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Abstract. The obvious neccssary conditions for the cxistence of a (u,4, l) balanccd
incompleteblockdesign(BIBD)conuiningasasuMesigna(ur,4,l)-BIllDareu= I
or4modulo lL,s = I or4modulo 12,andu ) 3ur+ l. Morcgenerally,wecan
consider the existence of painvise balanced designs ur u points, having blocks of size
4, except for one block of sizc ur. Such a design can exist urly if o I 3ro + l; and
u = I or4modulo 12 and ur = 1 or 4modulo 12, oru = 7 or l0modulo l2and
at = 7 or l0 modulo 12. We show thar these conditiqrs arc sufficient for rhe existence
of such a design.

1. Introduction.

A pairwise balanced design (or, PBD) is apair (X,/), such thatX is a ser
of elements (called points) and "4 is a set of subsets of X (called hlocks), such
that every unordered pair of points is conlained in a unique block of ,4,. If u is a
positive integer and K is a set of positive integers, then we say that (X,,4) is a
(u; K)-PBD if lxl = u, and l-41 € K for every A e A. The integer u is called
the order of the PBD.

Using this notation, we can deline (u ,4 ,1) -BIBD ro be a ( u; {a }) -pBD. Ir is of
course well-known that a (u ,4, 1) -BIBD exists if and only if u _ I or 4 modulo
12.

Let (X,,4) be a PBD. If a set of points Y g X has the properry thar, for any
A e A,either lf n,4l ( I or A g Y,rhen wc say that.Y is a subdesign or
tlat of the PBD. The order of Lho subdesign is lf l. The subdesign Y is proper if
Y I X, If Y is a subdesign, Lhcn we can delerc all blocks A C y and replace
them by a single block, Y, and l.he rosult is a PBD. Also, any block or point of a
PBD is iself a subdesign.

The problem of constructing (u,4 ,1) -BIBDs containing suMesigns was lirst
studied by Brouwer and Lcnz. ([7] and t8l) and more rccenrly by Wei and Zhu
([28] and t29l). The obvious nccossary condi[ions for the exisrence of a ( u, 4 , l) -
BIBD containing a(u,4, 1)-BIBD as apropersubdesign are u ) 3u + l, u : I
or 4 modulo 12, and ur = 1 or 4 modulo 12. An almost complete solution !o the
problem has recently been given by We i and Zhu. They have proved the following
in [28] and [29].
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Theorem l,l. Supposeu: I or4 mdulo 12,w = | or4 mdulo 12,u ) u,
andw > 88, w y' 133. Then there exists a (u,4, l) -BIBD containing a(u,4, l) -
BIBD as a subdesign if and only i{v ) 3ur + l.

In this p&por, we shall prove an analogous result for the remaining small values
of ur not covered by Theorem l.l, thus completing ttre spectrum.

If we allow a subdesign of a PBD to be missing (i.e., a hole), we have an in-
complete PBD, as follows . An incomplete PBD (or IPBD) is a triple (X,y, A) ,

where X is a set of poinls, Y g X, and "4 is a set of blocks which satisfies the
following properties:

l) for any .A e A,lA n Yl < 1, and
2) any nvo points r, y, DOI both in Y, occur in a unique block.

Hence, Y is the hole. Note that ( X, Y, A) is an IPBD if and only if (X, AU {y})
is a PBD. We say that (X, Y,A) is a (u, u: K)-IPBD if lXl = ,,lYl = rp, and

l,4l € KforeveryA:.- A.
There is a (u, wi {4 }) -IPBD whencver the hypotheses of Theorem 1.1 are sar-

isfied. However, existence of a ( u, w; {4 }) -IPBD docs not require that u : I or
4 modulo 12 and w : I or 4 modulo 12. The necessary conditions (when u > u)
are easily seen to be as follows:

1) u)3w+ l,and
2) u = I or4 modulo 12and w : I or4 modulo 12;

or u : 7 or 10 modulo 12 and w:7 or 10 modulo 12.

An ordered pair (u,u), where u ) ta, which satislies l) and 2), is said to bc
admissible.

The existence of (u,7; t4 )) -IPBDs was studied by Brouwer in [4]. He proved
the following result.

Theorem L.2. Forallu:7 orl0 modulo 12,u ) 22, there is a(u,7 ,{4})-
IPBD,

A similar result concerning (u, 10; {4 })-IPBDS was proved by Bermond and
Bond in [2].

Theorem 1.3. For all u : 7 orl0 modulo 12, u ) 31, there is a (u,10, {4 }) -
IPBD,

In this paper, we study the existence of (r,*i {4 }) -IpBDs for u., = 7 or l0
modulo 12, w > 19. We show that there exists a (u, w;{4 }) -IPBD for all admis-
sible ordered pairs (u, rrr).

Let, us also observe that a (u,w; {4})-IPBD is equivalent. to another type of
design introduced in [11]. A parallel c/ass is a set of blocks thar form a pafl.irion
of the point set. Apa rtially resolvable partition pRp 2-(p, .s, ui rn) can be defined
to be a (u; {p, s}) -PBD in which the blocks of size p can be partitioned inro m
parallel classes. It is not difficult to see that a pRp 2-( s - I , s, ui Tn) is equivalent
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to a ( u + m,m; {s}) -IPBD. Thus, our results completely determine the spectrum
of PRP 2-(3,4 ,uim).

Finally, let us rcmark that the existence of (u, *; {3})-IPBDs has been deter-
mined in [9] and [11].

2. Definitions and resulls concerning related designs.

We need to define several types of designs. First, we deline a useful generalization
of a PBD called a group-divisible design. A group-divisihle design (or GDD), is
a triple (X,g ,,4) , which satislies thc following properties:

1) $ is a panidon of X into subsels called groups,

D A is a set, of subsets of X (callcd bloclcs) such that a group and a block
conhin at most one common point, and

3) every pair of points from distinct groups occurs in a unique block.

The group-type (ar type) of a GDD (X,9,"4) is the multiset {lcl: G e g}.
We usually use an "exponendal" nohtion to describe group-types: a group-type
lizi 3t . . . denotes r occurrences of 1, 7 occurrences of 2, etc. As with PBDs, we
will say that a GDD is a K-CDD if lAl € l( for every A e A.

We will also use the notation GDI K, Mi r] to denote a GDD( X,9,"4) where

lxl = r, lcl e M forevery G eg,and lAl e K forevery A e A.
As our first observalion, we note that a (u,w; {4})-IPBD is equivalent to a

{4 }-GDD of type 3tu-u) 13 (u - 1) I .

In this paper, we shall make extensive use of {4 }-GDDs. The following result
has been proved by Brouwer, Hanani and Schrijver [6] concerning {a }-CDDs
where cvery group has thc same size.

Theorem 2.1. Suppse u > 1. Then, there exists a {a}-GDD of type t" if
and only ifu ) 4,t(u- l) = A modulo 3,t2u(u - l) : 0 modulo 4, and
(t, u) / (2,4) or(6,4).

A PBD or GDD is resolvable if the block set can be partitioned into paratlel
cleuses. It is not dif{icult to scc that if a {,t}-CDD is resolvable, then all groups
have the same size. Wc also observe trat we can add a "poinl at in{inity" [o any
parallel class in a design. Hence, it follows thar a resolvable {t}-GDD of typc t"
is equivalent to a {/c + l}-GDD of type turr, wherer = t(u - l) /(k - 1). We
call this process completing the resolvable design.

The existence of resolvable {3}-GDDs has recently been studied in several
papers. The following summarizes the known results.

Theorem 2.2. ([18], fil) Supryse g and u are Jnsitive integers such that u ) 3 ,
tu : 0 modulo 3,t(u - l) rs even, and(t,u) I (2,3),(2,6), or(6,3). Then,
there exists a resolvable {3} -GDD of type tu , except possibly when t : 2 or l0
modulo12andu=6,
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Of course, this result contains as a special case the result that a resolvable
(u,3,1)-BIBD (i.e., a Kirkman triple system of order u, or KTS(u)) exist^s if
and only if u : 3 modulo 6 (t171). As well, we note thar thc designs having
group-size two are known as nearly Kirkman triplc systems.

The authors have also studied the existence of Kirkman triple systems which
contain suMesigns which also are Kirkman triple systcms (whcrc wc rcquire that
the parallel classes of rhe subdesign are induced from the larger desi[n). The
following is proved in t201.

Theorem23. Supposeu: u:3 modulo6andu ) 3w. Thenthereisa
Kirkman triple system of arder u which contain as a suMesign a Kirkman tripte
system of orderu.

The existence of resolvable (r,4 ,l) -BIBDs was determined by Hanani, Ray_
Chaudhuri and Wilson t101. They prove<l rhe following.

Theorem 2.4. Therc exists a rcsolvahle(u,4,D-B[BD if and only if u _ 4
mdulo 12.

Now, we define the idea of a GDD with a hole. Informally, an incomplete GDD,
or IGDD, is a GDD from which a sub.GDD is missing (this is the .trole,,). 

