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Abstract

A Monte Carlo type probabilistic algorithm is presented for
finding the Frobenius rational form F € Z"*" of any A €
Z™*™ which requires an expected number of O(n4 (log n +
IIA4]1)?) bit operations using standard integer and matrix
arithmetic (where ||A|| is the largest absolute value of any
entry of A). This improves dramatically on the fastest pre-
viously known algorithm, which requires O(n°®log ||A]|) bit
operations using fast integer arithmetic. We also give a Las
Vegas type probabilistic algorithm which finds the Frobe-
nius form F and a transition matrix U € Q"*” such that
U~' AU = F and requires an expected number of O(n5 (log n
+1og ||A]|)®/? bit operations. Finally, a Las Vegas algorithm
for computing the rational Jordan form of an integer matrix
is shown, which requires about the same number of bit op-
erations as our algorithm to find the Frobenius form, plus
the time required to factor the characteristic polynomial of
that matrix.

1. Introduction

Computing a canonical or normal form of a matrix is a classi-
cal mathematical problem with many practical applications.
In this paper we present new probabilistic algorithms for
computing exactly the Frobenius and rational Jordan nor-
mal forms of an integer matrix which are substantially faster
than those previously known. We show that the Frobenius
form F € Z™*" of any A € Z™*" can be computed with
an expected number of O(n*(logn + log||A||)?) bit opera-
tions using standard integer and matrix arithmetic. This is
the lowest cost we can reasonably hope for since the best
known algorithm for det(A) requires this same number of
operations, and det(A) is easily obtained from F'. Our algo-
rithm is probabilistic of the Monte Carlo type: it assumes
the existence of a source of random bits and, for all but
an exponentially small subset of these random inputs, a
correct answer is produced. A Las Vegas type probabilis-
tic algorithm (one which always produces the correct an-
swer) is also given which finds F and a transition matrix
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U € Q™% such that F' = U~' AU using an expected num-
ber of O(n®(logn + log||A]|)®/?) bit operations. A homo-
morphic imaging scheme is employed in all our algorithms:
we determine the solution modulo a set of small (single-
precision), randomly selected primes and recover the integral
solution using the Chinese remainder algorithm. Rational
forms such as the Frobenius and Jordan forms are numeri-
cally extremely sensitive, and their computation lends itself
to exact, as opposed to floating point, arithmetic. The price
we pay for exact arithmetic is that integers encountered in
the computation may be large, especially if we wish to find
a transition matrix. We show how to use modular arith-
metic to avoid much of the long integer arithmetic, and get
the fastest algorithms we can reasonably expect for dense
matrices.

A classical theorem of linear algebra states that any n x
n matrix A over any field K is similar to a unique block
diagonal matrix
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where each CYy, is the companion matrix of some monic f; €
K[z] for 1 <1 < k, and f;| fi—1 for 2 < 1 < k. That is,
there exists an invertible transition matriz U € K**™ such
that F = U7 AU. Recall that the companion matrix Cy of

a monic g = Zo<]<r biz' € K[z] has the form

ka

0 —bg

Cy

0 1
A matrix F' with the above properties, called the Frobenius
form of A, always exists and is unique. The polynomials
fi,-.o, fr € K[z] are the invariant factors of A, and the
product f;--- fr is A's characteristic polynomial, while f;
is A’s minimal polynomial. Two matrices are similar if and
only if they have the same Frobenius form.
When A € Z"*" the Frobenius form F' of A is an in-

teger matrix as well. This suggests a simple homomor-
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phic imaging or modular approach to computing F € Z"*"
from A € Z"*". One unavoidable difficulty in computing
F exactly is that the size of its entries can be quite large:
O(n(log n +log ||4||)) bits in general. A bigger problem is
that the size of intermediate values encountered in any of
the previously known non-modular algorithms, can be very
large — O(n*(log » +log || A]|)) bits — as can be the entries
of a transition matrix. The modular techniques proposed
here are used to avoid some of these problems, but we must
be very careful to eliminate bad primes, modulo which the
Frobenius form has an entirely different block structure.

