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The Problem J

* Given fi,...,fm €V,
Nyeooylpy, O EZ
Find all solutions of :

p1@)-fi+ o+ pn@) fu =7

- Here p1(2),....pm(z) € K[z]
- pi(z) of degree at most #n;

- r € V with special properties : Order(r) > o.

* Here V = power series given in alternate basis
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The Formal Setting ]

* V infinite dimensional vector space over a field K.

- Basis { w; }iz0.1.... and dual basis { ¢; }i=1,.. for V.

s

f=h-w+fi-voi+fh-w+---  with o) =fi

- ¢; represents a coefficient function.

Fort Collins, 2013 Alternate Polynomial Bases 4/28



The Formal Setting ]

* V infinite dimensional vector space over a field K.

- Basis { w; }iz0.1.... and dual basis { ¢; }i=1,.. for V.

s

f=h-w+fi-voi+fh-w+---  with o) =fi

- ¢; represents a coefficient function.

* z is a ‘special’ element which acts on V via

c(z-f)=  previous k coefficients of f

Fort Collins, 2013 Alternate Polynomial Bases 4/28



The Formal Setting ]

* V infinite dimensional vector space over a field K.

- Basis { w; }iz0.1.... and dual basis { ¢; }i=1,.. for V.

f=forwo+fi-wr+fr-wr+---  with () =fi
- ¢; represents a coefficient function.

* z is a ‘special’ element which acts on V via

ck(z-f) = cro-colf) +crr - c1(f) + - + e - ()

with each ¢; € K.
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The Formal Setting ]

* V infinite dimensional vector space over a field K.

- Basis { w; }iz0.1.... and dual basis { ¢; }i=1,.. for V.

s

f=forwo+fi-wr+fr-wr+---  with () =fi
- ¢; represents a coefficient function.

* z is a ‘special’ element which acts on V via

ck(z-f) = cro-colf) +crr - c1(f) + - + e - ()

with each ¢; € K.

@ Sometimes want to extend to :
iz f) = cro - colf) + ekt - c1(f) + -+ + cu - () + crpsr - k1 (f)
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What are our goals? J

(1) Describe general framework for all these problems

(2) Find all solutions to such problems

(3) Give formulas for bases of such problems
(e.g. subresultants)

(4) Find an algorithm for the computation of the basis.
(without fractions)
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Problems Covered J

e Rational approximation e Rational Interpolation

e Simultaneous rational approx

Simultaneous rational interp

e Hermite Padé approximation e M-Padé approximation

e Matrix rational approximation e Matrix rational interpolation
e Subresultant gcd e Matrix polynomial gcd

e Simplification e Ore identities

e Inversion formula block matrices ( Hankel, Toeplitz, etc)

¢ GREP ( Generalized Richardson

Extrapolation )
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Key Ideas J

(1) Use of linear functionals (/inearly independent)
(2) Linear algebra with structured matrices

(3) Mahler Systems as a module basis for all solutions.

- Closest normal point

- Shifted Popov form

(4) Structured solve of structured linear system

- Fraction-free and fast
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Examples

V and special rule
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Example : Newton basis (distinct points) J

V is space of formal power series, interpolation points xg, xi, ...

(i) Newton basis : 1, x — xg, (x —x0)(x — x1), ....

- ¢ is k™ divided difference [xo, . .., xc]

- Special element z = x.

Special rule
ck( 2+ f) = xp - ck1(f) + c(f)
since
z-(x—x0) -0 (X—xp-1)

= x-x0) - x-—x-1) + xXx—x0) - (x—xp)
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Example : Hermite basis (confluent interpolation) J

V is space of formal power series,

— e.g. repeated interpolation points xo, xo, x1, X1, ...

