | | €Flu,ve,...,0,]"",
Um Um
so that @ = x(dy, U, . .., Uy) and & = (0, Vg, - . ., Uy, ), and consider the system of equations

(2ol + 210 +220° + -+ 2410 )X — (Yol + 97+ yor? + -+ yaam )X =0,

4.4
(2ol + 210 + 220" + -+ + 410N — (Yol + 17+ yom° + -+ yar1 ) = 0; (44)

this can be written as

where A € F[sq,89,...,8n,t1,ta, ..y th, Uty Uy .o oy Upy, V1, Vo, « .o, U224 such that
A3, 8 Sy, 1, 1 th, Gy, U lhm, D15 O D) = A € F2mx2d
81,52y« 0 o3 Shyl1y 02, ooy lp, UL, U2y o ooy U,y V1, V2, o, Uy )) = .

Choosing the same rows and columns as were used to define B from A, one can also define
a matrix B € F[sy,59,...,8n,t1,t0, .oy tp, U, Uz, .oy Uy, U1, Vo, o ., Uy |P470)%(24€) guch that

P s F7 PPN N . > dxd
B(Sl,SQ,...,Sh,tl,tQ,...,th,Ul,UQ,...,Um,?}l,’Ug,...,Um):BEF .
Consider now the polynomial

[ = fafsdet B € Fls1,s9,...,Sh, b1, b0, ..o th, Ur, Ug, ..oy Uy, UL, U2,y e oy Uy

By construction, f(3y, 3y, .., 8, t1, 12, ..., tn, 01, g, . . . y U, U1, Do, - - - Um) # 0, so this poly-
nomial is nonzero. On the other hand, if §1,3s,...,5,, t1,t0,...,ts, Uy, Us,..., Uy, and
U1, Ug,..., Uy are elements of F such that

(51,52, -, Sn, boyboy ooy bpy Ut Uz, « - oy Uy U1,y D2y -« -, Upn) 7 O, (4.5)
then clearly f,(51,32,...,5,) and f5(t1,¢2,...,t,) are both nonzero, so that the elements

a=5m+5%+ - +5m and B=ty +lhyt+ o+
of & are both self-centralizing. Furthermore, the determinant of the matrix

B(gl,gg,...,gh,tl,tg,...,th,ﬂl,ﬂg,...,ﬂm,ﬁl,EQ,...,Um)
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is nonzero. If we set

[ U1
_ Uo _ Vo
u= | . and 7= ,
Uy, U

then this implies that the coefficient matrix of the homogeneous system of 2m linear equations

Zo

0

u au a’'u —u —[fu -6 u| |vg-1|
_ —d— = .
v av allw v —pv ... -0 T | Y :
0

LYd—1]
in 2d unknowns xg,Z1,...,%4 1,%,Y1,---,Y4s1 has (maximal) rank 2d — e, and that the

space of solutions for this system has dimension e over F.

It now follows that @ and § form a centering pair in : Since @ and (3 are both self-
centralizing, the centre of 2 is contained in F[a@] N F[3], and is only a proper subset of this
vector space if the dimension of F[a] N F[3] exceeds e. However, for every element

apl + ar@ + -+ ag @ =bol + b B+ -+ by 14!

of F[@] N F[f] there is a (distinct) solution [ag, ..., aq 1,bo, .. .,bs 1]* for the above system,
so the fact that the space of solutions for the system has dimension e implies that F[a] N F[3]
also has dimension at most e. Thus F[@] N F[3] = Centre(2A) as needed.

The fact that the solution space for the system has dimension e also implies that, for all

p € Fla] and v € F[g],

(p = v and pv = v0) = p = v € F[a] N F[3],
for, otherwise, the dimension of the solution space would exceed that of F[a] N F[3]. Thus
the vectors @ and T complement the centering pair @ and .