We first present a very fast Monte Carlo type prob-
abilistic algorithm which requires an expected number of
O(n*(log » + log ||A]|)?) bit operations to find the Frobe-
nius form F € Z™"*™ of A € Z™*". The algorithm first
computes F' modulo a set A of s = O(n(log n + log || A|[)/¢)
randomly selected primes between 2¢7! and 2¢, where £ =
O(log n +loglog | A||) (we think of £ as the length of a word
or short integer in bits and perform most of the arithmetic
in our algorithms with integers of this length). We then re-
cover F' from its homomorphic images modulo these primes
by Chinese remaindering. The difficulty lies in the fact that
some of these primes are bad in the sense that the Frobenius
form of A modulo p is not equal to F modulo p. Exam-
ples of this occur when p| det(A) when A is non-singular,
or more subtly, when p divides the discriminant of the min-
imal polynomial of A. We show that the probability that
all the primes we choose are bad is exponentially small, at
most 27° and as long as one good prime is selected, all bad
primes can be identified and discarded. We assume in this
cost analysis that “standard” arithmetic is used for this al-
gorithm, that is, that two n bit integers can be multiplied
with O(n2) bit operations, and two n X » matrices over a ring
can be multiplied with O(nS) ring operations. To compute
the Frobenius form of A modulo a prime p we employ the
fast Las Vegas algorithm of Giesbrecht (1994), which com-
putes the Frobenius form of A mod p with about the same
number of operations as is required to multiply two n x n
matrices, in this paper O(r?) operations in Z/(p). It is oc-
casionally convenient, especially in summarizing results, to
ignore logarithmic factors using the “soft O” notation: for
any g, h:Rso — Rso, g = O7(R) if and only if there exists a
constant k > 0 such that g = O(h(log h)*).

We can eliminate any possibility of error in computing F,
and also compute a transition matrix U € Q"™*" such that
F = U~ AU by working modulo a larger set of O(rn*(log n+
log ||Al|)/€) primes, where again £ = O(log n + log log || A]|).
This number of primes is necessary to compute U as its en-
tries have O(n?(log n + log || A||)) bits in general. We give a
Las Vegas algorithm which requires an expected number of
O(n®(log n+log || A||}€+n*log? || A||?) or O"(n° log? || A||) bit
operations using standard arithmetic. Entries in U will be
represented modulo a basis of O7(n”log || A||) primes. Re-
covery of the rational representation of U by the Chinese
remainder algorithm requires O(n® M(n?(log n + log || A||))
(log » + log ||A|])) or O™ (r*M(n?log ||A]|)) bit operations,
where M(n) is the number of bit operations required to mul-
tiply two n-bit integers. Using standard integer arithmetic
this requires O7(n®log?||Al|). However, for large integers
such as these, faster multiplication algorithms are more ef-
ficient, such as Karatsuba & Ofman’s (1962) which allows
M(n) = n1°822 or a 3-way generalization of this which gives
M(n) = n'°83® = O(n'°). The latter allows us to recover U
with O(n°(log n + log || A||)°/?) bit operations.

The Frobenius form is intimately related to the more
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common Jordan form of a matrix. It is well known that
every matrix A € K**” over an algebraically closed field
K is similar to it’s Jordan form, a block diagonal matrix
J = diag(Ji, ..., Ji), unique up to the order of the blocks,
where J; (1 < ¢t < 1) is a Jordan block having an eigen-
value of A on the diagonal and ones on the superdiago-
nal. Such a J does not exist when K does not contain
the eigenvalues of A. A natural generalization which al-
ways exists is the rational Jordan form, a block diagonal
form where the eigenvalues on the diagonal are replaced
by the companion matrices of their minimal polynomials
in K[z], and the ones on the super-diagonal are replaced by
identity matrices of the appropriate size. Importantly, the
rational Jordan form equals the usual Jordan form when-
ever the latter exists. The rational Jordan form J € Z"*"
of a matrix A € Z"*" can be found with the same cost
as computing the Frobenius form of A, given a complete
factorization of A’s characteristic polynomial. Finding this
factorization is in fact the dominant cost in computing J,
and requires O"(n®(logn + log ||A||)?) bit operations using
Schonhage’s (1984) algorithm with standard arithmetic, or
O™ (n®*<(log n + log || A]|)**<) bit operations with fast inte-
ger arithmetic. A transition matrix X to the rational Jordan
form is somewhat more complicated to compute. We demon-
strate a Las Vegas algorithm which finds the rational Jor-
dan form J and a transition matrix X such that X 1AX =
J which requires O(n®(log n + log ||A||)£ + n*log? ||A]|) or
O™(n® log? ||A||) bit operations using standard arithmetic.
As with the computation of the Frobenius form, within this
time we can only represent the transition matrix with re-
spect to a basis of primes, unless faster integer arithmetic is
used in the Chinese remainder algorithm.

