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On perpendicular arrays with t ) 3

Earl S. Kramer, Donald L. Kreher, Rolf Rees and Douglas R. Stinsonl

Abstrect. We begin an investigation of perpendicular arrays with t > 3, and deter-
mine some necessary and sufficicnt conditions for existence. In panicular, a perp.:ndic-
ular array PAt(3,4 , u) exists for all u ) 4.

1. Introduction

A pelpendicular array PAsQ,fr,u) is u IO by fr anay, -A, of the symbols

{ 1, . . ., u}, which sat^isfies the following properties:

i) every row of ,4. contains ,t distinct symbols
ii) for any t columns of A, and for any t distinct symbols ,i( I < i < ,),

there are exactly ), rows of .4 that contain every ri( I ( i < t).
Notice that property ii) implies property i) if t > 2. We also note that property

i) implies that k ( u in a perpendicular array. Finally, observc that if we delete
any & - / columns from a PAs(t, k,u), we obtain a PAs(t, j,u).

The arrays PA1(Z , k,u) have been investigated by several researchers in com-
binatorial design theory (see lbr example [3], [10], [11], [13]). In rhis paper, we
begin an investigation of the arrays PAs(t,k,u),t > 3. In particular, the spec-
trum of PAt(3,4 ,u) is completely dctermined.

Lct.'s first determine some neccssary conditions for the cxisrcnce of a P Ax(t, k, u) .

Theorem l.l. Suppose0 S tt <t *d(D > (i). Then,apAs(t,k,u) isatso
a PAu(t' ,k,u), where

P = r (;: l;) ,(i)
Hence,

'(;-- i) =o moduto(;)

Proof: LetA be a P,41(t,k,u), and name the columns by 1,... ,/c. LetY be
any set of t' distinct symbols. For any set J' of ,/ columns, define I(J') tJo be the
number of rows of ,4 in which fre symbols in Y are all contained in the columns
in J/. We obtain some linear equations in l,hc I(J') as follows. For any set J of t
columns, wo get an equation

I 1(J') = 1
u -t'
t-tl( )J'el,lltl=r'
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In this way we get (f) equar,ions i" (l) unknowns. If (f) > (;1), rhen rhe sysrem
has the unique solution

r(r,)= r(;:il ,(i)
forevery J'. Consequently, A is a PAp(t',k,u),where p is as above. I
Corollary 1.2. If a PAr(2,3, u) exists, then u is odd.

Corollary 1.3. If a PA1(3,4,u) exl'sfs, then u : I or 2 modulo i. If a
PAt(3, 5, u) exists, then u = 2 modulo3.

The following observations are immediate.

Theorem 1.4. A PAx(t,u,u) is also a PAy@ - t,u,u).

Theorem 1.5. Far all u, there exists a PAr( l, u, u) and a PAt(u - l,u,u).
Proof: A PAt( l, u,u) is a Latin square of order u. By Theorem 1.4, it is also a
PAt(u - 1,u,u). I
2. Recursive constructions for PA1( t,k,u)

Let u and t be positive integers, and let K e {t,... ,u - l}. A (u, K,\)-
tB D (t-wise balanced design) is a pair (X, B), where X is a set of u elemenrs
(called points) and B is a collection of subsets of X (called, blocks),such that every
(unordered) t-subset of pnints occurs in exactly I blocks B e B,and lBl € ff for
every B e B.Inthecase.I( = {lc},a(u,{k},\)-tBD isalsodenored.gr(t, k,u).

Our main recursive construction for P.As uses tBDs, as follows.

Construction 2.1. (tB D Construction) Suppse(X, B) is a(u,/(, I) -tB D, and
for everyn e K, suppose there exists a PAu(t,k,n). Then we can construct a
PAsr(t, k,u) , by taking a PAr(t, k, lBl) on symbol set B, for every B e B.

Using the PAs constructed in Theorem 1.5, we havc the following.

Theorem 2.2. Suppose there is an ,Sr(t l,k,u). Then there is a
PAx(k - l, k,r).

As a corollary, we can obtain the following infinite clzuss o[ P A.5( 5 , 6 , u) .

Theorem 2.3. Foralla) 2,lhere is aPA15(5,6,2" + 2).