(ii) Interpolation basis : wy(x), ..., w;(x), ... (Hermite basis)

- Linear functional :

cx(f) = flxw)
cun(f) = fxw)

- Special element : z = x.

ol(z-f) = xexlf)
cus1(z2-f) = xeua(f) + cu(f)
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Linear Algebra
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Big Picture J

@ Express
p1@-fi+Apn@) fm =7

as linear system in unknowns (the coefficients of the p;(z))
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Big Picture

@ Express
pl(Z) 'fl t-- +pm(Z) 'fm =r

as linear system in unknowns (the coefficients of the p;(z))

@ For any polynomial ¢(z) = go + qiz + -+ + qi2":

9@ -f = q-O+aq-GH+aq-(3f)+-

(g2 f) = qo-calf) +q1 ca1@) +qa - Cna(Pf) + -

Matrix of linear system depends on coeffs of £, zf, z*f, ...
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Big Picture ]

@ Express
pl(Z) 'fl t-- +pm(Z) 'fm =r

as linear system in unknowns (the coefficients of the p;(z))

@ For any polynomial ¢(z) = go + g1z + - -+ + g2~

9@ -f = q-O+aq-GH+aq-(3f)+-

(g2 f) = qo-calf) +q1 ca1@) +qa - Cna(Pf) + -

Matrix of linear system depends on coeffs of £, zf, z*f, ...
@ Matrix of linear system has special structure

@ Matrix of linear system always square.
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Structured Linear System J

Identity
P fit o +p"@) S =

same as linear system in unknowns (the coefficients of the p;(z)) :

of) o) o c@UTUA) | | o) o) e @) ! co(r)
alf)  aGh) e a@T D | e el aGh) e e @ ) . €y (r)
. . . . . . N .
Py -1
p;]m)
) o) @YD) | | o) el o co@ I P e (r)

When o+ 1 =ny +--- + n,, = |i| then system is square.
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Structured Linear System J

Identity
PP@ fit e+ p™ @) S =
when order is o same as linear system in unknowns (coeffs of p;(z)) :

0
) @) e @) | | o) o) 0@ ) pf)” 0
alf)  aGh) o @ | e ) aGh) @
p(l)l
118")
colf)  co@h) @AY | e | cal) o) o @ ) o CU"(”

When o+ 1 =ny +--- +n, = |i| then system is square.

Fort Collins, 2013 Alternate Polynomial Bases 16/28



Structured Linear System

Identity

co(f)  coGfi)
afy)  aGh)

co(f)  colzft)

PP@-fit+p™@ fu=r
when order is o same as linear system in unknowns (coeffs of p;(z)) :

@171 )
@7

@17 )

co(fim)  co(efm)
c1(fm)  c1(@fm)

co(fm)  colzfm)

When ¢j(r) = det K(#, F) then no fractions.
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Structured Linear System J

Identity
PP fit 4P S =

when order is o same as linear system in unknowns (coeffs of p;(z)) :

0
i) @ e @) | |l @ ) ! 0
c1(f) c1(zf) 1@ c1(fm) e @m )
0
Pui-1
pgn)
1) Com1@) e GUTN) | | ent ) oot @ ) P 0
h #i 2171 R B 2= f Po-1 ;

When ¢j(r) = det K(#, F) then no fractions.
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Structured Linear System

Identity

PP@ fit 4P @ S =7

with order o satisfied by p(ii,z) = (pV(2),- - - , p"(z)) where :

co(f1) co(zf1) @17 ) co(fm)
ay  aGh - a@T | e | al)
)=
1) Cont@) e @) | | et ()
i o AT R 0

and similarly for p®(z), p®(z), etc.

When ¢(r) = det K(#, F) then no fractions.
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Structured System

Multi-gradients, Cramer’s rule

Determinant Polynomials and Mahler Systems
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Matrix of Structured Linear System ]

* Let K(#, ¢, f) denotes square coefficient matrix of identity

PP@ fit o +p" @ fu =

* LetF = [co(f),...,co(f)]T denotes coefficent vector.

* Let
Co0

Co0 *° Coo

where
ez f) = croco(f) + -+ + cucr(f)
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Matri

x of Structured Linear System ]

*x Let K@, c,f) den

* LetF = [co(f), . ..

* Let

where

Then

K(i,c.f) = | FD

Fort Collins, 2013

otes square coefficient matrix of identity

PP@ - fit 4 p" @) fu =
,co(F)]" denotes coefficent vector.