We
give a formal definition. An IGDD is a quadruple ( X, i,g , A) which sarisfies the
following properties:

l) )[ is a set of points, and y C X,
2) Q is a partirion of X into groups,
3) A is a set of hlocks, each of which intersecls each group in at most one

poinr,
4) no block contains two members of y, and
5) every pair of points {r, y} from distinct groups, such that at least one of

r, y is in X\Y, occurs in a unique block of "4.
We say that an IGDD (X,Y,Q,A) is a K-IGDD if lAl € K for every block
A e A. The rype of the IGDD is defined to be the multisetof ordered pairs 11 1C;,
lcnyl): G € g). As with GDDs, we shall use an exponential notation ro describe
types. Note that if Y = ,/, then the IGDD is a GDD.

We have already defined the idea of a pBD having a hole. We also employ a
more general type of incomplete pBD. We are interested in the situation when
we have two subdesigns , of given sizes, which intersecl in a third subdesign
of a given size. However, as usual, the subdesigns need not be present, that is,
we allow holes. We will refer to these designs zu e-lpBDs, in orOer to suggesr
the structure of the holes. We give a formal delinition. A O_tpBD is a quadru_
ple (X,Yt,Yz,l,), where Yr C X,Yz g X, and l, is a set of blocks such

lhat every pair of points {r, y} occurs in a unique block, unless {r, y} e yr or
{r, y} e Yz , in which case the pair occurs in no block. We say r.har rhe e_IpBD is
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a(u;wl,wzirbt; l()-O-IPBDif lXl= u,lYrl = .r ,lYzl= *z,lYrnVzl= rD3,
andl,Al €KforeveryAeA.

We also utilize (incomplete) transversal designs, which we now define. A transver-
sal design TD( ,t, n) is a {/c}-GDD of type nt. It is well-known that a TD( ft , n)
is equivalent to /c - 2 mutually orthogonal Latin squares (MOLS) of order rr
We also define a m( k,n) - TD( /c, m) (an incomplete transversal design) to be a

{/c}-IGDD of goup-type (n,*)k.
We now record the known results concerning TDs with 4,5, or 6 groups (see

[3], [22], [26], and L27l).

Theorem 2.5. There exists a TD(4,n) if and only if n/ 2 o16. There,exists
aTD(5,n) ifn> 4,ny' 6,10, ThereexistsaTD(6,n) ifn) 5,n/ 6,
10, 14 ,78,22,26 ,28, 30,34 ,38,42,44 , or52.

We shall make extensive use of incomplete TDs with four groupa. The existence
of these designs w.ts completely determined by Heinrich and Zhu in t121.

Theorem 2.6, For all psitive integen u andw such tlntv ) 3w, (u,w) /
(6, 1) , there is a TD(4 ,u) - TD(4 ,u),

Finally, we record the existence of several small GDDs which we shall use in
rrcursive cons tructions.

Theorem 2.7. There exist {4} -GDDs of the following tylxs: 64 3', 6' 35,62 3o,
64 9r, 6s 9r, 66 3r,65 rzr, 64 lz2,g4 6t,gs 6r,92 36, lg2 3 12, and6s 12 t 15 t .

Also, there exists a resolvable {4}-GDD of type38 .

Proof: The designs of types 6431, 946r,9561, and 9236 are constructed in
t191. The designs of types 6631 and 6234 are constructed in t211. The design
of type 6sgr is constructed in t1.81. The designs of rypes 64122, 182312, and
6s t}r 15 r are constructed in the Appcndix. A resolvable {a }-GDD of type 3 8

is constructed in [13]. The remaining three designs are obtained by completing
resolvable {3 }-GDDs. t
Theorem 2.8. There exists a {5 } -IGDD of type( 16,4)6.

Proof: Start with a {5 }-GDD of type 4 6 
lobtained from an affine plane of order

5) and give every point weights (4 , 1). Apply the Fundamental Consrruction (de-
lined in Section 3), using {5 }-IGDDs of typc (4 , l)s , which are jusr TD( 5 ,4) -
TD(5,1). I
Theorem 2.9. Fork -- 5 and 6, and for all0 < i I k, therc exists a {a}-IGDD
of type(9, 3)' (6, 0) o-'.

Proof: These designs are constructed in [18], [19], and [21]. t
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3. General constructions for designs containing subdesigns.
It will be necessary for us io build familics of IGDDs. Our basic construction for
IGDDs is the "Fundamental IGDD Construction" (see t16l and [lgl).
Construction 3.1 Fundamental IGDD Construction: Suppose (X, y,g,A) is
an IGDD, and let t, s: X -, Z* U {0 } be functions such that t( r) ( s(r), for
every t e X. For every block A e A, suppose rhat we have a K-IGDD of type
{( s( r) ,t(r)): r e A}. Suppose atso rhat we have a K-IGDD of rypc {( I"."n,
"("), Irecnr ,(r)): G e f). Thcn there exisls a If-IGDD of ryfle iiil;s(r),f,ect(r)):G e g\.

As an immediate corollary, we obtain Wilson's Fundamental GDD construction
Gee t3ol).
Construction 3.2 Fundamental GDD Construction: Suppose (X,g,,4) is a
GDD, and let s: X -r Z+ U {0} be a function. For every block A e A,suppose
that we have a K-GDD of type {"( ") 

; r e ,4}. Then lhere exisrs a K_GDD of
type{!,.cs(s):G e g}.

We will refer to both Constructions 3.1 and 3.2by the abbreviation FC. It will
be clear from the contoxt which applies.

We delined g-IPBDs in Section 2. Our main application of these designs in_
volves using them to fill in the groups of IGDDs. The next construction was pre-
sented in [2fl.
Construction 3.3 Filting in groups: Let K be a set of positive integers, and let
b ) a ) 0. Suppose that the following designs exist:

l) a K-IGDD of type {(rr, ul), (tz,uz),..., (t,,, u,.)};
2) a(ti + b; ui + a,b; oi K)-O-IPBD, for I ( i I n- l; and
3) a (tn + b, uo + ai K)-IPBD.

Thenthereexistsa(t+ b,u+ aiK)-IPBD, where, = Iti and, = Iri.
As a simpler form of filling in groups, we have the following corollary (see, for

example, t16l).
Construction 3.4 Filling in groups: Let K be a set of positive integers, and let
a ) 0. Suppose rhat rhe following designs exist:

1) a K-IGDD of type {(rr, ur), (tz,uz),... , ( tn,un) };anO
2) a(t; * oi u; + a: K)-IPBD, for I ( i ( a

Then ttrereexists a(t+ o,u+ oi K)-IPBD, wheret = It; and u = Iud.
Finally, we mention the special case when we start with a GDD (see, for exam_

ple, [30]).
Construction 3.5 Filling in groups: Let K be a set of positive integers, and let
o ) 0. Suppose that the following designs exist:

l) a K-GDD of type {t, ,tz, . . . ,1,,}; and
2) a(t; + oi ai K)-IPBD, for I ( I ( n- 1.
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Then there exists a (t + o,t, + ai K)-IPBD, where , = t ti.
We refer to any of Constructions 3.3, 3.4, or 3.5 as Filling in Groups. Again, it

will be clear from the context which one appties. We will say th:at the new points
have been adjoined to the groups of the IGDD or CDD.

We now mention several constructions which are known as the product con-
structions. The most general form is the following, first stated in t25l.
Construction 3.6: (Generalized singular inclirect producl or GSIp) Suppose
there exists a TD(4, r - b) - TD(4,s - o), an (ri s, b; o; {4})-O-IPBD, and a
( b, o; {4 }) -IPBD. Then there is a (4(r - b) + 0,4( s * o) + o; {4 }) -IPBD.

The following special case of GSIP was lirsr srared in t161.

Construction 3.7: (Singular indirect product, or SIp) Suppose there exists a
TD(4 ,r - o) - TD(4,s - o), and an (r, s; {4})-IPBD. Then there is a (4(r -
o) + o,4(" - o) + o; t4))-IPIID.

A further specialization of SIP is as follows.

Construction 3.8: (Singular direct product, or SDp) Suppose there is a TD
(4,r -s) and an (r, s; {4 })-IPBD. Then rhere is a (4(r - .s) + s, s; {4 }) -IPBD
and a G0 - s) + s, r; {4 })-IPBD.

Now, we present sevcral specific constructions for designs with block-size four,
by applying the recunive constructjons described above. AII GDDs required as
ingredients have bcen shown to exist. in Section 2.

Lemma 3.9. Suppose there is a (u,wi {k:,t = 0 or I modulo al -IpBD. Then
there exists a (3u + 1, 3ur + l; {4}) -IPBD.

Proof: Give every point weight 3, and apply FC. We require {4 }-GDDs of types
3t, for all relevant ,h : 0 or 1 modulo 4. Then adjoin a = I new point, filling in
$; {q }) -PBDs. r
Lemma 3.10. Suppose there is a TD(5, m) , and 0 ( u 1. m. Then there is a
{4}-GDD of type (3*)a (3rr)t.