Proof: Jungnickel and Vanstonc havc shown in [9] that therc is an Srs (5 ,6 ,2" +
2)forallcr)2. I

Examples of PA1(/c - 1,k,u) can bc obrained whenever a Steiner system
,Sr ( /c - I , ,k, u) is known to exist. For example, we havc the following results.
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Theorem 2.4. Therc exists a PAt(e - l,k,u) whenever(k,u) = (5, l1),(6,
12), (5,23), (6,24), (5, 47), ( 6, 48), ( 5, 83), ( 6, 84), ( 5, 7 l), or (6,72) .

Proof: The corresponding Stciner syslems all exist. ([1], Uzl, t15l). I

3. The arrays PA;(3, k, u)

In Oris section, we investigate the existence of PAr(3 ,4 ,u) and PAt(3 ,4 ,v) .

First, we give sevcral examples of small arrays. In some of thc following exam-
ples, we use some notation to economize the listing of starting blocks; namely, lct
C(a,12,... ,rt) rcprcsentthe k cyclic shifts of the row T1 xz...rk.
Example 3.1: A PAt(3 ,4 ,4). Dcvclop the following row modulo 4.

0 12 3

Example 3.2: A PAr(3,5, 5). Develop the following rows modulo 5.

01234 02413

Example 3.3: A P At(3 , 6 , 6) . Develop the following l2 rows modulo 5.

C(r 0 | 2 4 3) C(r 0 2 4 31)

Example 3.4: A PAr(3,4 ,7). Develop the following rows modulo 5

Example 3.5: A PAt(3,8,8) [14]. Develop the following rows modulo 7.

Remark: This PA has AGL(I,8) as its automorphism group.

Example 3.6: A PAt(3,4,9). This is constructed by applying the tBD con-
struction to a ( 9, {4, 5 }, :) -l B D. Toconstruct the 3 B D,urke three copies of an

.9r(3,4,8),andadjoinanewpointootoallthcblocksofoneofthese^9r(3,4,8).

02xy
y014
0 2 y4

r y01
0 x 13
012 r
0134

0 r 3 615 4 2
2 6 4 r 513 0

r 012 3 4 5 6
13r40265

4 5 216 r 0 3

6250431r
310 5 11624
5 4632 0 r 1
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Bxample 3.7: A PAr(3 ,4 , ll). Obtain l5 rows by mulr,iplying each row by all
quadratic residues in Zn. Then, develop modulo 11.

0 r7 3

10

ll
l1
11

t2
t2
l3

I
t2
t2
l3
l3

1 11

1 11

LT2
tL2
t12
tt2
Lt2
tt2
tt2
I 13.

l13
l13
113
113
l14
114
114
tt4
114
t15
l15
115

2 016
3710

Example 3.8: A PAr(3,4 ,13). Develop the following 26 blocks modulo ll,
(i.e. points 12 and 13 are lixed).

13 l0
l6
42
15
rt2

3

8

9
7
7
13

8

5

6
t2
13

4
5

7

2
2
I
3

6

I
I
I
I
I
I
1

I
I
I
I
I
1

1

I
I
I
1

1

I
I

5612
638
6410
693
845
9134
10312

2 5 6
267
29 5
2ll 3

389
4213
432

Example 3.9: A PAt(3 ,4 , l5). Develop rhe following 9l blocks modulo 15.

138
14 t2
313
613
711
82
87
11 10

13 14

24
514
89
10 11

124
r0 15

115
11 15

156
15 t2
52
l1 6
147

61211
7211
7815
7911
7102
7r23
7129
71512
854
811t2
81415
935
948
963
965
911 4
91311
9147
1042
1097
10 t5 1l
ll 3 2
11 74

I
I
I
1

1

I
I
I
I
I
I
I
1

I
I
I
I
I
1

I
1

I
1

I
I
I
I
I
I
1

I
I
1

I
1

1

I
I
I
I
I
1

1

I
I
I

I
1

1

I
1

1

I
I
1

I
I
1

I
I
I
I
I
I
1

1

I
I
1

425
4211
4214
432
4510
4710
4712
4811
48t2
492
410 I
4 15 13

5313
562
573
586
5t213
6214
638
6312
6'tl0
682
611 3

11

7
7
8

9
9
9
r0
l0
n
t2
r3
t4
4
5

5

7

7

7

8

8

I
I
10

2
2
2
2
2
2
2
2
)
2
)
2

3

3

3

3

3

3

3

3

3

3

3

8

9
10

ll
l3
t4
t2
14

13

14

10

11

9

t2
9

l0
1l
L2

13

L2

l3
13
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Example 3.10: A P At(3 ,4 , 19). Multiply each of the following rows by the

quadratic residues in Z$, i.e. apply powers of thepermutation ( 1 4 16 7 9 17 11

6 5)(2 8 13 14 18 15 312 l0) toget 17 .9 rows. Thcndevelopmodulo 19.

