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Introduction

We consider the problem of computing the greatest
common divisor (GCD) of two polynomials represented in
non-standard bases.

Examples include Newton bases or basis of orthogonal
polynomials.

We wish to avoid conversion to standard basis and back.
Conversion may introduce coefficient growth.

We also want to relate the output to the inputs in the given
basis (e.g. subresultants in the standard basis).



Highlights

Generalized the Sylvester matrix for polynomials in
alternate basis.

Generalized notion of subresultants in alternate basis.

Generalized fraction-free and modular algorithms in
alternate basis.

Fundamental theorem of subresultants and subresultant
algorithm for many cases.



Alternate Basis

¢ We are interested in polynomials in D[x] represented in a
non-standard basis {w;(x)}i=o1,...-

e Thus, a polynomial f can be written as:
f=fh-wo+hfh w+h-w+--,

with ¢;(f) = f;, the i-th coefficient of f.



Diophantine Equations

It is well-known that there is a connection between
computing the GCD of two polynomials a(x) and b(x) and
the following diophantine equation:

with r(x) being a nonzero polynomial of the smallest
possible degree.

Furthermore,

deg s(x) < deg b(x)
deg t(x) < dega(x)



can equate coefficients of like powers (in standard basis)

Sylvester Matrix

¢ Since the degree bounds on s(x) and {(x) are known, we

to obtain a linear system of equations:
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¢ The coefficient matrix is the well-known Sylvester matrix.
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Back to Alternate Basis

¢ Recall the diophantine equation:
s(x) - a(x) + t(x) - b(x) = r(x)

e |f the above polynomials are given in an alternate basis, it
is not easy to reduce to a linear algebra problem.

e |ssue: it is not always easy to compute the product of two
basis polynomials wj(x) - wj(x) in the alternate basis.



Diophantine Equation

In the equation:

the input polynomials are a(x) and b(x), and the output
polynomial is r(x).

Input and output polynomials are in alternate basis.

s(x) and t(x) are not part of the output (if only the GCD is
needed).

s(x) and t(x) can be represented in any basis (e.g.
standard basis).



If s(x) and f(x) are represented in standard basis, then we

have:
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Coefficients of x - f

¢ In many cases, cj(x - f) is a linear combination of
coefficients of f.



Coefficients of x - f

¢ In many cases, cj(x - f) is a linear combination of
coefficients of f.

¢ For the standard basis: c;j(x - f) = ¢j_1(f).



Coefficients of x - f

¢ In many cases, cj(x - f) is a linear combination of
coefficients of f.

¢ For the standard basis: c;j(x - f) = ¢j_1(f).
* For Newton basis, if

f:fo+f1(X—X0)+f2(X—X0)(X—X1)+-~~
then

x-f=fox+f(x— X)X+ h(x —Xxp)(X —X1)X +---
= foxo + fo(x — Xo) + fi(X — Xo)X1 + fi (X — Xo)(X — x¢) + - -~

S0
ci(x-f) = x; - ¢i(f) + ci—1(f)



Orthogonal Polynomials

¢ The Chebyshev polynomials T;(x) satisfies:
(2x) - Ti(x) = Ti—1(x) + Tip1(x)

SO
ci((2x) - f) = ci1(f) + ciya(f)



Orthogonal Polynomials

¢ The Chebyshev polynomials T;(x) satisfies:
(2x) - Ti(x) = Tiza(X) + Tiz1(X)

SO
6i((2x) - 1) = 61() + Cisa (1)

* In general, a set of orthogonal polynomials {P;(x)}
satisfies a three-term recurrence:

(ax+b)-Pi(x) = Cit1,i- Pip1(x)+Cii- Pi(x)+Cj_1,i- Pi—1(x)

for some a, b with a # 0.



Generalization

Once again, we look at the equation

We assume that s(z) and t(z) are in standard basis (in z),
with z = ax + b.

We can look at z as a special element which acts on the
polynomials in the alternate basis.

The action is defined by the following rule:
ci(z-f) = GCij-1-cio1(f) + Cij- ci(f) + Cijt1 - Ciy1(f),

with C,',j eDand Ciji—1 # 0.

That means we can perform polynomial division in the
alternate basis when the quotient is computed as a
polynomial in z.



More Examples

Basis [ wi(x) z | G Cii | Cii1 |
Standard X! X 0 0 1
Newton 1 (x — x) X 0 Xi 1
Chebyshev Ti(x) 2x 1 0 1
Chebyshev Ui(x) 2x 1 0 1
Shifted
Chebyshev T (x) 4x -2 1 0 1
Shifted
Chebyshev Ui (x) 4x -2 1 0 1
Hermite Hi(x) 2x 2i+2 0 1
Generalized
Laguerre L (x) X —i—a—1|2i+a+1 —i
Legendre Pi(x) X yin 0 5
Ultraspherical c(x) 2x e 0 e

Note that C;;—1 = 1 in many cases.




