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Polynomial System (Urgiiplii and Lemaire) J
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with 1;, 1, parameters.
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Motivation : Polynomial System i J
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Motivation : Polynomial System i J

zzS 523 Zzz3+622 =0 yi=5y1 +6 =0
2544 53,2572 _ 2 -

15237 — 2525032 — 323 + 22 0 =2y +yi+1 = 0

UBBLLS — 08 ~ 22 = 0. y2y3—y1—1 = 0.
where new coordinates are :

37 595
Y1 = s —, Y2 = 21253328y, Y3 = 232425,
2
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Motivation : Polynomial System i J

z‘l‘zg - 51%12;2 + 6z§ =0 y% -5y1+6 =0
2544 53,252 23 _ 2 -
B525% — 25505 — 5+ = 0 =2y +yi+l = 0
SRS NATER ) = 0. yys—yi—1 = 0.
where new coordinates are :
2.3
_ Y% _ 222 o _
V1= T 02 = URBY, 3= Bus,
2

@ Reduced high dimensional to zero-dimensional problem.
@ Solve zero-dimensional system (4 solutions).
@ Parameterized solutions determined from 4 points.
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Motivation : Dynamical Systems |

Predator-prey model [Murray, Mathematical Biology (2002)]

o= ((1-2)r-kL)n o= (-2 -p)n,
p o= s(1-h2)p. b= s(1-2).
r,s,e, h, ki, ko, parameters. s, b, t parameters
t:rt,nzg,p:hjp,s:;,b:f—z,f:%.
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Motivation : Dynamical Systems ]

Predator-prey model [Murray, Mathematical Biology (2002)]

e LR
p o= s(1-h2)p. po=s(1-2).
r,s, e, h, ki, ky parameters. s, b, t parameters

Solutions of reduced system constructs solution to original
system.
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Common Theme : Invariants under Scalings ]

27

Example 1: Coordinates y; = % y2 =2, invariant under 2
parameter group action:

.
1 = az, 3 — poz3,

2 - affn w o iu-
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Common Theme : Invariants under Scalings ]

2
Example 1: Coordinates y; = %2, y, = =%, invariant under 2

. 22
parameter group action:

. 2223
Example 2: Coordinates y, = -2, y) = 21232325, ¥3 = 23235,

invariant under 2 parameter group action :
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Common Theme : Invariants under Scalings J

2
Example 1: Coordinates y; = %2, y, = % invariant under 2

. 22
parameter group action:

. 2223
Example 2: Coordinates y; = "=, y; = 21232323, y3 = 232425,

invariant under 2 parameter group action :

Example 3: Coords t=rr, n="2, p="2 s=3 p="% =k
invariant under 3 parameter group action:
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Symmetry Reduction [Mansfield 01]

@ Determine the symmetry
@ Compute a generating set of invariants

@ Rewrite the system in terms of these invariants
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This talk : Scaling Symmetry Reduction ]

@ Determine the scaling symmetry
@ Compute a generating set of monomial invariants
@ Rewrite the system in terms of these invariants

It's all linear algebra in the case of scalings!
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Notes J

Facts: In each example :
@ One has a scaling symmetry.

(X150 esXn) P (ST X150, 8- Xn)
_yaij a
where s; = 4,7 --- 4,”.
@ Reduced system given in terms of invariants of symmetry.

@ The reduced system is easier
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Notes J

Facts: In each example :
@ One has a scaling symmetry.

(X150 esXn) P (ST X150, 8- Xn)
where s; = A7V -+ ;7.
@ Reduced system given in terms of invariants of symmetry.

@ The reduced system is easier

Questions:
@ How to determine scaling symmetry? ( left nullspace )
@ How to build reduced system ( Invariants + Rewrite Rules)

@ How to reverse the process? ( Rational Section)
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Scaling Symmetry J

@ Starting point : Matrix A of exponents giving scaling

alt, r —»> ar, h — vh,
- as, ki — uk,

l

S
3
=
=
©“

p — Wop, e — pupe, k - avk

s r e h ki kn n p t
v | 0001 0 1 0 -1 0 |
g ] 0010 1 01 1 0 |
a | 1 100 0 1 0 0 -1 |
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Scaling Symmetry J

@ Starting point : Matrix A of exponents giving scaling

T - a‘lt, r

- ar, h — vh,
n — un, s — as, ki - uky,
p - wilp, e — pe, kh - avk

A = | 0001 0 1 0 -1 0 |
B /| 00101 01 1 0 |
/1100 0 1 0 0 -1 |

Scaling Matrix Notation :

@) x (s,r, e, hky, ka,n,p,t) =

(a/s,ozr,,ue,vh,,ukl,avkz,,un,ﬂv_]p, ! 1)
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Hermite Normal Forms J

H e Z™", rank r < n in (column) Hermite normal form if
H = (H;,0)

@ H, upper triangular
@ all elements in H; positive
@ diagonal elements in H; largest in each row

Can always transform any integer matrix A to one in column
Hermite form via integer column operations. Same as:

@ There exists a unimodular V such thatA -V = (H, 0)
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Unimodular Multiplier

There exists a unimodular V such thatA -V = (H,0)

@ Unimodular = det(V) = +1.