It remains only to bound the degree of the above polynomial f and to apply the Schwartz-
Zippel lemma (Schwartz 1980, Zippel 1979) in order to establish the result. An inspection
of the above system confirms that each entry of the matrix A, and its submatrix B, has
total degree at most d in the indeterminates sg, ..., Sp, to, ..., th, Uty .., Uy, and vy, ..., Up.
Since B is a matrix with order 2d — e < d, its determinant is a polynomial with total degree
at most (2d — e)d < 2d? in these indeterminates. Since f = f,fsdet B, the degree bounds
given above for f, and fz imply that f has total degree less than 5d®, as required. O

It remains for us to prove Theorem 4.3.
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Lemma 4.5. Let A C F™*™ be a separable algebra with simple components A1, Ao, ..., Ay
over F, and let wy,ws,...,w, be the central primitive idempotents of A and the identity
elements of algebras Ay, As, ..., A respectively. Suppose

a=a+as+--+ar and =01+ o+ + Bk

where as usual oy, 3; € A; for all i, and suppose v and B are both self-centralizing in .
Consider «; and 3; as elements of A; (so that Floy] has spanning set w;, o, o, ... and

F[3:] is spanned by w;, B, B2, ... ). If
F[&l] N F[ﬁz] == Centre(Q[i)

for all i, so that a;; and B; form a centering pair in 2A; for all i, then o and B form a centering
pair in 2A.

Furthermore, if for all i there exist vectors i; and ¥; such that, for all p; € Flog] C 2,
and for all v; € F[3;] C 2,

(pawstl; = viwitl;  and w0 = vwl;) = ; = v; € Flog] NF[B3],
then o and 3 form a complemented centering pair that is complemented by the vectors

U= wily + wolly + -+ +wptly and v =wU + wyly + -+ + Wpl.
Proof. Since v and 3 are self-centralizing,

Flo] = Fla1] ® Flan] ® - - - ® Flay] and  F[f] = F[5i] @ F[f] @ --- @ F[f].
Since 2 has simple components 2y, 2o, ..., Ay,
Centre(2) = Centre(2;) @& Centre(2y) @ - - - @ Centre(y)

as well. It follows immediately that, if Flo;] N F[3;] = Centre(2;) in 2; for all 4, then (in )

Flo] NF[5] = (Flon] @ Flao] @ - - - & Flay]) N (F[61] @ F[Ba] ® - - - @ F[3])
= (Flaa] NF[B1]) @ (Floz] © Fo]) ® - - - @ (Flow] @ F54])
= Centre(2;) @ Centre(2y) & - - - ® Centre(2;) = Centre(2),

establishing the first part of the claim.
Suppose next that there exist vectors u; and o; for all 7 with the stated property, and let
u and v be as above. Suppose as well that p € Flo] and v € F[], and write

p=p1+pet+-tpe and v=vi+rp+-

where as usual p;,v; € 2; for all . If pu = vu and pv = vv then w;pu = w;vu and w;uv =
w;vv for all 7 and, since w;u; = w;v; = 0 whenever ¢ # 7, this implies that w;pw;U; = w;vw;u;
and w;p;w;U; = w;v;w;v;. Now, since w; is central in 2 and is an idempotent, it follows that
,U/zwzﬁz = Viwiﬁi and ,uzw,UZ = l/iwif)}, so that Wy = v € F[OZZ] N F[,Bl] = Centre(Q[i) in le for
each i. Therefore

p=v € Centre(2;) @ Centre(s) @ - - - @ Centre(y) = Centre(A) = Fla] NF[f],

as required. O
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Proof of Theorem /.3. Suppose first that 2 is simple and isomorphic to F"*™ over F. Then
there exist distinct elements Ay, Ao, ..., A,;, of F and an element a of 2 whose minimal
polynomial is

f= H(x — \i) € Flz].