€oo

Co0 *° Coo

ez f) = croco(f) + -+ + cucr(f)

c-FP ... ¢h-l.p® F ... Q=1 pm

liilx |7
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Example : Standard Basis : ¢,(z - f) = ¢,_1(f)-

Fort Collins, 2013

0
1 0
F=(A,B.0), C= . . , i=(2,3,3) Iit] =8
1 0
K(i,C,F) = |Ar C-Ay | By C-By C*Bs | Co0 C-Cop C2-Cy
ag bo o
aj ap by bo 1 o
ay aj by by bo (53 c1 o
- az ay b3 by by 3 (53 i
- ay a3 by by by cy 3 )
as ay bs by b3 cs c4 3
ag as bg bs by c6 cs c4
ag ag by bg bs c7 c6 cs
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Example : Confluent Basis : c,(f) = £, J

F = (A.B,0),
c
K(#i, C, F)

Fort Collins, 2013

Points : xg =x1; xp = x3 = x4;

ag
ai
ay
az
ay
as
ag
ay

X040
Xxpay +ap
X1az
xjaz +ay
xjay +az
X245
X2a¢ +as
Xpa7 +ag

x5 =xg, etc

0

0

X
C-B, C? B,
by xobo
by xoby +bg
by xiby
1223 x1b3 + by
by xiby+b3
bs xpbs
b  xabg +bs
by xpb7 + bg

i=(233) o=7

( made up of Jordan blocks )

Cr C-Cr C*-Co

x(z)bo <o Xpco X%C()

x§b1 + 2x0bg c] xpcy +¢o x§cl +2xpcq
x7by [ xpcp xycn

x5bsy +2x1by 3 xje3+cy  xje3 +2x1¢)
Xibg +2x1b3 + by cy Xjeq +c3  Xycq +2xpc3 + 0o
xibS cs xp¢5 x£65

X%bG +2x1bs c6 Xpce +C5  X5¢6 +2x3¢C5
x1by +2x1be 7 Xe7+¢6 X507 +2x3¢6
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Multi-gradients J

Finding a solution p of order |i7| — 1 and degree bound ii equivalent to solving
K@, i) - P =10,...,0,11" ( Note : we drop C and F from notation )
Cramer'’s rule solution :
K(i,|id)-P=d@@)-[0.....,0,117, where d(it) = det( K(i,|i) ).

Equivalent to:
PV D 4 pm gy =

where
(1 P B () (0 Jg=10(0) (m) L m=1gm)
P00 = det Fli-1 Ciat-1 Fir -1 Chir-1 Fi1 ‘ Bt G Bt
0 .0 ‘ 1 i1 ‘ ‘ 0 ) |
(1) AR ) (m) L om=1pm)
b~ det Fli-1 Ci-1 B Fi-1 Ciacr B
7D R VU I ) gl |

Note similarity to approach used with subresultants.
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Cramer’s Rule revisited J

O S Ll ) ‘ o =15 ‘ m . iim=1g0m) ] _ . T
Fa Ca F Fan Ca F Fa Ca F [P= 10,011,
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Cramer’s Rule revisited

M (M) ‘ ‘ () Aip=1 a0 ‘ ‘ m . cim=1gm) ] - . T
Fii Ca Fa Fo Ca Fa B clE [P = d@0,...,0,11",
FO 71 =1g() ol =15 | g dim =1 pam)
MO0 = det lit-1 Jifl—1 -1 Jif-1 =1 fl-1 Jifl—1 -1 " J-1
[ o o | ] 1 I I B o |
(1) e i ) m) L im=lgm)
b~ det -1 Ci-1 P ‘ -1 Cit it
| s 7171 ‘ ‘ ) Zim=Tgmy |
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Cramer’s Rule revisited J

M (M) ‘ ‘ () Aip=1 a0 ‘ ‘ m . cim=1gm) ] - . T
Fii Ca Fa Fo Ca Fa B clE [P = d@0,...,0,11",
FO A=l .| §oO =15 | g dim =1 pam)
MO0 = det lit-1 Jifl—1 -1 Jif-1 =1 fl-1 Jifl—1 Jiil—1 * fl-1
[ o o | [ 1 FG [ o 0 |
(1) L ) m) | oim=lgm)
b~ det -1 Ci-1 P ‘ -1 Cit it
| s 7171 ‘ ‘ ) Zim=Tgmy |

= pW@) D4 gy o0

Fort Collins, 2013
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Cramer’s Rule revisited J