Previous Work on Computing Rational Forms

Deterministic sequential algorithms for computing the Frobe-
nius form F € Z™*" of an integer matrix A € Z"*™ have
been proposed by Kannan (1985), Ozello (1987a), Liineburg
(1987), and Mathieu & Ford (1990). The elegant p-adic lift-
ing algorithm of Mathieu & Ford (1990) requires
O"(n® log n(log n+log || Al|)) bit operations using fast integer
arithmetic (under an unproven but experimentally justified
assumption, which is most certainly true with high probabil-
ity). Their algorithm does not compute a transition matrix
U to F within this time. Ozello (1987a) proposes an algo-
rithm which makes extensive use of large integers for com-
puting the Frobenius form F' of an integer matrix A and
a transition matrix to £, which requires O~(n8 log® IIA]])
bit operations. Ozello also proposes a modular algorithm
to compute the Frobenius form but no transition matrix.
While this algorithm is not analyzed, it appears to require
O (n®log? || A||) bit operations using standard arithmetic.
However, Ozello does not address the question of choosing
good primes p modulo which the Frobenius form of A mod p
equals F' mod p. Part of our contribution here is to show
how to identify these good primes quickly. Ozello (1987b)
also proposes a probabilistic algorithm, but the estimate of
the probability of success is insufficient to prove a lower ex-
pected cost. Kaltofen et al. 1987, 1990 demonstrate fast
parallel algorithms for computing the Frobenius and ratio-
nal Jordan forms of matrices over abstract fields, finite fields
and the rationals. While these algorithms are not particu-
larly fast sequentially, we employ some of the techniques
developed here in our fast sequential algorithms.

The fastest previously published algorithm for comput-
ing exactly the Jordan canonical form of A € Z"*" is by



Gil 1992, 1993 and requires O~(n9 log® |[A]|) bit operations.
It appears that a careful implementation of Kaltofen et al.
(1990)’s parallel algorithm for the rational Jordan form re-
quires an expected number of O7(r”log?||A||) bit opera-
tions, plus the cost of factoring the characteristic polyno-
mial. The main drawback to computing the rational Jordan
form of A, both in practice and asymptotically, is that A’s
characteristic polynomial must be factored completely over
Z[z]. One alternative is to compute the symbolic Jordan
form (see Kaltofen et al. 1990, Section 5, and Gémez-Diaz
1994). This looks like the usual Jordan form, where the
diagonal elements contain symbols which represent eigen-
values as roots of not necessarily irreducible polynomials,
and the superdiagonal contains either zeros or ones. The
idea is to find the finest possible partial factorization of the
invariant factors fi,..., fx € Z[z] using only GCD’s and
squarefree factorizations, and then to use symbolic roots of
the obtained factors to represent eigenvalues. Of course,
one such symbol could represent a number of (possibly non-
conjugate) roots. A corresponding block-diagonal rational
form of A consists of the companion matrices of these re-
fined factors on the diagonal, and possibly identity blocks
on the superdiagonal.

Considerable attention has been paid in the numerical
literature to approximating the Jordan form with floating
point arithmetic; see (Golub & Van Loan, 1989), though the
numerical sensitivity of the problem has led to concentration
on less sensitive (but less informative) rational forms, such
as the real Schur form.

2. Computing the Frobenius form over an
arbitrary field

In this section we briefly summarize the Las Vegas type
probabilistic algorithm presented formally in (Giesbrecht
1994; see also Giesbrecht 1993) for computing the Frobe-
nius form F € K™*" of a matrix A € K**” over any field
K, and a U € K™*™ such that F = U~'TU. This algorithm
requires an expected number of O(MM(n)log n) operations
in K, where MM(n) operations are sufficient to multiply two
n X n matrices over K. In this section we will assume that K
is a field with at least n? elements. Over such a K the afore-
mentioned Frobenius form algorithm requires an expected
number of O(n®) operations in K using standard polyno-
mial and matrix arithmetic (see Giesbrecht 1993, Section
3.1).

The algorithm begins by finding a matrix H € K**”
as follows. Vectors wi,...,w, are chosen uniformly and
randomly from L™*! where L is any subset of K with #L >
n®. We then compute

H = [wi[Twr] -+ [T ]l [T ] (2)
where di,...,d, are defined such that d; is the minimum
integer with T% w; linearly dependent upon the vectors ws,
Twi,...,Tw;, ..., T% Y w; to the left of it. Clearly some of
the d;’s may be zero, and we let k be the smallest integer
such that dgy1 = ... = d, = 0. It is relatively easy to show
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that if H is non-singular then

B;

By

G=H"'TH= f2

0

Ch

where C5, € K%*4i is the companion matrix of some f; €
Klz] of degree d; (for 1 < i < k). Each matrix B; is zero
except for its last column. If H is singular then we made
an unlucky choice of wi,...,wy, and in fact the last col-
umn of H must be all zeroes. This is essentially a ran-
domized version of Danilevsky’s (1937) algorithm for the
characteristic polynomial of a matrix and we always have
f=Ffi-- fx = char(A) € K[z]. G and H can be computed
with O(r?) operations in K in a straightforward manner.
This can also be accomplished with O(MM(n)log n) oper-
ations in K using Keller-Gehrig’s (1985) asymptotically fast
version of Danilevsky’s algorithm.