C(
C(

1

1

I
I

23
25
23
23

13)

14)
8

11

2
6
18

14

4
5

19

16

I
1

1

1

5

8

9

r3

2
2
2
2
6

1131819
118t716
11915 3

Bxample 3.11: A PAt(3,4 ,23). Obtain 77 rows by multiplying each row by

all quadratic residucs in Zzt. Then, develop modulo 23.

I
5

l8

Example3.l2: A PAt(3,4,27).LetG bethegroupgeneratedby( I 3 5 7 9 11

13 15 L7 t9 2t 23 25)(2 4 6 I 10 12 14 16 18 20 22 24 26)(21) and

( r 3 9) (2 12 2t)(4 7 ltt) (s 20 17)(6 10 l1)(8 2s 1s)( 13 26 27)(14 22 16)

(19 24 23). Then G is a group of order 27 . 13. Let G act on the following 25

rows

43
0l
l0

5

5

I
22

11 0
02
20
50

I
1

I

1

1

I
1

I

3

5

5

t6
7

2
2
4
7

L2

37
731
n28
304
43

1

1

I
I

I
I
I
1

1

1

I
19

I

0
14

4

c(r
c(1
c(r
c(r

I

t2)
1s)
2r)
16)

7

23

24

2
13

15

15

t'l
23

2
l5
2

23
23
25
27
26

7

5

24

Example 3.13: A PAt(3,4,31). Let the permutation (l 9 19 16 20 25

tr 10 28 4 5 t4 2 t8 7) (3 27 26 t7 29 t3 24 30 22 12 15 ll 6 23 2r)(3r)
act on the following 29 rows, yielding 29 . 15 rows. Then develop modulo 31.

c(r
c(r
c(1
C(L
C(L

16)
19)

5)
26)
10)

7

28

3l
31

6
3

13

5

23
23
24
25
25

8

2
3

12

Example 3.14: A PAt(3,32,32) [14]. The group AIL(1,32) is a sharply

3-homogeneous permutation group of degree 32.lt we write the 32 . 31 . 5 per-

mutations as rows of an array A, we geta PA1(3,12,32).
Dcfine Pa = {u : there exists a P At( 3 ,4 , u) }. From the examples above,

we have that 4 ,5 ,7 ,8 , 11 , 13 ,23, and 32 e Pt. First, we observc that we can

detcrmine precisely what even values ue in Pa.
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Theorem 3.1. Ifu iseven,thenthereisaPAt(3,4,u) if andonlyifu:2 or

4 modulo6.

Proof: This condition is necessary, by Corollary 1'3' Sufficiency follows from

Theorem 2.2, noting that.gr(3,4, u) exist for all u : 2 or4 modulo 6 (tal)' I
We can now show that sevcral other small values of u are in Pa by applying

the tBD consrruction. Our main sourcc of 3 BDs are inversive plancs I P(q) ' '1

a primepower. An inversive plane I P(q) is an Sr(3, g + l, q2 * 1)' These were

first, shown to exist by Witt t151, U6l. Also, note that if we truncate points from

wr I P({), wc obtain a3 BD having different block siz'es'

Only a few other gencral constructions for 3BDs are known' One of the most

useful (for our purposes) is clue m Heinrich and Nonay (t8-l p' 60) (see also Fu [2'

Lemma 2.4)).

Lemma 3.2. Supposem ) 2,m / 3,5 ' Then there is a(8m + 1' {4 '5 '2m+
1),1) -38D.