Furthermore any simple 2(-module contains elements x;, s, ..., z,, such that ax; = \;z; for
1 <7 < ny. These elements are linearly independent since they are eigenvectors correspond-
ing to distinct eigenvalues of a and, since any simple 2A-module has dimension n; over F,
they form a basis for the module containing them. The action of o on the module with

respect to the basis xy, x9,...,x,, is clearly given by the matrix
At 0
A2
o) = . € Frm.
0 Any

Suppose f =™ + f,, gL+ -+ fio+ fo, so that 1, f,,_1,..., f1, fo are the coefficients
of f. Since A = F"*"1 there exists an element  of 2 whose action on the module with

respect to the basis xy, xs,...,x,, is given by the companion matrix of f:
o .
10 —fi
1 — /2
I _fan
_0 1 _fn—l_

In this case, Bz; = x4 for 1 <i <n—1,s0that if 0 < j <n—1then 'z, = x;,1. Now let
u=2x and v =x; +x9+---+x,,, and suppose fi, fo € F[z] such that fi(a)u = fo(3)u and
fi(a)v = fo(B)v. It suffices to consider the case that f; and fy both have degree less than n,

since fi(a) = fi(a) and fo(B) = j/‘;(ﬂ) for J?l = fimod f and fy = fy mod f. Therefore, let
i = fram 2™ fia 0™ P4+ frax + fio

and let
fo = fop18™ 7+ fop08™ TPt fo13 4 foo.

Since u = x; is an eigenvector of « for eigenvalue A\q, fi(a)u = fi(A;)x1. On the other hand,
it follows by the above equations that

ni—1 ni—1

fo(B)u = Z f2,i5i$1 = Z foitit-
i=0 i=0
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Since fi(a)u = fo(B)u and x4, s, ..., x,, are linearly independent over F, this implies that
fi(A1) = fopand that fo; = 0for 1 <i <n;—1,s0 fo(z) = fi(M) € Fand fo(8) = fi(M) ],
is in the centre of 2.

On the other hand, since v = 21 + 29 + -+ - + 2,

fila)v = fi(A)ar + fi(A2)ze + -+ fi(Any) Ty,

by the choice of z1, zo, ..., x,,, while

fa(B)v = fi(M) v = fi(A)zr + fi(A)za + - -+ fi( M) @, -

The linear independence of xy, 3, ..., x,, and the condition that fi(a)v = fo(3)v imply (by
a comparison of the coefficients of x1, s, ..., z,, in the above expressions) that

fl()\l) = fl()\Z) == fl()‘m)'

Since f; has degree less than n; and Ay, Ag, ..., \,, are distinct, it follows that fio = f1(\1)
and fi; =0 for 1 <i<mny —1as well, so that fi(z) = f1(\1) = fa(x), and

fila) = fi(A) 1 = f2(B)

with both in the centre of 2. Thus a and  form a complemented centering pair that is
complemented by the vectors u and v in this case.

Lemma 4.5 can now be applied to establish the result for the case that 2 is separable
over an infinite field F, such that each simple component is isomorphic to a full matrix ring
over F. In particular, this can be used to prove the result for the case that 2 is separable
over F and F is algebraically closed.

It remains to consider the case that 2l is separable over an arbitrary infinite field F. Let
K be an algebraic closure of F and consider the algebra AX = 2 ®¢ K obtained from 2
by extension of scalars. Let 7y,7,...,7, be a basis for % over F, so that the elements
Y ®F 1, 7% @ 1,...,7, @ 1 form a basis for AX over K. Let S be a finite subset of F with
size at least 10d3; since F is infinite some such set exists.

Now, suppose elements s, So, ..., Sy, t1,t9, ..., 1y, U1, Uz, ..., Uy, and vy, Vs, ..., U, are
chosen uniformly and independently from S. Let

=817+ S22+ -+ spyn and S=tiy+lye+ o+ T,
and note that
a1l =51(711 Q1)+ 52(Y2® 1)+ -+ sp(Vn @F 1)
and
BREL=1(71 @ 1) +12(72 @ 1) + -+ tn(1n @ 1)

as well.
Since 2 is separable over F and F is infinite, Theorem 3.6 implies that 2 contains a
self-centralizing element, so there must be such an element in the F-linear span of the basis
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YiyY2s -« - Yn- 1t therefore follows by Theorem 3.7 that the probability that a (respectively,
() is not self-centralizing in 2 is at most %, so that the probability that a and § are not
both self-centralizing in 2l is at most %.