@ Thus have W = V-1 ¢ zmn

@ Usefultowrite:A-V=A-(V,V,) =(H,0).

@ Useful towrite : V-W =[V,, Vn][ x“ ] =1
d

@ V not unique. Can normalize this.

@ Note : Integer linear algebra not expensive.
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Example J

(= ]
S O =
(=R
—_—O =
(=]
[
|

—

@ Hermite Normal Form : there exists V € Z™" unimodular

AV =(H,0)
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Example J

(= ]
S O =
(=R
—_—O =
(=]
[
|

—

@ Hermite Normal Form : there exists V € Z™" unimodular

A(Vi Vu)=(H 0)
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Example

000T1O0T1O0-1 0
A=10 01 0 1 01 1 O
1100 01 0 0 -1

@ Hermite Normal Form : there exists V € Z™" unimodular

Lille, 2012

A(Vi Va)=(H 0)

000 1 0 0 O
0oo0o1 -1 0 -1 0
010 0 -1 0 -1
100 0 0 -1 0
000 0 1 0 O
000 0 O 1 O
000 0 0 0 1
000 0 O 0 O
000 0 O 0 O
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Invariants )

F is invariant under scaling x - A4 % x if

FQ* % x) = F(x).

Example : A(V;,V,) = (H,0). F(x) = x"

@ x"» is an invariant of the scaling

(A % x)Vr = 1A s xVr =y Ve
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Invariants )

F is invariant under scaling x - A4 % x if

FQ* % x) = F(x).

Example : A(V;,V,) = (H,0). F(x) = x"

@ x"» is an invariant of the scaling

A % )V = AV 5 xVr = x Vi

@ Important : x» generates all scaling invariants!
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Example

000T1O0T1TO0 -
00 01 01 1
1 00 01 0 O

¥

A(Vi Vu)=(H 0)

0 0 -1
00 O

0

1

-1

1

00 0 O
0 0 0 O
0 0 0 O
00 0 O
00 0 O

V=

Invariants
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Rewrite Rules J

AV, Vi) = (H,0)

Know : y = x"» generates all invariants for scaling.

@ Question : How to rewrite any invariant in terms of y?
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Rewrite Rules

. _ -1 _ Wu
AWV, V,)=(H0) V —( W, )

Know : y = x"» generates all invariants for scaling.

@ Question : How to rewrite any invariant in terms of y?

@ Answer : Replace : x = yW«

Call these replacement rewrite rules.

Scaling Symmetries and Integer Linear Algebra
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Example J

o0 01010 -1 0
A=l0 0 1 01 01 1 0
1 1.0 0 0 1 0 -1
@ Invariants:

(srehklkznpt)vnz(f’%%g}%rt)
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Example J

o0 01010 -1 0
A=10 0 1 0 1 0 1 1 0
1 1.0 001 0 0 -1
@ Invariants:
(srehlq kznpt)":(sff)npt)
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Example J

0 0 0 1 1 0 -1 O
A=10 0 1 0 1 0 1 1 0
1 1 0 O 1 0 0 -1
@ Invariants:
(srehlq kznpt)":(sfbnpt)

@ Rewriting:

(srehklkznpt)a(sfbnpt)
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Example J

o0 01010 -1 0
A=l 0 0 1 0 1 0 1 1 0
1 100010 0 -1
@ Invariants:

(srehlqkznpt)v'l:(sfbnpt)

@ Rewriting:
(srehklkznpt)e(sfbnpt)wd

s—os,r—l,e—>1,h— 1L,kf 5Lk ->bhn->np-optot
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Rational Section J

How to solve problems F(xy,...,x,) =07?
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Rational Section )

How to solve problems F(xy,...,x,) =07?

@ Find scaling matrix A
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Rational Section J

How to solve problems F(xy,...,x,) =07?

@ Find scaling matrix A
@ Compute HNF, multiplier V and inverse W.

e Get invariants y = x"» and rewrite rules x = yW«.
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Rational Section

How to solve problems F(xy,...,x,) =07?

@ Find scaling matrix A

@ Compute HNF, multiplier V and inverse W.

e Get invariants y = x"» and rewrite rules x = yW«.