Corollary 3.3. Supposeu ) 5 isodd,u l7 or 11' If aPAl(3,4'u) exists'

then so tN does a PAr(3,4 ,4u - 3) exist'

,A generalization of Lemma 3.2 has been given by Hartman and Phelps in [7]'

In order to state the construction, we nced [o define transversal t-dcsigns' A

I-D(t,/c, u) is a triple (X,g,B), wherc X is a set of 'tu elcmenLs (points)' I
is a partition of X into k groups connining u points each, and B is a set' of /c-

subslts of X (btocks), each of which is a transversal of 9, such that every set of t

points from distinct groups occurs in a unique block' The following construction

is a straightforward modification of [7, Theorem 2'2]'

Lemma 3.4. Let K tr a set of block sizes such that 4 e K ' Suppose there is

aTD(3,4,u - u) containing ut disioint sutxlesignsTD(2,4,u - u)' where

u -'u) is even. Suppose also that there is a (u, K,l) -3 B D which contains at lcast

oneblrckof siznu. Thenthereisa(4(u -?,) + u,K,1)-3BD'

The following theorcm summariz.es ourknowledge about PAt(3 ,4 ,u) for odd

u ( 100.

Theorem 3.5. There cxist.s a PAt(3 ,4 ,u) foru = 5 ,7, ll, 13 ,17 '23 '25 '29 '
49 ,53,65,85 ,89 , and9'.l .

Proof: The cases u = 5,7, 11, 13, and 23 were givcn in the cxamples' For u =

25 and 29, apply Construction 2.1 as follows' For u = 25 usc a (25, t4,5 )' t)-
3BD which can be constructe<l by deleting a point from a (26, {5\,1)-3BD
[6]. For u = 29, we employ a (29, {4, 5 }, t)-:B/f constructed by K' T' Phelps

(private communication). For u - l7 ,49 ,65,89, and 97, apply Corollary 3'3'

For, = 53 , apply Lemma 3.4 and Construction 2' l with thc equation 53 = 4( 17 -
5) + 5. The cxistcnce of a ?D(3, 5, 12) @xample 3'15) implies the existence
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aTD(3 ,4 ,12) conraining 12 disjoinr TD(2 ,4 ,lZ); and an inversive plane of
order4isa(17,{5}, l)-3BD whichcontainsarleilsroncblockof size5. Finally,
for u = 85 , apply Lcmma 3.4 and Construction 2.1 with thc equarion g5 = 4( 25 _
5) + 5. The exisr.ence ot aT D(3 , 5 , 20) [7, Theorcm2.3 (b)] imptics rhe exisrencc
of a TD(3,4,20) conraining 20 clisjoint TD(2,4,20) ; and a (ZS, {4, 5}, t)_
3 B D which contains at. lcast one block of size 5 was mendoned e"rriier in rnis
proof. I
Bxample 3.15. A fDG,5,l2). For every g and h e Zz x Ze, construct 12

blocks as follows.

{g, Q,

{s, 9+(o
{s, 9+(o
{s, s+(o
{s, 9+(o
{s, 9+(o
{g, 9+(l
{s, s+(1
{s, s+(1
{s, s+(1
{s, 9+(1

2)

{g, 9+(1,5),
,4), , 1),

9+h,
9+h+(0
g+h
g+h
g+ h
g+ h
g+ h

9+ h
g+h
g+h
g+ h
g+ h

,3)
,4)

, l)

l)

s)

,l),
,5),
,2),
,4),
,2),
,5),
,4),
,3),
,3),

0),

l,
0,
t,
1,

0,
t,
0,
0,
1,
l,

t

,

,

,

t

,

I

,

t

h)
h)
h)
h)
h)
h\
h)
h)
h\
h)
h)
h)

3)
0)
1)

3)
s)
2)
2)
s)
4)
l)
4)

+(
+(
+(
+(
+(
+(
+(
+(
+(
+(

h,
h+(l
h+(l
h+ (1
h+(1
h+ (0
h+(0
h+(0
h+(0
h+(1
h+(0
h+ (1

0)

2)
3)

We can completely determine the spectrum of pAg (3,4,u). Note that there
are no congruential restrictions on u hcre.

Theorem 3.5. There is a PAt(3,4 ,u) if and only if u ) 4 .

Proof: Hanani showecl in [5] that there is a (u, {4, 5, 6,7,9, ll, 13,lS,lg,Z3,
27 ,29,31), l)-3BD for any u ) 4. From the examples, we already know that
there is a PAt (3,4, u) for u = 4, 5,6,7 ,g ,ll, 13, 15 ,lg ,23,27 ,Zg, and 31.
Apply Construction 2.1 I
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