Theorem 1 (Giesbrecht 1994, Theorem 2.2). Let K be a
field and L a subset of K of size at least n®. For randomly
selected w1, ... w, € L™*' and polynomials fi,..., fx from
G above, with probability at least 1/4 the Frobenius form
of Ais F = cliag(C]z1 i Cryeeny ka).

Proof. (sketch) We first show that for randomly selected
w1 € L™*! the probability that the minimal polynomial fi
of the linearly recurring sequence wi, Awi, A%w1, . .. equals
f1 is at least 1 — 1/n. This is accomplished by proving
that there exists an h1 € K[z1,...,2,]\ {0} of degree at
most n such that hq (wl) # 0 implies f1 = fl. We then
apply Corollary 1 of Schwartz (1980) to obtain the desired
probability estimate.

Now let W; be the vector space generated by w1, ..., w;
under left multiplication by A for 1 < 3 < k. Forz > 1 we
show that there exists an h; € K[z1,...,z,]\{0} (dependent
upon the choices of wi,...,w;_1) such that h;(w;) # 0 im-
plies that the minimal polynomial f; € K[z] of the linearly
recurring sequence

(w¢ mod VVi_1), (Aw¢ mod W,'_l), (A2w¢ mod Wi_l), o
c Kn><1/Wi_1

equals f; (assuming fi,..., fi—1 are correct). The compan-
ion of f; is the ith block on the diagonal of G. This yields
fi with probability at least 1 — 1/n, and we obtain all of
fi,..., fr correctly with probability at least (1 —1/n)" >
1/4. O

We call a matrix G € K**” as above, such that the com-
panion blocks on G’s diagonal are the companion blocks on
the diagonal of the Frobenius form of A a modular Frobe-
nius form of A. The following characterization of when a set
Wi,..., Wy € Knx1 generate an H with H™'AH in modular
Frobenius form will be useful in the sequel.
Fact 2 (Giesbrecht 1993). Let H be as in (2) such that
H~YAH has blocks Cy,,Cf,, ..., C5, on the diagonal, with
d; = deg fi for 1 < 5 < k. Then A has Frobenius form



diag(Cfl,Cf2,...,ka) if and only if for 1 = 1,2,...,k In

sequence, for all w € K"*!, A% w is linearly dependent upon

dy—1
’LU1,...,A Wiy oo oy Wi—1y...,

di_y1—1 di—1
AT g, w, Aw, L, AT w.

In other words, d; is maximal given wi,..., w;_1.

Of course, the procedure described above to compute the
Frobenius form does not yield a matrix U € K**” with S =
diag(Cy,,...,C5, ) = U~'AU. It may also happen that S is
not the Frobenius form of A at all, in which case no such U
will exist. We next sketch a purification procedure, derived
from a constructive proof for the existence of the Frobenius
form (see, for example, Hoffman & Kunze 1971, Theorem
7.2.3) which will find U € K**™ with U AU = F. This
procedure will also determine if indeed S is the Frobenius
form of A.

Assume that H is non-singular and that the last column
of each matrix B; above is

51‘ = (b,‘ylyo,...
c Ktl><1

t
2 bistdy =15y biic1050 0, biim1 .y —1)

where b;;; € Kfor2<:1<k,1<j <14 and 0 <!<dj. For
1< 3 <1<k, suppose gi; = EOSde bijizt, for by € K.

Fact 3 (Giesbrecht 1993, Theorem 2.10). Let w; € KXt
fi € K[z] and g;; for 1 <i <k and 1 < j < 1 be as above.
Then S = diag(Cy,,...,Cj, ) is the Frobenius form of A if

and only if fi|gij for all 1,5 with 1 < j < 1 < k. Moreover,
if we let g;; = fihi; for 1 <3 <1<k, and

v = w; — Z hiy(T)w;

1<y<1

for 1 <1<k, and
U = [’U1|A’U1|"'|Ad1_1'U1|"'|'Uk|"'|Adn_1'Ukj| S K”XW’

then F = U™' AU is the Frobenius form of A.
Computationally, it is straightforward to check whether
filgi; for 1 <5 < i < k with O(nM(n)) or O(rn?) operations
in K (in fact, if we are working modulo a prime p such that
2™ |p — 1 with 2™ > 2n — 2 then we may assume M(n) =
n log n, using a practical implementation of the fast Fourier
transform). To find w1, ..., vk efficiently we first write h;; =
l . .
gij/fi = Eogl<dj ciyiz’ for 1 < 3 < 1 < k and note that

v; = Hv;, where

[~

i=(—¢i10, -

t nxl
— Cijic1,d;_451,0,...,0)" € K™

cy 70T, dy =1y 05 TCLi—1,0y - 0 ey

with 91 = (1,0,...,0). All of v1,...,vx can now be com-
puted with a single matrix product H-[1]- - |5x] with O(n?)
operations in K.