Proof: Give points in four groups of the TD weight 3, give the poinx in the fifrh
group weights 0 or 3. Apply FC, filling in {a }-GDDs of rypes 34 or 35. t
Lemma 3.11. Suppose there is a TD(6 ,m), and m ( u ( 2m. Then there is a
{4}-GDD of type (3m)a (6 m), (3 t ),.
Proof: Give points in four group's of the TD weight 3, give the points in the fifth
group weights 3 or 6, and give the points in the sixth group weight 6. Apply FC,
filling in {a }-GDDs of rypes 34 62 or 35 6 r. I
Lemma 3.12. Suppose there is a TD(6,m), and\ ( u ( m. Then there is a
{4}-GDD of tyW (3 m)s (6 r) I .
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Proof: Give points in five groups of the TD weight 3, and give the points in the
sixth group weights 0 or 6. Apply FC, Iilling in {a }-GDOs of ryp*, :, or 356 I 

.

I
Lemma 3.13. Sugnse there is a TD(6,m), and m (. ut (.2m, and m ( u (
2m. Then there is a {a}-GDD of ryp (6 m)a ( 6 ,) t G ",)T.
Proof: Give points in four groups of the TD weight 6, and give the poinrs in the
fifth a1d syth groups weighrs 6 or tZ. Apply FC, Iiiling in 1+ 1-CODs of rypes66,65r2r,at6a122. L / 

I

4. Designs with large holes.

In this section, we give several constrxctions for (r,*;{4 })-fpBDs when 3w I
u 1 4 u. These constructions are generalizarions and/br modifications of con_
structions used by Brouwer and Lenz, and by Wei and Zhu.

Lemma 4.1. Suppose there is a resolvable {4} -GDD of typ tu , and 0 ( s (
t(u - l) /3. I-etb > o ) 0 . Suppose there is a (3t+ b;t+ i,-b;a; {a }) +_tpnO,
anda(3s+ b,o;{4})-IhBD. Then therc is a(3tu+ 3s+ b, tu+ a;1+11_nnO.

Proof: Adjoin infinite points to s of the parallel classes of the GDD. This pro_
duces a {4 , 5 }-GDD of type t"sr in which every block of size 5 hits the group
of size s. Assign weights ( 3 , l) to every point of the original GDD, anO assign
weights (3,0) ro rhe s infinire poinrs. Appty FC, using {4}_IGDDs of rypes
(3,l)4J3, O)I.and(3, t)4. (TheseariseUyOeleting ablock from {a}_GDDs of
types 3s and 3a, respecrively.) This yietds a {4}-fCnO of type (:'t,i)" (3")r.
Then, we fill in ttre groups of this IGDD wirh e-IpBDs. This gires us rhe desireOIPBD. I
Lemma 4.2. (Brouwer and Lenz FJ, Wei and Zhu t?Sl). Suplnse ut : 4
modulo12,u:7 or4 modulo12,and3u+ l ( u 14u_3. Thenthercisa
(u,u; {4}) -LPBD and a (u, u - 3u; {4}) -IZBD.

Proof: Sett = 4,u = w/4, s - (u-3 w-l) f 3,b = l,ando = 0.ApplyLemma
4.1. Thereisaresolvable {a}-GDDof type 4u forall u: I modulo3 (Thcorcm
2.4). We filI in ( 13; a , 1; 0; t+ )) -O-tpBDs, which are just ( l3 ,4; {+ })_fnns;anda(3s+ 1,0;{4})-IPBD,whichis jusra(u _ 3ut;{4})-pBD.' 

- 
I

Lemma 43, Forallt = 0 modulo j,thereisa(3t+4;t+t,4ili{4D+_fpBD.

Proot This design is constructed by adjoining ,+ I points at inlinity to the parallel
classes of a resolvable ( Zt + 3, 3 , 1) -BIBD (Theorem 2.2). A block of ste tuur
is then delered, giving rhe desired O-IPBD. I
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Lemma4.4. Suppseu):l modulol2,w/13 or25,u: I or4 modulo12,
andSu+ I ( u ( (lIw+ l)14. Then there isa(u,w;{4})-IPBD.
Proof: Setu = 4,t= (w-l)/4, s= (u-3u -l)/3, b= 4,anda = 1.

Apply Lemma 4.1. The necessary Q-IPBDs are constructed in Irmma 4.3. I

t + r; t: {+}) 4-rPBD.
Proof: The desired clesigns are equivalent to t4 )-CDDs of type *32t13. For t :
0 or 3 modulo 12, start with a TD(4, t), and replace each of two groups bV {+ }-
GDDs of type 3tl3. For t = 6, 9, and 18, the designs are given in Theorem 2.7.
Fort : 6 or 9 modulo lz,t > 2l,weproceed as follows. Start with a m(4, r)
- TD(4, 6). Replace each of two groups by {4 }-GDDs of type 6t 3{t-6)/3 (such
a GDD is obtained by deleting a point from a (t + I ,7i {4 })-IPBD). Now, we
have a {4 }-IGDD of rype (t,6)2 (3, 0) (2t-t2)13 (6, 6)2. Fill in rhe hole with a

{4 }-GDD of type 6234. This procluces thc required GDD. I
Remark: For t / 6, 9, 18, 21, and 33, similar designs were constructed by Wei
and Zhu in [29].

Lemma 4.6. Supposew: I modulo12,w/ 13 or25,u: l or4 modulo12,
and(l3w -9)14 <u S4w -3. Then there is a(u,u;{4})-LPBD.

Proof: Set u = 4,t = (u-l)/4,s = (4u- 13u+9)112, b= t+ l,anda = l.
Apply Lemma 4.1. The necessary Q-IPBDs are constructed by lrmma 4.5. I

Combining Lemmata 4.4 and 4.6, we have

Lemma 4.7. Suppseu: I mdulo 12,u / 13 or25,u : L or4 modulo 12,

and3u * 1 1 u 14w - 3, Then therc is it(u,wi {4})-IPBD.
We derive two more corollaries to Lemma 4.1.

Lemma 4.8, Suppseu):7 modulo 12,ut> 67,u:7 orl0 mdulo 12,and
3u+ 1 ( u < (15w - l7)/4. Then thereis a(u,ut;{4})-IPBD,

Proof: Set u = 4,t = (w -7)/4, s = (u -3w - l)13, o = 7,andb= 22.
The required O-IPBDs can be constructed from a Kirkman triple system of order
(tu + 23)/2 which contains as a suMesign a Kirkman triple systfm of order 15

(Theorem 2.3). I
Lemma 4.9, Supposeu) : 70 mdulo 12,w > 94 ,u :7 or 10 modulo 12, and
3w + 1 ( u < (15 ut - 26) 14. Then there is a(t,w; {4})-fPBD.
Proof: Set u = 4 ,t = (u - l0) /4 , t = ( u - 3ut - l) 13 , o = 10, and D = 31.
The required O-IPBDS can be constructed from a Kirkman triple system of order
(w + 32) /2 which contains as a subdesign a Kirkman triple system of order 2l
(Theorem 2.3). I

Finally, we note the following.
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Lemma 4.10. For all w = L modulo 3, there exists a (3u+ 1' ru; {4}) -IPBD'

Proof: Adjoin ru infinite points ro a resolvable (2w+ 1 
' {3 }) -PBD (which is just

a Kirkman fiple system of order 2w + l)' I

5. A general construction when ! - w: 3 or 9 modulo 12'

In this sertion, we prove an analogue of Lemm a 3'2 in t21l' This is a general

constnrction ttrat appties when u and w are of opposite parity'

Lemma 5.1. Suppose(X,g,A) is aGA,t5,6)' {2'3-'4'5'6'7'8'9' 10' 11'

l5 , r*); s7 , wherc r ) | , having more than- one gro'up' I*t Oo dtnlt: the numlrcr

of groupshavingodclsize,andsuplnse3Oo ( u ( 3s' u = 3Oomodulo6'

rnin tnere is a GU4, {3, u*}, 6s + u + 3l'

hoof: l-etct bethesoupof sizer' Define d': X -+ {0,3} such$ratthefollow-

ing conditions are satisfied:

1) for every group G, lt, e G: d(r) = 3)l = lcl mod 2'

2) ! ex d(r) - u, and

3) f .", d(r) = 0,3, or 3r'

This can always be done, as follows' Suppose r is even (the argument is similar

if r is odd). We can define d satisfying 1) so ttrat !,.*tc d(r) rakes on any

value - 3Osmodulo 6 between 3O, and 1(": r)'.Also' L*c' d(r). can take

on the value 0 or 3 r. Hence, *t t* attain all desired values u provided 3 O'

+3r Sl 3("-r) + 6,orequivalently, Or*.?'.5 "+ 
2' Now'nogrouphas siz'e 1

(since r is cven), so we navc O, ( ('t- 'l ll'Aiso' every block has siz-e at least 5'

sowehaves ) 4r+ l. Thesei*ointquaiities impty lilrratOo+2r 1(9s- 5) l12

( s + 2, as desired.