Generalized Sylvester Matrix

For o > 0 and polynomial f(x), we define the vector of
coefficients:
Fo = [Co1(F),...,co(N)].

If CO' = (Cl,j)h/:a'f‘] .....
can be obtained by:

o» then the coefficient vector for z* - f
CK-F,

Then the generalized Sylvester matrix can be defined as:
K(a(x), b(X)) = [Cgb_1 ' Aoa e Acn Cga_1 ' Bcn T Bcr]

with o = ng + np.
This is a special case of the striped Krylov matrix
(Beckermann and Labahn).



Determinant Polynomials and Subresultants

* We can now easily extend the notions of determinant
polynomials and subresultants.

e [f Mis an ¢ x k matrix with k < ¢, then
detpol(M) = det(MEK)) .,y + - + det(M®) . g,

where MU) is the submatrix of M consisting of the first
k — 1 rows and row j (indexed from ¢ — 1 to Q).

e The j-th subresultant can be defined as:
S(j, a(x), b(x))
= detpol([C» /1. A,,...,A,,Ca =1 . B, ... B,]).



Classic Results

e If d = deggcd(a(x), b(x)) then rank K = nz + np — d.

e We can obtain the coefficients of the GCD (in alternate
basis) by performing Gaussian elimination and selecting
the last nonzero column.



Fraction-free Algorithm

We can make use of the Fast Fraction-Free Gaussian
Elimination (FFFG) algorithm of Beckermann and Labahn
(for a more general setting).

Instead of eliminating low-order terms, we eliminate
high-order terms.

It is a more efficient way of performing fraction-free
Gaussian elimination on K by exploiting the structure.

All intermediate results are normalized to the determinants
of various submatrices of K.

There is a slight issue in normalization.



Subresultant Algorithm

¢ The fundamental theorem of PRS (in standard basis)
relates the elements of a polynomial remainder sequence
to the subresultants:

ajRi_1(x) = Qi(2) - Ri(x) + BiRi+1(x), 1<i<k,
akF:’k_1 (X) = Qk(Z) . Rk(X).

¢ In the proof, a key property used about psuedo-remainder
is that:

prem(x* - a(x), x¥ - b(x)) = x¥ - prem(a(x), b(x)).

* This property is no longer true in alternate basis.



Subresultant Algorithm

e Examining the various determinants in the definition of
determinant polynomial, we can in fact prove that:

prem(z* - a(x), z* - b(x))

Na+m
(H II Cm)z . prem(a(x), b(x))

m=1t=np+m

¢ In other words, we can apply the same technique in the
proof as long as we adjust for the scalar multiple.

¢ In the cases where ¢;;_1 = 1, we in fact get the same
fundamental theorem of PRS as usual.



Subresultant Algorithm

The fundamental theorem of PRS shows that
S(n/—1 - 1,a(X), b(X)) - UIR/(X)

When ¢;;_1 = 1, we can use the same choice of a; and 3
as in the standard subresultant algorithm to ensure that
ni=1.

When ¢;j_1 # 1, we do not know how to choose «; and 3;
in a “nice formula,” but we can compute 7; and obtain the
subresultants.



Modular Algorithm

The standard modular algorithm can be generalized.

As usual, if we have a lucky homomorphism then the
degree of the GCD computed can only be too high.

Apart from making sure that the leading coefficients do not
vanish, we also have to ensure that

Na+np—1

H Ct,t—1

t:nb+1

does not vanish.
To normalize the GCD, we can ensure that the leading
coefficient modulo p is:

1
ged | lcoeff(f (x H Cri_1 | - lcoeff(fy(x H Crt—1 mod p.
t=np+1 t=d-+1



Trade-offs

We avoided the conversion costs, but the division in each
step is more costly (multiplication by z).

When the number of reduction steps is small, it is better to
avoid conversion and perform the reduction in the alternate
basis.

When the number of reduction steps is large, it may be
better to convert to the standard basis and back.

The crossover point depends on the basis (i.e. the number
of C;; which are nonzero).



Concluding Remarks

We examined the problem of GCD computation when the
input polynomials are given in an alternate basis.

For Newton basis and basis of orthogonal polynomials, we
formulate the multiplication by a special element z as a
matrix operation.

This allows us to generalize the Sylvester matrix and the
various well-known algorithms for polynomial GCD.

We cannot handle Lagrange basis with the same method:

degwi(x) # i = eliminating coefficients # degree reduction
Cii—1 = 0 = key submatrices of C, is singular