To execute this algorithm we simply run it with different

random choices of w1, ..., w, € K™*! until it successfully
completes. By Fact 1, an expected number of at most 4
attempts is required.
Theorem 4. Let A € K**" where #K > n%. The Las
Vegas algorithm described above computes the Frobenius
form F € K™*" of A and a matrix U such that A =U"'TU
with an expected number of O(ng’) operations in K using
standard matrix and polynomial arithmetic.
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3. Computing the Frobenius form over the

rationals

We now examine the application of the algorithm in Section
2 to computing the Frobenius form F' € Z™*" of a matrix
A € Z™*". As discussed in the introduction, we find F' by
first computing £, € Zp*" of A mod p over Z, for a set
A of small primes p. We hope that for a sufficiently large
number of these primes that F, = F mod p; we call these
good primes. From the set of good primes we recover F' by
the Chinese remainder algorithm. In this section we give
a condition for which primes are potentially bad (that is
F, # F mod p), show how to identify these bad primes, and
prove an upper bound on the number of bad primes. We
then employ these ideas in probabilistic algorithms for com-
puting F and a transition matrix U such that F = U~'TU.

First consider running the algorithm discussed in Section
2 over QQ directly (it works for any field). Let L = {0,...,n%}
and choose random wi,...,w, € L™*'. Then compute H
as in (2) and G = H™'AH as in (3). By Fact 1, with
probability at least 1/4 the blocks Css...,Cf, on the di-
agonal of G are such that F' = diag(Cy,,...,Cy ) is the
Frobenius form of A. Assume that this is the case and let p
be a prime such that det(H)# 0 mod p, so H, = H mod p
is invertible in Z}*”. Then if G = H™'AH has blocks
C3,,...,Cj, on the diagonal, we know Hp_l(A mod p)H, €
Zy ™ has blocks C7 mod p,...,Cf, mod p on its diagonal.

Also by Fact 2, in H we know w; € K"*! is such that
[wi] - [AT ™ wp |- Jwi Aw; - - - |A% ™ w;] has maximum

rank. But the rank of this matrix modulo p is at most
its rank in @. Thus, by Fact 2 we know that cliag(C]z1 mod
p,...,Cz mod p) € Zp*" is the Frobenius form of A, over
Zyp and p1s a good prime. In particular, the degree d; of the

ith invariant factor f; of A equals the degree dgp) of the sth
invariant factor of A mod p over Z,.

On the other hand, if p divides det(H) for all H € Z™*"
such that H ' AH is in modular Frobenius form, it must be
the case that for some minimal ¢ > 1, for all wy,...,w; €
Z7* with wy, Awi, ..., AMYwy, o wi, ., A% g lin-
early independent over (Q, these same vectors are linearly
dependent modulo p. In this case the degree dgp) of the 2th
invariant factor of A mod p is strictly less than the degree
d; of the tth invariant factor of A. We obtain the following:
Lemma 5. Let A € Z™*" have Frobenius form F as in (1),
and suppose the ith invariant factor of A has degree d; for
1 <:<k. Ifpis a bad prime such that the Frobenius form
Fyp of Ap = Amod p € Zy,*" does not satisfy F, = F mod p,

and the degree of the ith invariant factor of A, is dgp) for
1 <1< then (di,...,dr) is lexicographically larger than
@dP, ... d").

A similar lemma to the above, for Smith normal forms of
matrices of polynomials, is shown by Kaltofen et al. (1987),
Lemma 4.1. Now we have a criteria for rejecting bad primes
assuming we have one good prime: the degree sequence
(d(lp), . dl(kp)) of the invariant factors of A modulo a good
prime p will be lexicographically greater than the degree
sequence of A modulo a bad prime p.

How many good primes do we need to recover the Frobe-
nius form of A? The following fact is derived from (Mathieu
& Ford, 1990).

Fact 6. Let A € Z™*"™ and F € Z"*" its Frobenius form.
Then ||F| < 2"6"/2||A||"n"/2.

Thus we require at least 2log,(2"e™/?||A||"n™/?)/(¢ —

1) = O(n(logn + log || A||)/£) primes between 2°~! and 2°



to uniquely represent F' by its images modulo these primes
(the initial factor of 2 allows us to recover both positive and
negative integers in F).