It follows by the argument given above that AX has a complemented centering pair.
Theorem 4.4 therefore implies that o ®¢ 1 and 3 ®¢ 1 form a complemented centering pair
of AKX, that is complemented by the vectors

u; ®f 1 v; ®F 1
I®rl = uQG?Fl and TQ®f1l= UQ?FI e K<t
U, ®F 1 U, ®F 1
with probability at least 5. Now, if @ = [uy, us, ..., up]" and 7 = [vy, vy, ..., vy)" in F™1,

then Fla] N F[5] = Centre(2A) and furthermore that, for all f, g € Flx],

(f(e)i = g(B)i and f()7 = g(8)7) = (f(e) = g(B) € Fla] NF[5])

with probability at least % as well. Thus the probability that o and # do not form a
complemented centering pair, complemented by the vectors « and v, is at most %—l—% = % < 1.
Since a complemented centering pair can be randomly chosen with positive probability,

a complemented centering pair must clearly exist. O

4.3 A Monte Carlo Algorithm for a Complemented Centering Pair
and Generator for the Centre

A randomized (Monte Carlo) algorithm to compute a complemented centering pair « and (3,
vectors v and v that complement this pair, and a generator v for the centre of a separable
algebra 2 over F is shown in Figure 2 on page 35. Its analysis yields the following result.

Theorem 4.6. Let A C F™ ™ be a separable algebra with dimension n over an infinite
field F, let € be a real number such that 0 < € < 1, and suppose S is a finite subset of F
that includes at least 8m? /e distinct elements. Then a randomized (Monte Carlo) algorithm
can be used to compute elements o, 8 and v of A and vectors u,v € F™ ' such that «
and 3 form a complemented centering pair for A complemented by the vectors u and v, and
v generates the centre of A, with probability at least 1 — €, using O(MM(m)logm + R(2A))
operations, or O(m>+R(2)) operations if standard arithmetic is used. Here R(2A) is the cost
to compute an S-linear combination of a set of elements of A whose F-linear span includes
a complemented centering pair.

Recall that Theorem 4.3 implies that a complemented centering pair exists. Thus if a
basis for 2 is available we can set R(2) = nm?.

Proof of Theorem 4.6. Consider the algorithm shown in Figure 2. Theorem 4.3 implies that
a complemented centering pair for 2 exists. Theorem 4.4 implies that the elements a and 3
chosen in step 1 form a complemented centering pair for 2, complemented by the vectors u
and v chosen in step 3, with probability at least 1 — %, when « and (3 are chosen as S-linear
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Input: A separable matrix algebra 2 C F™*™ over an infinite field F

Output: Elements o, 8 and v of 2, vectors v and v in F™*! and a positive integer e

Ll O e

combinations of elements of 2 as described above and the entries of the vectors u and v
are chosen uniformly and independently from S. Thus the probability of failure to find a
complemented centering pair and complementing vectors is at most 5¢/8. The cost of steps 1

such that a and  form a complemented centering pair for 2l complemented
by the vectors u and v, 7 is a generator for the centre of 2, and e is the
dimension of the centre with high probability.

Randomly choose elements o and [ from .

Compute the degree d of the minimal polynomial of a: over F.

Randomly choose vectors u,v € F™*!,

Compute the dimension ¢ and a basis

aio 2.0 Qe,0
a1,d-1 a2.qd-1 Qe,d—1 F2dx1
: I SR €
1,0 2,0 e,0
| big—1]  Lb2,a—1] | be,q—1]

for the set of solutions of the homogeneous system of linear equations

T
: 0
v oau ... o lu —u —Bu ... =B ] |ya 0
[v av ... o —v —pu ... —Bd_lv] 20 - :
0
[ 2d—1]
in the indeterminates yo, ..., Yq_1, 20, - -, 2d_1-
Randomly choose elements ¢y, ¢s, .. ., ¢, from (a finite subset of) F.
e d—1
Set s; = chaj,i for 0 <i<d—1 and set v = Zs,ai.
j=1 1=0

Return the above elements «, 3 and 7y of 2, vectors v and v, and integer e.