Next" define w(t) = 6 +d'(r) forevery r e X'andapply theFundamental

IGDD Construction'(Contouction 3'1)' For each block A e A' we require an

IGDD of type fq,ilito,0;l/l-i, for some i' 0 < i < l/l' sincg l;ll = 5 or

6 for every A e'A',the requireO IGDDs exist by Theorem 2'9' We now fill in

the groups of this large IGDb with thc {4 }-GDDs listctl in Table 1 (incor;nrating

a = Snewpointsl. freseGDDs have thc iorm 3"'1' When t = 3'theGDDs cxist

by Theorem 2.1. When t = 6 or 9, the GDDs are constructed by deleting points

f.rn t u ,1; {4}) -IPBDs or from ( u , 10; {4 }) -IPBDs' which exist' by Theorem

1.2 and Theorem 1.3. When t = (3u - 3) f 2,thcdesired {4}-CDD is.obtaincd

by adjoining t infinite points to a Kirkman uiple system of order 3 u' as indicated

in Table 1. The remaining CDDs aro constructc'd latcr in this paper or elsewherc;

we give rcferences in Tablc 1' I
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Table 1

lcl l(x e C:d(x) = 311 [4)-CDD lcl l[x e C: d(x) = 3;1 {4)-GDD

352
3ti 3

3e4
jr12t ((fS(27)) 5
'\l lgl 5

3r3 6

3tr12t (Thm.6.1) 6

316 1

3t:15t (Thrn.6.l) 'l

-ll7 tJ

itrllt ('I'ablc 2) tt

1D24r 1('l.S(.51)) 9

1l e9l 9
jl921t [l4l 9

32r l0
j:t 1lt (fable 2) l0
3rt24t 1fhm. 6.1) l0
324 1l

3xl5r (Table 2) I I

3T27t (Lem.4.2) l l
332 t5

3it 15t (fable 2) t5
312?r (Thm. 6.1) 15

33139r (Lem.4.2) 15

3?r+ t(lr)t (KTSt6r + 3))
jfu+l

3?: +?

Lemma 5.2. Suppose (X,g,A) is a GDI {5,6}, {2,3,4,5,6,J,g,9,10,
ll,15,r*);.sJ, where r > l, having more than one group, LetOo denote the
numberof groups having odd size, and suppose4Os + I < s. Finally, suppose
thatu-,tD= 6s+3,3ut+ 1( u 19u+4,and(u,w) isadmissible. Thenthere
is a (u ,u, {4}) -fPBD.

Proofi Since u 1.9w + 4, wehave u - w ( 8ur+ 4. But u _,.D= 6s+ 3 >
6(4Oo+ l) +3 = 24Oc+9. Hcnce, u ) (24O0+9 -4)18 > 3Or. Furthermorc,
sincc ( u, u;) is admissible, it follows that u - | - 3 O, modulo 6. Hcnce, Lemma
5.1 can be applied t
Theorem 5.3. Supposethatu-,u)= 6s+3,3w+ I ( u {9w+4,and(u,w)
is admissible. If s ) 24, s / 31,32,33,34, then there is a (u,u, {4D _fpBD.

Proof: It suffices to show that thcre exist GDDs which satisfy t}e hypotheses of
Lemma 5.2for the smtedvalues of s. For s e {24 ,ZS ,2g,Zg ,30,36 ,40 ,44 ,45 ,

2

3

1

4

5

6

6

7

7

8

8

8

{)

9

10

l0
l0
l1

ll
1l
I5

15

l5
1.5

r
r (even)

r (odd)

2

l
2

I

-5

2

6

3

1

7

6

I

.5

9

2

6

l0
3

1

lt

3

7

ll
l5

0

I

0

4

3

0

4

1

5

0

4

tt

3

7

0

4

8

1

.5

I
I

5

9

r3

r
0

I

3s6r (KTS(15))
379r(K.l'S(21))

3e6r

3t2

3r r 1.5r 1K.I.S(33))
jr36l

3r318' (KTS(39))
3ls9l

rts:rr (K.fS(45))
317()t

jrzlgr Il5l
320

jn1-5r (Table 2)
jt,r27r 1(-fS(.s7))
i2l6 r

32rl8r [1.5]
jztjl.yt ((TS(63))
j2r9 l

32321r [14]
jzrjjt ((.t'S(69))
13lgl

3rtll t [14]

3r t 33 r (Tablc .5)

3ir45r 1(.fS(93))
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52 ,59,60, 63 ,64 ,65 ) u{o 68 < n ( g0 } u{" > t}8 }, the GDDs consrructed
in [21, Theorem 3.4] satisty the rcquircmenls. T'he remaining values of .s are han-
dled as follows.

s = 26,21

35 < s{42
s=43
45<s(54
55<s(66
s=67
8l(s(87

adjoin a $oup of size I or 2 to an affine plane of order 5

dclete 42 * s points from a group of a TD(6,7)
delete 5 points from a group of a TD(6 , 8)

delete 54 - s points from a group of a TD(6,9)
delete 66 - s points from a group of a TD(6, l1)

adjoin a $oup of size two to a resolvable (65, 5 , l) -BIBD
delete 90 - s points from a group of a TD(6 , 15).

L-enrma 3.9, delete 4 ;xlints from a group of a'fD(.5, 5), 21 = 4'5 + I

L-ernnrt -1.U, (2.5, ,1, l)-lllUt)
LL.nrrlrir 3.9, udjoin lt point at infinity to I rcsolvlhlc (2t(,4, 1)-llllll)

l-cnrrna 3.9, cL:lete 7 points from a group ol- a 'I'D(5, lJ) (33 = 4 tt + I )

I-cninru 3.9, clclete tl points frorn a group of tTD(5,9) (37 ='1 9 t l)
I-emnra 3.9, ailjoin inl'initc points to thc groups and to 3 parallcl

clusses of a resolvable [a)-CDD of type 38, constructing I ('1, 5]-

GDD of typc 4?

It is easy to check that 4 Oo + | ( s in each casc. I
We can do most of thc cases corresponding to s = 3l , as follows.

Lemma 5.4. Supgtse thatu-,tD = 189,28 ( u ( 94,and(u,u) isadmissibte.
'fhen there is a (u,u, {4}) -fPBD.

Proof: Apply Lemma 5.1 wirh s = 31, using a {5 }-CDD of type 3 871 
lrtris GDD

is constructcd by completing rhe resolvablc {a }-GDD of lype 3 8 consructed in
Theorem 2.7). Adjoin onc new point l.o thc groups o{ the resulting GDD. I

6. BIBDs with subdesigns: completing the spectrum.
The following result, proved by Wci and Zhu in [28], will bc useful.

Theorem 6.1. Suppseu): I or4 modulo 12,u: I or4 modulo 12, and
4u - 72 1 u 1- 5u - 4. Then there is a (u,u; {4}) -IPBD.

Recall that there always exisls a (3u + 1 ,1u, {4 }) -IPBD (Lcmma 4.10). After
applying Theorems 5.3 ancl 6.1, and LemmaLa 4.2,4.1 and 5.4, the only cases
rernainingwhen u - u) is ocld &nd u 19u + 4 are listed in Table 2, togetherwith
constructions in each case.

Table 2

Consrruction

13 64

13 16

13 n8

13 100

13 112

16 85

130



I

16 97

16 r09

l6 l2l
r6 133

l6 14.5

2.5 124

25 136

25 148

25 160

25

28

220
145

28 r57

28 169

28 229

17 232

37 241

40 241

49 2M

49 256

'Iable 2 (continued)
Lemma 3.9, adjoin 4 infinire p:inrs ro a resolvable (211, 4, l)_BIIID
l*nrnra 3.9, clclcrc 4 poinrs frorn a group of a 1'D(5, tJ) (36 = 4.g +,1)
l-cmma 3.9, 'ID(.5, tl) (40 =.5.tt)
Lerrrrna _1.9, tlclcrc I poinl lnrrn I groul) ol-a.l'l)("5, g) (4.1 ..4 9 r 8)
Lcrnrrra -1.9, adjoin Il inllnirc poirrrs ro a rcsolvablc (,10,4, l) llll,Jl)
Lenrma 3.9,dclcrc4 poinrs fronrablock of a TD(,5,9) (4 I = 4li + 9)
stan with a {.5 )-CDD ol' type 46, and give every poinr wcighr 6, excrpr
for thrcer poinrs in one group, which get wcight 3. Apply FC,
using{4)-CDDs of ryp,es 65 and 6a31. 1'his yields a (.1)-Gl)D ol rype
245 15t. Fill in rhe groups wirh a = I new point.
stlrt wirh a (51-CDD of rype 46, and give evcry poinr weight 6, cxccpr
for onc poirrt, which gers wciglrr 9. Alrply I.C, using (.1 )-(iDI)s ol.
typcs 65 and tlr9r. 'l'his yiclds a (4)-CDD of typc ?q5?-lt. Irill in thc
groups wirh lr = I ncw lroint.
apply Lcnrrna.l.l2 wirh m = 9, u = 4, prrxlucing a (a)-CDD of rypc
215241 . Irill in rhe groups with a = I ne w point.
l.emma 3.9, dclere I points frorn a b/oct of a 1D(9, 9) (73 = ti g + 9)
dclete 4 points from a block of a 1D(.5, 4), giving risc lo a [4, -5)-CDD
of type 3441. Then givc every poinr weighr 9, and apply FC, to gcr a
(4)'CDD of rypc 21436t . Fill in rlre groups wirh a = I new Jroinr.
there is a (aJ-CDD of type 663r, which gives risc ro a (4, 7)-ICDD of
rypc (3, l)?(3,0)6. Cive every poinr weighr 4 and apply FC, obraining
a [,])-ICDD of type (12,4)7(12,0)0. p111 in rhc groups wirh one new
point (a = 0, b = l), ro ger a (l-57,28; (a))-tpUD.
apply CSIP w,irh thc equations 169 = a(43 - l) + l, 2ll = 4(l _ 0) + 0.
l-e rnma 3.9, delcre -5 poinrs from a group of a TD(9, t)) (.t6 = g 9 + 4)
if we delcte points from the hole ol a [S)-IGDD of typc (16, +)r
(Theorem 2.8), we can consrrucl a {a,5)_ICDD of rype
(16,4)r(13, l)r(12,0)a, and hencc a ('17, t2; (4,.5, l2))-tpBD. Now
apply Lenrma 3.9.