A Monte Carlo algorithm for the integer Frobenius
form

To compute the Frobenius form, allowing an exponentially
small probability of error, we first choose s random primes
p (where s and the selection interval are defined below) and
compute the Frobenius form F, € Zp*" of A, = Amod p
using the Las Vegas algorithm of Section 2. Note that
we randomly choose vectors wi,...,w, € Z;”d indepen-
dently for each prime p. Let po be a chosen prime modulo
which the Frobenius form £, of A mod po has the lexico-
graphically largest degree sequence (po will probably not
be unique). We now bound the probability that po is bad.
Recall that po is bad if and only if po | det(H) for all H
such that H'AH is in modular Frobenius form. Using
Hadamard’s bound it is easily derived that for H constructed
from wi,...,w, € {0,. 2}"><J as in (2) above we have
|det(H)| < 6 = 2"/2||A||" "t Now fix £ = 6 +
loglog 6 = @(log n+loglog || A||). We will do all our compu-
tation modulo primes with £ bits. The following fact guar-
antees there are enough primes between 27! and 2° (it fol-
lows easily from the bounds on number-theoretic functions
of Rosser & Schoenfeld 1962):

Lemma 7 (Giesbrecht 1993, Theorem 1.8). Let z > 3 and
£ =6+loglog z. There exist at least 2[[log,(2z)]/(£ — 1)]
primes p such that 2°7% < p < 2%

An application of this lemma reveals that the product
of all primes between 27! and 2% is greater than 6 and
hence greater than |det(H)|>. In particular, the proba-
bility of choosing a bad prime between 247! and 2¢ is at
most 1/2. Setting s = log,(2"e"/?||A||"n"/?)/(£ — 1) =
Q(n(logn + log ||A||)), the probability of choosing s bad
primes is at most 1/2°. As noted above, we require s good
primes between 27! and 2¢ to recover F from its homomor-
phic images. Moreover, by Lemma 7 there are more than
enough good primes between 27! and 2¢ to recover F cor-
rectly.

We then proceed as follows. Choose a set Ag of s primes
randomly between 27! and 2% and compute the Frobenius
form F, of Amodp for each p € Ag. Let Ay C Ag be
those p € Ag modulo which the invariant factors of A mod p
have maximal degree sequence (di,...,dx) of those degree
sequences of Frobenius forms of A mod p for p € Ag. We now
assume (correctly with probability 1—1/2°) that A; contains
only good primes. We let A = A; initially and proceed to
supplement it with more good primes until #A = s: keep
selecting random primes p € Ao between 2°7! and 2° and
computing the Frobenius form #}, of A mod p, adding them
to A if the degree sequence of the invariant factors equals
(d1,...,dg). If we find a degree sequence lexicographically
greater than (di,...,dx) we were unlucky with our original
construction of A; and must start over, but this happens
with probability at most 1/2°.

Once we have computed £}, for the s good primes p € A,
we can recover F' € Z™*™ by the Chinese remainder algo-
rithm. This requires O(n®>M(n(log » + log ||A||))) bit opera-
tions. We obtain the following theorem:

Theorem 8. Let A € Z"*". The Monte Carlo type prob-
abilistic algorithm described above computes the Frobenius
form F € Z™*" of A with an expected number ofO(n4 (log n+
log ||A|)?) bit operations using standard arithmetic. The

probability of producing an erroneous result is at most 1/2°
where s = Q(n(log n + log || A]|))-

We consider the computation of a set of 2s primes be-
tween 2°7! and 2¢ to be pre-computation but note that they

can be extremely quickly using standard sieving methods:
see (Knuth 1981, Section 4.5.4).

A Las Vegas algorithm for the integer Frobenius
form

To eliminate all possibility of error in the computation of
the Frobenius form we must ensure that we have selected
at least one good prime in our initial set Ag above. The
obvious way to do this is to let Ag contain more primes
than can possibly divide det(H), for some H € Z™*™ with
G = H7'AH a modular Frobenius form of A. Equation
(2) exhibits an H with |det(H)| < & = 2"/2||A||" —npnitn
so we require [log, §/(£—1)] = Q(n’*(logn + log ||A||)/Z)
primes between 2¢7! and 2°. When £ = 6 + loglog § it is
guaranteed by Lemma 7 that sufficiently many primes exist
in this range. After computing the Frobenius form Fj, for
each p in this expanded Ay we are guaranteed to get at
least one good prime p, and the algorithm can proceed as
in the Monte Carlo algorithm above with no possibility of
erroneous output.