Figure 2: A Monte Carlo Algorithm for a Centering Pair and the Centre

and 3 is clearly at most O(R () + m).

The degree d of the minimal polynomial of « is readily available if the Frobenius form
of a can be computed. It therefore follows by Lemma 2.4 that step 2 of the algorithm can
be performed using O(M M (m)logm) operations in F, or O(m?) operations using standard
arithmetic, by a Las Vegas algorithm that fails with probability at most ¢/8m < €/8.
Now consider the homogeneous system of linear equations that is formed and solved in
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step 4. The cost of forming this system is dominated by the cost of computing matrix-vector
products v, av, a’v, ...,a% v for a given element o of A C F™*™ and a given vector v €
Fmx1 and thus the system can be formed using O(M (m) logm) operations (see, for example,
Keller-Gehrig 1985), or at cost O(m?) using standard arithmetic by forming fewer than m
matrix-vector products. The system includes 2m equations in 2d unknowns and, since m > d,
this system can be solved using O(MM(m)) operations. It follows by the definition of a
complemented centering pair that if o and  form such a pair that is complemented by the
vectors u and v, and if the set of vectors

ai,o 2.0 Ge.0
a1,d—1 a2,d—1 Qe,d—1
, ey
b1,0 bz,o be,O
_bl,d—l_ _b2,d—1_ _be,d—l_

is a basis for the set of solutions for this system (as in step 4), then the set

d-1 d-1 d-1
E ap o, E as o, ..., E Qe ;0
J=0 J=0 J=0

of elements of 2 forms a basis for the centre of 2 over F. In this case, the element 7 that is
generated in step 6 is a random linear combination of the elements of such a basis, so that
v € Centre(2() and, furthermore, v is a self-centralizing element in Centre(2() with probability
at least 1 — 3¢/16 > 1 — ¢/4. That is, the probability that v is not self-centralizing in the
centre is less than €/4. Now, since any self-centralizing element of a commutative algebra
is a generator for the algebra, this implies that the probability that F|y] # Centre(2() is at
most €/4, if steps 1-4 of the algorithm succeeded.

Finally, note that v = g(a) where g(z) = sq4 129" + 54 22972 + - -+ + 59 and where the
coefficients s4 1,54 9,...,50 are as computed in step 6 of the algorithm. These coefficients
can be computed from the values generated in earlier steps using O(ed) = O(m?) operations.
Since a Frobenius form and transition matrix for o have been computed in earlier steps,
can be computed by evaluating the polynomial ¢ at the matrix a deterministically using
O(MM(m)logm) steps, or O(m?) operations using standard arithmetic, if the earlier steps
succeeded (see Section 6 of Giesbrecht 1995).

Thus the entire algorithm can be implemented at the cost that has been claimed, and
the probability of failure is at most 5¢/8 4 €/8 + ¢/4 = ¢, as required. O

4.4 A Las Vegas Algorithm for a Complemented Centering Pair
and Generator for the Centre

A Las Vegas algorithm to compute these values is shown in Figure 3 on page 37. In this
case, both a basis and a set of generators for the algebra 2 are specified as input. Of course,
one could use the elements of the basis as the generators and execute the algorithm using
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Input: A basis v1, 79, - . ., 7, for a separable matrix algebra 21 C F™*™ over an
infinite field F, and a set of generators (i, (s, ..., (s for & over F

Output: Either
e Elements a, 3, and v of 2 and vectors u and v in F™*!
such that a and ( form a complemented centering pair for 2
complemented by the vectors u and v, and such that the
centre of 2 is F[v]
or
e failure

1. Apply the algorithm shown in Figure 2, choosing elements of 2 by forming
linear combinations of vy, s, ..., 7, to generate «, 3, v, u, v, and an estimate e
for the dimension of the centre of 2.