if wc dclete poinrs from rhe hole of a (5J-ICDD of type (16,4)6
(Theorenr 2.lt), we can consrruct a (4, 5)_ICDD of type
(16,1)?(13, l)t(12,0)3, anrt hence an (gt, l2; [4, 5, 9, l2))-tpt]D.
Now apply lrmrna 3.9.

if we delere poinrs from the hole of a {.5)-ICDD of rype (16,41e
(Theorem 2.il), we can consrrucr a (4,5)_ICDD of rype
(16,.1)r(13, l)4(12,0)r, ancl hence an (g0, l3; (a, 5, g, l2))-lptlD.
Now apply l*nrnra -].9.
adjoin clne irrljnite point to an affine plane of ortjer 4, giving rise to a
[4,.1)-CDD of rype 4all. Give alloriginalpoinrs weighr (.5, l) and
give the ncw poinr weighr (1,0), and apply FC, using (4, -5)-lGDDs of
types (.5, l)a and (.5, l)4(1,0)r. 't'tris produces a (4, 5)-ICDD of type
(20,4)4(1,0)r, fronr which we obrain an (gl, l6; (4, .51)_lpBD. Now
apply Lemnra 3.9.

if we delete poinrs from the hole of a [-5)-ICDD of type (16, +10
(Theorem 2.8), we can consrrucr a {4, 5 )-ICDD of type
(16,4)3(13, 1)I(12,0)2, and hence nn 18.s, l6; (4, 5, I2))-II,BD. Now
apply Lemma 3.9.
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So, to this point, we have proved the following.

Theorem 6,2, If u: I or4 mdulo 12,w = I or4 modulo 12,u - ut is odd
andSu + I ( u ( 9w+ 4, then thereexists a(u,w;{4})-IPBD.

Next, we consider whcn u - w is even. Brouwer and Lenz have proven several
results concerning these cases in [7] and [8]. However, they do not. deal with small
valucsof ur. Herc,wegiveacompleteproof forallvaluesof ur,usingverysimilar
techniques.

Lemma 6.3. Suppose (X ,g , A) is a GDD in which every block has size at least
4. Leta = | or4. Then,foreveryG e g,thereisa(l2lxl+ o,l2lGl + o,

{4}) -LPBD.

hoof: Give every point weight 12 and apply FC, using {4 }-GDDs of type 12 t,
k > 4. Then adjoin o new points. t

Applying Lemma 6.3 to truncated TDs, we have the following.

Lemma 6.4.

i) Supposethereis aTD(k,t), wherek > 4. Leta = I or4, Then forall s

such that4t ( s < kt, there is a(12.s + o, l2t + r, {4}) -IPBD.
ii) Suppose there is a TD(k,n), where k ) 5. Lela = I or4 and let

0 <, < n. Thenforalls suchthat{n+t {.s ( (/c- l) ntt,thereis
a (12 s + o, l2t + o, {4 }) -IPBD.

Define To - {" ) 5} \{6, 10, 14 ,18,22,26 ,28,30 ,34 ,38,42,44 ,52}.
Then, for every n e Te, there exists a TD(6, n) (Theorem 2.5). The following
property can be easily verified.

Lemma 6.5. Ifne To andn)T,thenthercexistsznnr ) nsuchthatrn e Te
and4w 15n+ l.

Consequently, we obtain

Lemma 6.6. Supposet ) l,n e Te and n, ) max{1,t}, Then, forall s )
4n* t, and fora = 1,4 , there is a(l2s + o, lTt + o, {4 }) -IPBD.

Proofl This is an immediate consequence of Lemmata 6.4 and 6.5. I
Similarly, we have

Lemma 6,7. Supposet e Td andt)7. Then,forall s ) 4t,andfora= 1,4,
there exists a (l?s + o, lZt + o, {4 }) -IPBD.

Some missing cases will be supplied by
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Lemma 6.5, Suppose there is a TD(5,t + l), wheret > 4 . Let a = I or4, andletr= 1,2,or3. Thenthercexistsa(12(5t+ r) + a,l2t+ a,{4}-I1BD).
Proof: Delete 5 -r pointsfromablockof aTD(5,t+ l). Takcthcblocks(and
group) through one of the deleted points as groups of a new GDD. Apply Lcmma6'3' r

Now, we have

Lemma 6.9. Supposet > 7 and s > 4t. Leta = I or4. Then there is a
( 12s + a,l2t + a, {4D -fPBD.

Proof: If t € To, t ) 7, thenLcmma6.T applies.Itt #.Te , t ) 7 procccdas
tbllows. Firsr, applying Lemma 6.6 wirh n= t + I handles rhe cases s ) 5t + 4.
Lemma6.3handles thecases 5t+ I ( s S 5t+3,and then,Theorem6.l handlesthecases4t(s(5t. I

At this point, we consider the cases corresponding to t < 6 . Some consEuctions
for these cases are done in Table 3. These include all casei corresponding to t > 4
and s > 4t,proving

Lemma 6.10. Suppose4 {, < 6 ands>4t. Leto= I or4. Thenthereisa
( 12s + a,lTt + o, {4}) -IPBD.

1

3

4
4

4

4

4
5

5

S

22 Ss 327
23(sS28
s)32
s=30,31

24 5s329
20Ss(24

16Ss<20
s233
s = 31,32

20SsS30
s234
3lSsS33
24SsS30

Table 3

Construction

apply Lemma 6.4 ii) with k = 6 and n = 5

apply Lemma 6.4 ii) with k = 6 and n = 5

apply Lcmma 6.6

apply Lemma 6.3, adjoining 2 or 3 points ro a resolvable
(2n,4, l)-BrBD
apply Lemma 6.4 ii) with k = 6 and n = 5
apply l-e mnra 6.3, deledng up to 4 poinrs from a group of a
(.5 )-GDD of type 46

Theorem 6. I

apply Lemma 6.6

a resolvable TD(s,7) gives rise to a {5,7)-CDD of type
57. Delete 3 or 4 points from a group of rhis CDD and

apply Lemma 6.3.

apply Lemma 6.4 i) with k = 6 and t = 5
apply kmma 6.6

I-emma 6.8

Theorem 6.1
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Next, the cases corresponding to t - 1 are easy'

Lemma 6.L1. Supposes ) 4, ando = 1 or4' Then there is a(l2s+ o' 12+ a'

{4}) -IPBD.

Proof: Adjoin o = 1 or 4 new points m a {4 }-GDD of type 12"' I
When t = 2 and 3, observe that we have ( 12s + a,l}t + a' {4 })-IPBDs for

s ) 28+ t, applyingLemma6.6 with n= 7' Thecases 2O+ t ( s ( 25+ t were

done in Table 3. So] i[ remains to do the following cases (when s ) 4t):

t=2,8<s(21, $=28,29

t=3, 12<sS22,s=29,30'

Four difficult cases are done in Lemmata6'12 and 6'13' and the remaining cases

are hanclled in Table 4. Most of the constructions are applications of the singular

indirect product. Many of the others consist of adjoinin g o = 1 or 4 points m a

suitable t4 )-GDD.