@ Rewrite equations in terms of invariants. Solve.
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Rational Section

How to solve problems F(xy,...,x,) =07?

@ Find scaling matrix A
@ Compute HNF, multiplier V and inverse W.

e Get invariants y = x"» and rewrite rules x = yW«.

@ Rewrite equations in terms of invariants. Solve.

@ Question: How to reverse this to solve in terms of x?
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Rational Section J

How to solve problems F(xy,...,x,) =07?

@ Find scaling matrix A
@ Compute HNF, multiplier V and inverse W.

e Get invariants y = x"» and rewrite rules x = yW«.

@ Rewrite equations in terms of invariants. Solve.

@ Question: How to reverse this to solve in terms of x?
@ Answer : Rational Section.
e Roughly : Variety defined by x" = 1.

e Provides point of intersection of orbits to invariants.
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Rational Section J

How to solve problems F(xy,...,x,) =07?

@ Find scaling matrix A
@ Compute HNF, multiplier V and inverse W.

e Get invariants y = x"» and rewrite rules x = yW«.

@ Rewrite equations in terms of invariants. Solve.

@ Question: How to reverse this to solve in terms of x?
@ Answer : Rational Section.

e Roughly : Variety defined by x" = 1.

e Provides point of intersection of orbits to invariants.

@ Scaling parameterizes solutions along orbits.
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Example : Recall Polynomial System

228 - 5204 + 625 =0 i =5y +6
2,54 4 32,52 _ .23 _ 2
B0%% 255054 — 5t = 0 Y, =22+ yi+ 1
UBHZIS — 15 — 22 = 0. yay3 =y =1
new coordinates are :
Z%Zg 222 _
1= Z— Y2 = 21252334, Y3 = 232435,
2

invariant under 2 parameter group action :

6 . -

21 — a1, 3 — 7373, X5

n - P ou -

- (}"”,83 zs,
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Solving Polynomial System i ]

@ Solution set reduced system:
(2,1,3),(2,3,1),(3,3 + V5,3 - ¥5),(3,3 - V5,3 + V5).

@ Rational section is variety of (z1z2z3z4 — 1,2224 — 1).
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Solving Polynomial System i

@ Solution set reduced system:

(2,1,3),(2,3,1),(3,3+ V5,3 - V5),(3,3 - V5,3 + V5).

@ Rational section is variety of (z1z2z3z4 — 1,2224 — 1).
@ Intersection of solution set of original system are

1 3 11
L3 =122, @ m=d
21L3y™=01,51275), 23,D"=(533737)

3,3+ V5,3- V5", (3,3- 5,3+ V5)M
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Solving Polynomial System i

@ Solution set reduced system:
(2,1,3),(2,3,1),(3,3 + V5,3 - ¥5),(3,3 - V5,3 + V5).

@ Rational section is variety of (z1z2z3z4 — 1,2224 — 1).
@ Intersection of solution set of original system are
3 11

1
L3 =122, @ m=d
21L3y™=01,51275), 23,D"=(533737)

3,3+ V5,3- V5", (3,3- 5,3+ V5)M

@ Elements in orbits of these points solves the original system.

Gives four parameterized two dimensional solution subsets.

3 2y 3;1
eg M x 13-t Y 2
0. Mr@13)"% =t T

is a parameterized two-dimensional subset of solutions.
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A geometric picture J
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A geometric picture J

A=(13)

Scaling: X = Ax, Y = A3y
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A geometric picture |

Scaling: X = Ax, Y = A3y

Invariant: r = %
X /

Rewriting: x > 1, y > r
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A geometric picture ]

Scaling: X = Ax, Y = A3y

Invariant: r = %

x3

Rewriting: x > 1, y > r

Symmetry reduction

~

Projection on the cross-section along the orbits
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Dynamic System J

, _ _n@®) . p@
@ = n@) (r(l —K) kn(t)+d)’
e _ hp()

p@® = sp@ (1 —n(t))

@ The reduced system

oy _ R0
v o= ) ((1 () fn(t)m),
‘- _ ()

) = sp) (1 n(t)).

re>1l,h—>1, Kbl s>s kot dod tt non pop.
@ If (5,1, b, n(t), p(t)) solves reduced system, (a,b, ¢) any constants

1 Db b t t
(—, L T bn(—), cp(—))
a ¢ a ac a a

is a solution of the original system.
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Future Directions J

@ Alternate integer matrix normalizations
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Future Directions J

@ Alternate integer matrix normalizations

@ Normalizations simplifiying both invariants and rewrite
rules
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Future Directions

@ Alternate integer matrix normalizations

@ Normalizations simplifiying both invariants and rewrite
rules

@ Differential systems of higher order
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