2. Apply the algorithm shown in Figure 1 on inputs o and 7y, ¥, ..., 7, to try to
certify « as self-centralizing in 2.

3.  Return «, (3, v, u and v as output if all five of the following conditions are satisfied;
return failure otherwise.

(a) The executions of algorithms in steps 1 and 2 completed successfully
(that is, no application of a Las Vegas algorithm failed).

(b) The execution of the algorithm in step 2 resulted in the answer Yes.

(c) The minimal polynomial of 3 is separable over F and has the same
degree as the minimal polynomial of o over F.

(d) The minimal polynomial of v is separable with degree e over F.
(e) Gy=n1¢ for1 <i<s.

Figure 3: A Las Vegas Algorithm for a Centering Pair and the Centre

the basis alone as input. However, the complexity of the algorithm improves substantially
if a smaller set of generators is supplied. The analysis of the algorithm yields the following
result.

Theorem 4.7. Let A C F™ ™ be a separable algebra with dimension n over an infinite
field F. Let € be a real number such that 0 < € < 1, and suppose that S is a finite subset
of F with size at least 10m?®/e. Then a complemented centering pair for 2, complementing
vectors, and a single generator v of the centre of A can be computed from a basis and a set
of s generators for A, by a Las Vegas algorithm that samples the algebra A by computing
S-linear combinations of the given basis, and that either returns the desired values or with
probability at most € reports failure.

This computation can be performed using O(nm? + %QMM(m)) operations, or O(nm?® +
n?m?) operations using standard arithmetic, in the worst case. However, with probability at
least 1 — €, the number of operations used is O(Nnm? + (N;:l—i + s + logm)MM(m)), or
O(N(nm? + n*m) + sm?) using standard arithmetic.

Proof. Consider the above algorithm, and suppose that all five of the conditions listed in
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step 3 are satisfied, so that values «, (3, and v of 2 and vectors u and v are returned.

Since conditions 3(a) and 3(b) are satisfied, it follows by Theorem 3.14 that « is self-
centralizing in 2.

Since condition 3(c) is satisfied, [ is self-centralizing in 2 as well, so that the centre of 2
is contained in F[a] N F[3].

Condition 3(d) implies that Fla] N F[F] C F[y], so that F[y] includes the centre of the
algebra.

Finally, condition 3(e) confirms that v is in the centre, so that F[y] = Centre(2l). Since
the vectors v and v were used with o and 3 to compute ~ in step 1, this confirms that «
and [ form a complemented centering pair complemented by the vectors u and v. Thus,
either the algorithm reports failure or its outputs are correct.

Since condition 3(e) can be checked deterministically using O(s) matrix multiplica-
tions, the error probability and complexity results stated in the claim are consequences of
Lemma 2.4 and Theorems 3.14 and 4.6, which can be used to bound the failure probability
and complexity of each of the remaining steps. O

5 Wedderburn Decomposition of Separable Algebras

Suppose once again that 2 C F™*™ is a separable algebra over F, with simple components
A1, A, ..., A, and that 7 is a generator for the centre of 2. Then v is a “splitting element”
for the algebra 2(, as defined by Eberly (1991), and the simple components of 2 can be
generated from v in polynomial time if a factorization of the minimal polynomial of y in F[z]
is available. Indeed, the algorithm for the Wedderburn decomposition of semi-simple algebras
over large perfect fields in Section 3 of Eberly (1991) can also be applied to separable algebras
over arbitrary large fields, since the centre of the algebra is a direct sum of simple extensions
of F in this case. Using this process one can obtain bases for each of the simple components.

A rather different data structure to identify the simple components of a matrix algebra
is discussed by Eberly & Giesbrecht (1999). In particular a semi-simple transition matriz
is considered, that is, a matrix X € F™*™ whose columns include the elements of bases
for A, F™<L QL Fm™<L A F™ L and a semi-simple transition, which includes this matrix
and the dimensions of the above subspaces 20 F™*! Q,Fmxt - 9 Fmx of F1xl (see Defi-
nition 3.1 of Eberly & Giesbrecht 1999). This can be computed quite efficiently if v and a
factorization of the minimal polynomial of v are available.