Lemma 6.12. There is a (205 ,37; {4}) -\PBD and a ( 208 
' 

a0; { }) -IPBD'

Proof: Delete three points from a block of a TD(5'4)' constnrcting a {4'5}-
IGDD of type (4 ,D'233 ' Give eJery point weight 12 and apply FC' obtaining a

{4}-IGDD or typci+8,12)2363. to construct' a (205 
'37;{4})-IPBD' 

adjoin

a = 1 infinite poini, filiing in (49, 13; {4 })-IPBDs and (3?; {4 }) -PBDs' and

a(25,{4})-PBD. To coniruct a (208,+O;{4})-IPBD' adjoin a = 4 infinite

points, filling in ( 52, 16; {4 }) -IPBDs, (40, 4; 1+ 11 -fenOs' and a ( 28' 4' {4 }) -

IPBD. I

Lemma 6.13. There is a (349 ,37; {4}) -IPBD and a (352 
'a0; { }) -IPBD'

Proof: Adjoin 2 infinite points to a resolvable ( 28 ,4 , l) -BIBD' and then delete an

old point, constructin g; {4,5}-IGDD of type (4, l)23? ' Proceed as in Lemma

6.12. r

Table 4
Construcdontsawv

281
291
210 I

2 1l I

2r2 I

213 1

214 I

215 I

216 I

211 I

25 9'l

25 109
')( l r l

?5 l13

25 145

?5 157

25 169

25 181

2.s 193

25 205

{4)-CDD of tYPe 244

apply SIP, 1gq = a(31 - 5) + 5,25 = 4(10 * 5) + 5

apply SlP, 121 = 4(31 - l) + l, ?5 = 4('l - l) + I

apply SIP, 113 = a(34- 1) + 1,2-5 =4(7 - l) + I

t.1)-CDD of tYPe 246

apply SlP, 157 = a(43 - 5) + 5,25 = 4(10 - -5) + 5

apply SlP, 169 = 4(43- l) + 1,25 = 4('1 - 1) + I

apply SlP, 181 = 4(a6 - l) + l, 25 = 1('l * l) + I

t4)-CDD of tYPe 248

apply SIP,205 = a(5-5 - 5) + 5,2s = 4(10 - '5) + -s
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I

2 18 | 25 217
2 t9 1 25229
2 20 I 2.5 2.11

2 2t I 25 2-53

? 28 I 2_5 :137

2 29 I 25349
2 8 4 28 ltx)
2 9 4 28 ll2
2 t0 4 28t24
2 fi 4 28 136

2 t2 4 ?8 148

2 l3 4 28 160

2 14 4 28 t'12

2 t5 4 28 184

2 t6 4 28196
2 t1 4 28208
2 l8 4 28220
2 t9 4 28232
2 20 4 28244
2 2t 4 28256
2 28 4 28 340
2 29 4 28 3.52

3 t2 I 37 145

3 13 I 37 1.57

| 37 169

I 37 l8l
1 37 193

I t'l 20s

l 37 217

| 37 229

t 37 241

I 37 253

r 37 26s
l 37 349

| 37 361

4 40 l.ltt
4 40 160

t4
l5
l6
t7
l8
l9
20

2t
1)

29

30

r2
l3

Iirble 4 (continuecl)
apply SIP,217 = 4(-55 .. l) + 1,2.5 = 4(7 * l) + I

' rpply.SIP,229 = 4(.58 * l) + 1,2.5 = 4(7 _ l) + I
(4)-CDD of typc 24to
apply SII,, 253 = 4(61* 5) + -5, 25 = 4(10 _ -5) + 5
l4f -GDD of typc 2414

apply SIP, 349 = 4(91 -.5) + 5, 25 = a(10 _.5) + -5

[4 )-CDD of typc 24a

apply SIP, I 12 = 4(31 -4) + 4, 28 = 4(10 _4) + 4
apply SIP, 124 = 4.31,28 = 4.7

apply .SIlr, 136 = 4.34, 28 = 4.j
(4 )-CDD of type 240

nltply .SIP, l(fi = a$3 - 4) + 4,28 = a(10 _ 4) + 4
apply SIP, 172 = 4.43,28 = 4.j
apply SIP, 184 = 4.46, 28 = 4.j
{4 )-CDD of rype 24tl

apply SIP,20ll = 4(,55 -4) + 4,28 = a(10 _4) + 4
rpply SIP, 220 = 4.55, 28 = 4.7

apply SIP, 232 = 4.58,28 = 4.7
(4,-CDD ol rype 2{to
apply SlP, 256 = a(67 - 4) + 4,28 = 4(10 - 4) + 4
(4J-CDD of rype 24t4
apply SIP, 352 = 4(9t - 4) + 4,28 = a00 _ 4) + 4
apply SIP, 145 = 4(40 - 5) + -5, 37 = 4(13 _ 5) + 5
{4)-GDD of type 24s36r (give every poinr in a {4)-CDD of
type 6s!t weighr 4 and apply FC)
apply SIP, t69 = 4(43 - t) + l, 37 = 4(10 _ l) + 1

apply SlP, l8l = 4(46 - l) + l, 37 = aOO_ l) + I
apply.SIP, I93 = a(.52 - 5) + 5, j7 = a(I3 _,5) + -5

Lcmrna 6. l2
apply.SIP, 217 = 4(55 - l) + 1,37 = 4(10 _ l) + I
apply SIP, 229 = 4(.58 - l) + l, 37 = a(10 _ l) + I
apply SIP, 241 = 4(64 - 5) + 5, 37 = .1(13 _.5) + 5
(4 l -CDD of type 367

apply SIP, 265 = 4(67 - l) + l, 37 = 4(10 _ I) + I
I-enrma 6. 13

apply.SIP,36l= 4(91 - l) + l, 37 =4(10_ l) + I
apply SIP, la8 = 4(40 - 4) + 4,40 = 4(13 _ 4) + 4
{1)-CDD of rype 24536r (give every poinr in a {4}-GDD of
type 6591 weight 4 and apply FC)
apply SIP, l'12 = 4.43, a0 = 4.10
apply SIP, 184 = 4.46,40 = 4.10
apply SII,, 196= 4(52 - 4) + 4,a0= a(13 _4) t_ 4
I-enrma 6. l2

apply SIP,220 = 4.55,40 = 4.10

apply .SIP, 232 = 4.58,40 = 4.10
apply .SIP, 241 = 4((A - 4) + 4, a0 = 4(13 * 4) + 4
[4 ]-CDD of type 367

apply SIP, 268 = 4.67,40 = 4.10
Le nrma 6. l3
rtpply SIP, 364 = 4.91,40 = 4.10

3

J

_1

_1

3

3

3

J

J

-1

3

-1

_1

3

3

3

3

3

3

3

3

)
3

3

t4 4 40 112

1"5 4 40 184

16 4 40 196

r7 4 40 208

18 4 40 220

19 4 40 232
20 4 40 244
2t 4 40 256

22 4 40 268
29 4 40 352

30 4 40 361

135



So, we have the result for t = 2 and 3

Lemma 6.L4. Supposet = 2 or3 and s > 4t. Let a = 1 or4' Then there is a

( 12 s + a,lTt + a, {4}) -IPBD.

We now can Prove our mzrin Thcorem.

Theorem 6.15. Supposeu: I or4 modulo 12andw: I or4 modulo 12'

Then there exists a (u ,4 ,l) 'BIBD containing 2 (w ,4 ,l) -BIBD as a subdesign

if and only if u ) 3'ur + 1 .

Proof: First,suppose u-u) iseven. If u ) 4w- 3,thenthedesignexistsby
Lemmata6.9,6.10,6.11 and 6.14. If 3u + 4 ! u < 4u - 3, then the design

exists by Lemma tA 4.2 and 4.7, unlcss ut = 25 and u = 85 ' This casc is donc by

adjoining o = 1 poinr to a {4 }-CDD-of .type tZ s 241 1to construct this GDD' give

.uiry polnt in a {4 }-GDD ot typc 3 5 6 I wcight 4 ernd apply FC)'

Next,suppose u'-w isotld. I{3w+ 1( u 1-9w+4,applyTheorem6'2'
If u ) 9w + 4, then therc exisLs a (3tu + l,ut;{4})-IPBD by Lcmma 4'10'

and a (u,3u + 1; {a})-IPBD, since u - (3* + 1) is cven' Hence' the desired

(u,rli{4 }) -IPBD exists. This complctes t}re proof' I

7. IPBDswhere u - u): 3 or gmodulo 12, 3tu+ I ( u ( 9w + 4'

Wc have noted that thcre always exists a (3 u.' + 1, z'r; {4 }) -IPBD (Lemma 4'10)'

After applying Theorem 5.3, the only cases rcmaining when u - 't1) is odd and

u 1.9 u * 4 are listed in Table 5, togcther with constructions in most cilsos'

llhble 5
Construction

Mills [1-s]

Mills 051
using Construction 3.12 with m = 5, u = 2, build a {aJ-GDD of type

15512r. Adjoin a = 7 points, filling in (22,7; (a))-lPBDs.