Theorem 9. Let A € Z"*". The Las Vegas type proba-
bilistic algorithm described above computes the Frobenius
form F' € Z™*"™ of A with an expected number ofO(n5 (log n+
log || A||)?) bit operations.

Computing transition matrices to the Frobenius Form

Assume now that we have computed and verified correctness
of the Frobenius form F € Z"*" of A € Z™*", and wish
to compute a matrix U € Q%™ such that F = U1 AU.
Consider once again the algorithm from Section 2 as run
over (. The following theorem is easily demonstrated (see
Giesbrecht 1993, Theorem 4.3).

Theorem 10. Fix I = {0,...,n%} and randomly choose
wi,...,wn € L™ and compute H as in (2). If U is con-
structed as in the algorithm in Section 2 then det(H)U €
Z™*™ and
” det(H)UH <y= 2n2+3n/26n2/2||A||2n2+n+1n3n2/2+3n+3.
In particular if we represent entries in U by relatively
prime pairs of integers, then all the denominators divide
det(H) and all numerators have absolute value less than
v. We can represent all such rational numbers uniquely
modulo a set A of primes with product 246, where § =
/2 ||A||"2_"n"2+" > |det(H)|. By the techniques described
above we construct a set Ay of good primes between 2¢=1 and
2° with product at least 2762 (the need for the additional
factor of 6 is discussed below). Good primes are now easy to
determine since we know the Frobenius form of A and hence
know the correct degree sequence (di,...,dx) of the invari-

ant factors. A total of ”log2 2762]/(Z— 1)—| such primes

are required in Ag, and if we set £ = 6 4+ log log(2762) =
O(log n + loglog ||Al|) we are guaranteed by Lemma 7 that
there are enough good primes.

In the Las Vegas and Monte Carlo algorithms above
for F', for each prime p we chose the vectors wi,...,w, €
Z"Xl independently. Here we choose vectors wi,...,w, €
Lnx1 and in the computation modulo p use (w; mod p)

(wn mod p). With probability at least 1/4 our selection of
wi,...,wy will generate an H € Z™*™ as in (2) such that



H~'AH is in modular Frobenius form. If it does not, then
this will be identified modulo allthe primesin A. If H~*AH
is in modular Frobenius form then for every p € Ao such
that p t det(H) we can construct the matrix U, € Zp*"
such that Up_lAUp = F mod p using the algorithm of sec-
tion 2. Note that the matrix U € Q™*" constructed by the
Frobenius form algorithm in Section 2 run over Q is uniquely
determined from A and H, and in fact its entries are fixed
rational functions in the entries of A and H. Thus for all
p€A={qg€A:q1tdet(H)} we have U = Up mod p.
Since the primes dividing det(H) have product at most §,
the product of primes in A is at least 246 and we can re-
cover all entries of U uniquely from their images modulo the
primes in A.

As discussed in the introduction, using the Chinese re-

mainder algorithm to recover the n? entries of U requires
O(n* M(n? (log » +log || A]|))(log = +log ||A]|)) bit operations.
This is prohibitive using standard integer arithmetic, but for
integers of this length it is reasonable to assume that fast
integer arithmetic is more efficient and we make the assump-
tion that M(n) = O(n'*®).
Theorem 11. Let A € Z"*". The Las Vegas algorithm
discussed above to compute the Frobenius form F € Z"*" of
A and a transition matrix U € Q"™ such that U AU = F
requires an expected number of O(n®(logn + log ||A|[)*/?)
bit operations.

4. Computing the rational Jordan form of
an integer matrix

The rational Jordan form J € Z™*" of a matrix A € Z™*"
is a generalization of the usual Jordan form. For any monic
polynomial g € Z[z] of degree r and any m > 0, define the

rational Jordan block J_((,m) € ZmTXMT a9

Gy | I ()

J(m) — c Zmrxmn (4)

O..IT

Cq

where I, is the r x r identity and Cjy is the companion matrix
of g. It is known (see Kaltofen et al. 1990) that every matrix
A € Z*" is similar to a unique (up to the order of the
blocks)

J = diag (S L g gl Ry g g
where g1,...,q1 € Z[z] are the distinct, monic irreducible
divisors of the characteristic polynomial f € Z[z] of A and
m;; 1s the largest power of g; which divides the ¢th invariant
factor f; of A. Thus, for any matrix A € Z"*", given the
Frobenius form F' € Z™*" and the complete factorization of
the characteristic polynomial of A € Z[z], we can determine
the rational Jordan form immediately. Factoring the char-
acteristic polynomial is necessaryin this computation, since
we can read off its factorization from the rational Jordan
form of its companion matrix.