Theorem 5.1. Suppose € is a real number such that 0 < € < 1 and that F is a field including
at least 2m? /e distinct elements. Given a generator vy for the centre of a separable algebra A C
Fx™ and a factorization of the minimal polynomial of v in F[x], a semi-simple transition
for A can be computed using a Las Vegas algorithm that fails with probability less than e,
using O(MM(m)logm) operations, or O(m?3) operations using standard arithmetic.

Proof. By Lemma 2.4, a Frobenius decomposition for v can be generated at the above cost
using a Las Vegas algorithm that fails with probability at most €/2. The characteristic
polynomial of v can computed from the Frobenius form of this matrix using O(mM(m))
operations, and since the factorization of the minimal polynomial of v is available, a factor-
ization of the characteristic polynomial of v can be computed using a divide and conquer
strategy with O(mM(m)) C O(MM(m)) operations as well.
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Now, since v generates the centre of 2, v = v + 72+ -+ -+ where v; € ; for 1 <i <k
and where the minimal polynomials of 71, 7s,...,7; are each irreducible in F[z] and are
pairwise relatively prime. Thus, these are the irreducible factors of the minimal polynomials
of v, and -y is similar to a matrix

0 Yk
where 7; is a block diagonal matrix whose diagonal blocks are copies of the companion
matrix of the minimal polynomial of ;. The order of the matrix 7; can be deduced from the
factorization of the characteristic polynomial of ~.
A Frobenius decomposition of 7 can now be computed by a Las Vegas algorithm failing
with probability /2. At this point, matrices X; and X, are known such that X;yX, ' and
X7 X, ! are both equal to the common Frobenius form of v and 7, and it is easily confirmed

that X, ' X is a semi-simple transition matrix for 2, and that the orders of the matrices
1y Y2y - - - Yk are the dimensions of A F™ L A, F™>t Q. F™*! as needed. O

Of course, the factorization of the minimal polynomial of v is required above, and the
cost to factor this polynomial may dominate the cost of the other operations. However, a
self-centralizing element may help to reduce the cost of this factorization as well.

Suppose in particular that g; is the minimal polynomial of ; for 1 < ¢ < k, for
Y1, Y2, - - - V& as above, so that the minimal polynomial g of v is the product of g1, ¢o, ..., g.

Let ny,na,...,nt and mq, mo, ..., my be as defined in Section 2, and let
Gii= 11 o (5.1)
nh:i
mp=j

for 4,5 > 1. Clearly,

g = H Gij-

ij>1

Theorem 5.2. Let € be a real number such that 0 < € < 1 and suppose F is a field including
at most 4m? /e distinct elements. If A, «, 7y, and g are as above, then the above factors g; ;
of g of positive degree can be computed by a Las Vegas algorithm that fails with probability at
most €, using (MM (m)logm) operations over F, or using O(m?) operations using standard
arithmetic.

Proof. Let X be a distinct power transition matrix for the self-centralizing element . Then,
as noted in Section 3.1,



for matrices v, v, ... 40 — for, otherwise, the idempotents 71,7y, ..., 7 considered in
Theorem 3.5 would not be central in 2. Furthermore, a comparison of the above equation
with equation (3.9) confirms that /) has minimal polynomial

H Gh,s

mp=j

order jd; (for §; as defined in Section 3.1), and characteristic polynomial

jnn _ T ~id
H 9 = 1195

mh:j iZl

Since the polynomials g; ; are separable and pairwise relatively prime, it is clear that the
distinct power divisors of vU) with positive degree are exactly the polynomials gi,; with
positive degree.

These polynomials can therefore be obtained by computing a distinct power decompo-
sition for «, applying the distinct power transition matrix X to v to generate the matrices
AW @ A0 and then computing the distinct power decompositions of each of these
matrices. Since the sum of the orders of the matrices v, 7@ ... ~® is m and F contains
at least 4m?/e elements, the complexity and failure bounds in the claim now follow from
Theorem 2.5. O
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