Mjlls [l51
delete 3 points from a group of a TD(-5, 8) - TD(5' l), constructing a

{1,5)-ICDD of type (8, l)4(5,0)r. Cive every point weight 3 ;rnd

apply FC, to buitd a (a)-IGDD of type (24, 3)4(15, 0)r' Adjoin a = 7

new points, filling in (31, I0; (a))-lPBDs anda(22,7; {a))-IPBD'

dcletc 4 points from a group of a TD(5,9) - TD(5' l), constructing a

[4, -5]-ICDD oI type (9, l)4(5,0)r. Givc every point weight 3 and

apply FC, to buil1 a (4 )-ICDD of type (27, 3)1( 15, Q) t. Adjsin n = l
new points, filling in (34, 10; Ia])-lPBDs and a (22,7; (a])-IPBD'

dc:lete a block from a (4)-GDD of type 9s, consrnrcting a (4)-ICDD

of type (9, l)4(9, 0)1. Cive every point weight 3 and apply FC, to

build a (4)-ICDD of type (?1, 3)1(27,0)r. Adjoin a = 7 new points'

filling in (34, l0; (4))-lPIlDs and a (34,7; (aJ)-lPBD.

stan with a ta )-CDD oi type 9s 6r . Cive every point weight 3 and

apply FC, producing a Ia]-CDD of type 275 l8r. Now, adjoin a = I

new point, filling in (28, (a))-PBDs'

136

r9
19

19

70

82

94

t9 106

19 118

19 130

19 142

l9 154



22 79

22 9l
22 103

22 ll5
i1 111

22 139

22 l5l

22 163

31 106

31 l18

3l 130

31 142

3l 154

31 166

3l 226

'table 5 (continued)
Mills Ia]
Mills [.11
Mills [5]
Mills [4]
stut with a TD(5,8) -1D(5, I), give cvcry point wcighr 3 and apply
IrC, to build a (4)-ICDD of type (24,3)5. Acljoin a = 7 new poinrs,
hlling in (31, l0; {a))-lPBDs.
delete 1 point from a group of a TD(5,9) -TD(-5, l), construcring a
{4, -5}-ICDD of type (9, l)4(8, l)t. Give every point weighr 3 and
apply FC, to build a (a)-IGDD of type (2j,3)4(24,3)r. Adjqin a = 7
new points, filting in (34, l0; (4])-tpBDs and a (31, l0; (a))-tpBD.
a 1'D(6, 10) - TD(6,2) is prescnred in [-5]. Delcre all poinrs in the
hole, to construcr a a {5)-GDD of type 86. The n, dclete a block fronr
this design, consrrucring a (-5)-IGDD of typc (8, l)5(tt,6;t. Give
every point weight 3 and apply FC, to builcl a {4)-IGDD of type
(24,3)5(24,0)t. Adjoin a = 7 new poinrs, filling in (31, l0; (al)-
IPBDs and a (31,7; [4])-ll,BD.
Mills [5]
sran with a TD(5, 8) - TD(-5, 2) (sec [24]). Delere one poinr of rhe
hole from cach group, producing a {4,5}-ICDD of typc (7, l)i in
which every blwk of sizc 5 hirs thc hote . Civc the 30 original points
wcight (3, l) and give thc.5 new p,oinrs weighr (3,0) and then apply
FC. In this way, wc build a (a )-IGDD of rype (21, 6).5. Now, a<Jjoin

one new point, filling in (22,7: (a))-lPBDs.
dele te 3 points from a group of a TD(5, tl), consrnrcting a (4, 5 l-GDD
of type 8a-51. Cive evcry point weighr 3 and apply FC, ro build a (.1)-
GDDof rype 2441,5r. Adjoin a =7 new poinrs, filling in (31,7; Ia])-
IPBDs and a(22,7; (4))-IPBD.
a (43, l0; (4))-IPBD give s rise to a (4)-CDD of rype l13l0r. Cive
every point weighr 3 and apply FC, obtaining a {a)-CDD of type
3l3l0l. Fill in a = I new poinr.

snn with a 
-fD(-5, 

-5) - TD(5, I ). Cive e very point weight 6, except for
3 points in the last group which get weight 3. Apply FC ro build a

(4)-IGDD of type (30, 6)4(21,6)r. Adjoin a = I new point, filling in
(31,7; Ia))-lPI]Ds and a(22,7; (4))-tpBD.
stan wirh a TD(5,.5) -TD(-5, 1). Give every poinr weighr 6 and apply
FC, to build a [4]-ICDD of type (30, 6)s. Arljoin b = 4 new poinrs,
incorporaring a = I of rhenr inro thc hole, filling in (34: j,4: l; (a))-0-
IPtlDs and t (34,7: [4))-n,l]D.
stan with a TD(6, -5) - 1D(6, l), and delete 3 poinrs from a group,
constructing a i5, 6f -ICDD of typc (5, l)5(2,0)1. Give every point
weighr 6 and apply [jC, ro build a {4|-ICDD ot rype (30, 6)5(I2,0)r.
Adjoin b = 4 new points, incorpororing a = I of rliem inro thc hole,
filling in (34;7,4; l; Ia))-0-lPBDs and a (16, {4})-pl]D.
stan with a 1D(9, 9), and delete 8 poinrs from a block, consrrucring an
(tt,9)-CDD of rype 8tl9l. Give every poinr weight 3 and apply FC,
building a Ia]-GDD of rype 248211 . Adjoin a = 7 new poinrs, tilling
in (31,7; (a))-lPIlDs and a (34,7; (4))-lPuD.
snn with a'fD(6, 7). Delete a point, tnd lcr a group be the hole in a

new (6,7)-IGDD of rype (5, l)7(6, 0)1. Next, delere rwo pciinrs from
the hole, consrrucring a {-5,6,7)-ICDD of type (-5, l)5(4,0)2(6, O;r.

31 238
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34 I l5
34 t27

'lirble 5 (continued)
Cive one point in the group of size 6 weight 9, and give all other
points weight 6. Apply FC. t'his builds a (41-ICDD of rype
(30,6)5(2.1,0)2(39,0)1. Adjoin a = I new poinr, filling in (31,7;
(a))-lPRDs, (25, (4))-pBDs, and a (40; (a))_pBD.
appty SDt, wirh the equarion I1.5 = 4(34 *"1) + 7
dclere I point fronr a group of a'I'D(.5, g), consrructing a (4, -5)-CDD
of type lJa7l. Civc cvcry poinr wcighr 3 and apply FC, to build a {4)-
CDD of type2la2l l. Adjoin a = l0 ncw points, filling in (34, l0;
(a))-lPBDs and a (31, l0; (4))-rpBD.
dclec I poinr tiorn a group of a TD(5, 9), consrucdng a (4, .5)-CDD
olrype 9alll. Civc cvcry point weighr 3 an<I apply FC, to build a (4)-
GDD of typc27424t. Ad.loin a = 7 ne w poinrs, filling in (34, 7; (4))-
IPIIDs arrd a (31,7; (4))-ll)llD.
sran with a 'l'D(-5, 4), and dclere 4 points from a block, consrrucring a

{4, -5}-CDDof rype 3a41. Civc evcry poinr wcighr 9 and apply FC,
buiiding a (4)-CDDof type 274361. Acljoin a = 7 new points, filling
in (34,7; {a})-lPBDs and a (43, 7; (4))-tpBD.
stan wirh a 1-D(-5, 5) - l-D(-5, I ). Cive every point weight 6, except for
3 points in the last group which get weight 9. Apply FC to build a
(4)-ICDD of type (30,6)4(39,6)r. ArJjoin a = 4 ncw poinrs, filling in
(3a, l0; [4))-ll)l3Ds and a (43, l0; (a))-tpBD.
stlrt with a 1'D(6, -5) - 1D(6, l). I)clcrc rwo poinrs in a group,
construcrin[i a (5, 6)-ICDD of rype (5, l)5(3, 0)1. Ciuc every poinr
wcighr 6, excepr for I point in thc lasr group which gets weighr 9.
Apply FC ro build a (a)-ICDD of typc (30, 6)5(21,0)r. Adjoin a = 4
new poinrs, filling in (3,1, l0; {4})-tpUDs and a (2-5,4; (4})-il,BD.
[-emrrur -5.4

stan with a TD(9, 9), and delete _5 points from a block, consrrucring a

[4,8,9]-CDD of rype 85]1. Cive every point weight 3 ancl apply FC,
building a (a)-CDD ol rype 24s274. Adjoin a = 7 ncw points, filling
in (34,7; (4))-ll'}BDs and (31,7; [4])-rI,BDs.
Mills [51
Mills [-51
starr wirh a TD(-5, 4), give every poinr weight 9, excepr for 3 poinrs in
thc last group, one of which gers weight 6 and rwo of which get weighr
0. Apply FC, ro build a {a)-CDDottype 36415r. Adjoin a = 7 new
points, tllling in (,13, 7; (a ))-tPllDs and a (22, 7; (4))-tptlD.
start wirh I 'l'D(5, 4), givc every point weight 9, excepr for 3 points in
the llst group, which get weighr 6. Apply l:C, ro buil<J a (4)-CjDD oi
ty1>e36421t. Adjoin a = 7 new poinrs, lllling in (a3,7; {4))-lpllDs
and a (34,7; (a))-IPRD.
start with a 1'D(fi, llt), and delere 6 points from one group, giving rise
toa {5,6)-GDDof type lJ57l. Civcthe poinrs in rhc groupof sizeT
weight 6, and give all other poinrs weighr 3. Apply FC, construcring a
(41-GDD of ry,pc 39s42t. Adjoin a = I new point, filling in (a0, {a})-
I)IlDs.
stan wirh a'fD(5, l9) - TD(S,3) (see [23]). Delete 14 points in a
group, consructing a [4, -5 1-ICDD of typc (19,3)4(5, 0)1. Cive cvery

34 223

34 23.5

34 139

34 15l

34 163

34 175

43 142

43 154

43 166

43 178

43 238

43 250
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46 151

46 163

46 175

46 187

46 235
46 247

5-5 17 8

5-5 190

55 250

s5 262

-58 187

.58 199

'lable 5 (continued)

point wcight 3 and apply FC, building a {a)-ICDD of type
(57,9)4(15,0)1. Adjoin a - 7 ncw poinrs, filling in (6a, l6; {a))-
IPBDs and a (22,7; (4l)-U'}llD.
smn with a TD(6, 7), give every point in 5 groups weight 3, and give

cvery point in the last group weight 6. Apply FC, to build a (4)-CDD

of type 215 42t . Adjoin a = 4 ncw points, hlling in (25, 4; (a ) )-lPtlDs.
sran with a TD(6, 7), give every point in 4 groups weight 3, give every

point in the fifth group weight 6, give 4 points in the sixth group

weight 6, and give thc remaining 3 points in the sixth group weight 3.