(1) LR ‘ . ‘ o =1 (0 ‘ ‘ m) | Gim=Lgm) ]AP= 1) 1’
Fia G Fia Fin G Fi Fia i Fa A0, 0.1
(1) s © A=l p(0) (m) . m=1pm
MO0 = del[ Fl1 =1 Ji-1 ‘ Flio1 =1 -1 ‘ Fli1 Ciaer Bt
| o .0 ‘ ‘ 1 T ‘ ‘ 0 .0 1
= RO L 20 e
= % det Flr‘t\—l Clﬂ\—l F\ﬁl—l b4 + lower order terms
(1 L ) (m) ... Cm=1p(m)
b~ det Fiat-1 Ci-1 P ‘ -1 Cicr Bt
| s BT ) ‘ ‘ ) o m= Ty

= pW@) D4 ptg) . o0

= det F|(n€\)—l C%:IIF‘(;I)_] -wy + higher order terms
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Cramer’s Rule revisited J

O S Ll ) ‘ ‘ o =15 ‘ ‘ m . iim=1g0m) ]AP= 1) nr
Fia G Fia Fin G Fi Fia i Fa A0, 0,117,
(1) gD .| rO . g0 R gl
© FmH Cmlem\fl Fxmfl =1~ |idl~1 FIrTH CIﬁH FWH
P72 = det
| o .0 ‘ ‘ 1 T ‘ ‘ 0 .0 1
= (0 =2 p(0) L1
= =+ det Flﬁ\—l Clﬂ\—l F\ﬁl—l b4 + lower order terms

i1

= xdii-é)-7 + lower order terms

(1 o IR (m) ... ¢im=1p0m
o= det F\ﬁ\*l CIVT\*I Flﬁ\*l ‘ Flﬁ\*l CIVT\*I FWI*I
| s BT ) ‘ ‘ ) o m= Ty

= pW@) D4 ptg) . o0

- (&) =1 o0 Wi i
= det Flﬁ\—l C\ﬂl—l F\ﬂl—l wjy + higher order terms
= d@i)- Wiz + higher order terms
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When d(ii) # 0 )

Theorem
For K(#, |#)) denoting

[ 5 caw | | Fg o FTED | [ ER iR
Then d(ii) = det K(#,|i]) + 0 iff we can solve:
K@) - PO = —d(i) - CFY t=1,...,m.

I~ 1 °
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When d(i7) # 0

Theorem
For K(#, |#)) denoting

i -1 itp-1 m Am—1 g

I B O O A
Then d(ii) = det K(#,|i]) + 0 iff we can solve:

K@, 2) - PO = —d@it) - CHFY t=1,....m.

I~ 1 °

Same as solving p(z) - fD + -+ + p(z) - [ = pO

with : deg p©(z) = it;,  deg p?(z) <it—&, :order O > i + 1.

and : coeff( p'@(z),z,ne) = d(i))  and ¢ (FO = d(ii + &)
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When d(i7) # 0

Theorem
For K(#, |#)) denoting

i -1 itp-1 m Am—1 g

I B O O A
Then d(ii) = det K(#,|i]) + 0 iff we can solve:

K@, 2) - PO = —d@it) - CHFY t=1,....m.

I~ 1 °

Same as solving p(z) - fD + -+ + p(z) - [ = pO

with : deg p©(z) =i, degp?(z) <ii—&, :orderr® >|il + 1.

and : coeff( p'@(z),z,ne) = d(i))  and ¢ (FO = d(ii + &)
Notation : p(i,z) = [p"(2),...,p"(2)]
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Mahler Systems J

Definition
Given o and 77 a Mahler System is

M, =MD M
where the ith columnis = p(ii + &, 2).

Note : Mahler systems have degrees bounded by

ni nl—l m—l
ny— 1 ny n, — 1
deg M,, =

ny — 1 te ny — 1 Ny

NOTE: Leading coefficents of diagonals : d(ii).
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Finding all Solutions of Order Problems ]

Theorem
Let

- it ® defined by it ® =it -V + &,
- v® denote the closest normal point to ii ®
-M5 Y, M ™ denote the columns of Mahler system M,

Then any of solution P of order o and degree bound it © satisfies

P=a;2)- MDD + ... + a,@M"™

where deg (a;(z)) < ”i(k) - ‘7i(k)-
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