To construct a transition matrix X € Q""" such that
J = X' AX we really only need construct a transition ma-
trix from the Frobenius form F' of A to J. This is accom-
plished in two stages. See Giesbrecht (1993), Section 5.3 for

details. We first construct a transition matrix Q € Z™*"
from F to its primary rational form P € Z™*". This is a
block-diagonal matrix with the companion matrices of the
elementary factors along the diagonal:

P=Q'FQ=qQ'UtAUQ
— 1 nxn
= dlag(cg;ﬂu,...,cglnlk,...,Cglmn,...,cglmzk) S Z .
Q@Q’s structure is very easy to describe and compute. We
can assume without loss of generality that F' has only one

invariant factor f € Z[z] (the companion block of each factor
can be treated separately), and hence has primary form P =

dia‘g(cgml yeeey Cgml ) Then if hz = f/g:n’ and dz — deg ¢i
1 i
for 1 <1 <[ we have
Q: E|m|."|zm1d1_1h1|~"|h_l>|"'|il,‘mldl_1hl
where & = (coscye-nycna1)t € Q%! for any kb = co+c1z+

ceiep_1z™l € Q[z]. Thus, the coefficients of @ are coeffi-
cients of factors of f, and by using Mignotte’s (1974) bound
on the sizes of factors of integer polynomials, it is derived
they are bounded in absolute value by 8 = 2"6"/2||A||"n"/2,
which is the same bound we had for the elements of A.
Once we have computed the primary rational form P of
A, we find a transition matrix 7' € Z"*" such that J =
T~ PT. Without loss of generality we may assume that
P = Cygm where g = ZO<i<d biz' is monic of degree d.
Under the standard embedding of Q%™ into Q[z]/(g™) our

problem is equivalent to finding an ordered basis

hma1) € (@[f]/(gm))

for Q[z]/(y°) as a Q-vector space, satisfying the following
conditions:

dm

B = (hl,O,-~~,hl,d—1,~~~

o,

(1) zhij—1 = h1,; mod g™ for 1 <jy<d,
(i)  whiar =— Y bjhi, mod ¢,
0<y<d
(iii) zhij_1 = hi; + hi—1,;-1 mod g™ for2<i<m
and 1 <3 <d,
(iv)  shia1 Zhicia— Y bk, modg™

0<;j<d—1
for 2 <1 < m.

As a solution to this system of modular polynomial equa-
tions we assign

m—1
hio=g""",

hi; =12'g , for 1 <y < d,

hio = Z Z b]zj_l_lhi_u /g for 2 <i<m,

0<y<do<i<y—1

PR | A E J=l=1p.
ht,] =z hz,O - z h!.—l,l
0<i<y—1

for2<i<m
and 1 <y < d,

and claim that h;p € Z[z] for 1 < 1 < m (for details, see
Giesbrecht (1993), Section 5.3). We then let

—_— _ _— _—
T = [h1,0|~~~|h1,m_1|~~~|hm,o|~~|hm,d_1

Once again using Mignotte’s (1974) bound, we obtain
||T|| <ddm—2ﬁ,mn(m—1)/22(m+1)(n+1).



An algorithm to compute the entries in 7" and @ is easily
derived from the above systems, and this algorithm requires
O(nS) integer operations. Morever, all the entries in @ and
T are fixed polynomials in the entries of F', and hence can
be computed modulo any set containing a sufficient number
primes and recovered by the Chinese remainder algorithm
without worry of “bad” primes. We summarize the sizes of
the coefficients involved and the time required to compute
Q@ and 7' in the following theorem:

Theorem 12. (Giesbrecht 1993, Lemmas 5.26, 5.27 and
Theorem 5.28) Let A € Z"*" have Frobenius form F €
Z™*™ and characteristic polynomial f € Z[z].

(i) Given F and the complete factorization in Z[z] of f
we can find the rational Jordan form J of A with
O(n®(log » +log || A||)) additional bit operations.
There exists an X € Q"*™ such that J = X 'FX
with | X|| < 277437 72| 4| 702 T Such
an X can be constructed with an expected number

of O(n®(log » + log || A||)€) bit operations from J and
U.

(ii)

5. Conclusion and Open Problems

We have demonstrated fast probabilistic algorithms for com-
puting the Frobenius and Jordan forms of integer matrices
which are substantially faster than those previously known.
In fact, the Monte Carlo algorithm presented in Section 3
has about the same cost as an algorithm to compute the
determinant of a matrix. It would be interesting to know
if this Monte Carlo algorithm ever gives an error, i.e., is it
a Las Vegas algorithm? Alternatively, a new, faster verifi-
cation for the correctness of the Frobenius form would be

highly desirable.
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