Apply FC. This builds a (a)-CDD of typc 21442133r. Adjoin a = 4

ncw points, filling in (25, a; Ia))-IPBDs, and a(37,4; {4))-lPBD.
surt with a TD(-5, 4), give cvcry point weight 9, exccpt for 3 points in

thc last group, Iwo of which gct weight 6, and one of which gets

weight 0. Apply FC. This builds a [a]-GDD of type 364211. Adjoin

a = l0 new points, filling in (46, 10; {a))-IPBDs and a (31, l0; {a))-
IPBD.

sun with a TD(5, 4), give every point weight 9, except for I point in

the last group which gets weight 6. Apply FC, building a (4)-CDD of
rype 36433r. Adjoin a = 10 new points, filling in (46, l0; {a))-IPBDs
and a (43, l0; (al)-lPBD.
Lrmma 5.4

start with a TD(6, 8). Delete a point, yielding a new (6, 8)-GDD of
type 587t. Next, delete 7 points from B, one of the blocks of size 8,

constructing a {5, 6, 8 )-GDD of type 4't 5t7t . Cive all points weight 6,

except for the point not deleted from B, which gets we ight 9. Apply

FC. This builds a (41-GDD of type 24713t42t. Adjoin a = 4 new

points, filling in (28,4; Ia))-lPBDs and a (37, a; (a))-IPBD.
apply kmma 3.1 I with m = 8, u = 9, to consruct a Ia )-CDD of type

21448t?7t. Adjoin a = 7 new points, filling in (31, 7; {a))-lPBDs and

a (34,7; [4))-IPBD.
apply Lemma 3.ll with m = 8, u = 13, toconstruct a {a}-CDD of type

244481391. Adjoin a = 7 new points, filling in (31,7; {a))-lPBDs and

a (46,7; (41)-IPBD.

stan with a TD(5, 17), and delete 4 points from a block, constructing a

(4, 5)-GDD of type l64l7r. Give every point weight 3 and apply FC,

building a (4)-CDD of type 484-511. Adjoin a = 7 new points, filling
in (55,7; (4))-lPIlDs and a (58,7; [4))-IPBD.
sran with a 1D(5, 20) - 1'D(5, 4) (this can bc constructed by taking the

direct product of a 't-D(5, 4) and TD(5, 5)). Delete 1.5 points in a

group, consructing a (4,5)-ICDD of type (20,4)4(5, 0)1. Cive every

point weight 3 and apply FC, building a {a)-ICDD of type

(60,12)4(15,0)r. Adjoin a = 7 new points, filling in (67, 19; [a])-
IPBDs (fable 7) and a (22,7; {a))-[PBD.
apply Lemma 3.1 I with m = 8, u = ll, toconstruct a (4)-CDD of type

24448r31r. Adjoin a = l0 new points, filling in (34, l0; (a))-IPBDs

and a (43, l0; {a})-[PBD.
apply Lemml 3.11 with m = 8, u = 15, to consrLrct a {a)-CDD of type
)4448t45t. Adjoin a = l0 new points, filling in (34, l0; (al)-lPBDs

and a (55, 10; (a))-IPBD.
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58

58

247

259

Table 5 (continued)
Lrmma 5.4

stan with r TD(5, l7), and dele te I pint from a group, consm.rcting a

(4, -5)-GDD of typc l74l6l. Cive every point we ight 3 and apply FC,

building a (41-CDD of type 514481. Adjoin a = 7 new ;xrints, lilling
in (-5tt, 7; (4l)-lPtlDs and a (5.5, 7; (4))-PIlD.
stan with a 1'D(5,20), and delete 1-5 points lronr a group, consructing

a {4, 5 )-CDD of rype 204 51. Cive evcry point weight 3 and apply FC,

building a [a]-CDD o[ type 601151. Adjoin a = 7 new points, filling
in (67, 7; (4))-lPtlDs and a (22, 7; [4])-U'BD.
stan wirh a TD(5, 20), and delete I I points from a group, constructing

a {a, 5 }-GDD of rype 20a9r . Cive e very point weight 3 and apply trC,

buildinga [ ) CDDoI type (r{y2'11. Adjoin a = 7 new points, filling
in (67, 7; [4 ))-ll'}ltDs and a (34, 7; (4 ])-lPIlD.
l-rnrrna -5.4

start with a'l'D(5,20), and clclete l3 points frorn a group, constructing

a (4,-5)-GDDolrype 2047r. Cive everypointweight3and apply FC,

building a Ia ]-CDD ol type $J2lt. Adjoin a = l0 new points, filling
in (70, l0; Ia)) tPBDs and a (]1, 10; (1])-lPl]D.
lrnrma 4.8

l-ernma 4.8

L,cmrna 5.4

apply l-cnrma 3.11 with m = 12, u = 19, to construct a {4)-GDD of
type 36a72r-571. Acljoin a = l0 new points, filling in (a6, l0; Ia))-
IPIIDs and a (67, l0; (4))-IPBD.

Lrnrma 4.8

l-emml 4.8

[*mma 4.9

67 262

67 274

'to 259

10 ?71

79 274

79 286

82 211

82 283

9l 286

9l 298

94 29.5

Hencc, we havc

Lemma 7.1. Supposew : J orlA modulo 12,u =7 or10 modulo 12, u - ut

is odd,and3u+ | ( u ( 9u+ 4, Then thereisa(u,w;{4})-IPBD.

8. IPBDs where u - 'u: 0 modulol2.

First., we shall consider tho situation when u > 4u - 30, u z 7 or l0 modulo
12, and u - ,u) - 0 modulo 12. We construct many of the dcsigns in this section
by giving all points in a GDD weight 12, and tfren filling in groups with 7 or
10 ncw poinls. We will uso thc (u,7 , {4 }) -IPBDs and ( u, I0; {4 }) -IPBDs from
Thcorcms 1.2 and 1.3. Thcsc construclions arc analogous Lo ones givcn in Scction
6.

Lemma 8.1.

i) Suppose (X,g , A) is a GDD in which every block has size at least 4, and
every group has size at least 2. Let a = 7 or l0 . Then, for every G e 8,
there is a (r2lx I + a, 12lGl + a, {4}) -IPBD.

ii) Suppose (x,g , A) is a GDD in which every block has size at least 4, and
every group has size at least 2, excepl for one group Go , which has size 1.

r40



Leto='l ort|. Thenthereisa(t2lxl+ a,tZ+ o,{4}) _I4BD.
iii) Suppose (X,g , A) is a GDD in whiin ivery btock has size at teast 4, and

every group has sizo at least 4. Let a = 19 orL2 . Suppose that there exists
a (l?lcl + ?,.o; {q}) -IZBD, for every G e g. Then, for every G e E,there is a (tZ lXl + a, t}lGl + a, {4}) _rpBD

Proof: Cive every point weighr 12 and apply FC, using {4 }_GDDs of rype 12 &,
k > 4. Then adjoin o new points. When a = 

.l or 10, the ne.err*y designs exist
by Theorems 1.2 and 1.3. . J ----o--- 

I
Then, analogous to Lemma 6.4, we have

Lemma 8.2.

i) Suppose lhcre is a TD(k,t), where k > 4, Leta = 7 orl0. Then for
all s such that4l ( s < kt, s y' 4t i-1, there is a(lls + o, l2t+ a,
{4D -LPBD.

ii) Suppose there is a TD(k,n), where& > 5 . Let a = j or l0 and let0 1t tn. Thenforallssuchthat4n+t ( s ( (e_l) n*t,
s y' 4n+ t + l, there is a (l}s + o, l}t + o,{4}) -I\BD.

One can easily verify

Lemma 8.3. Itne T'e andn)_7, thcnthcreexistsitnnt ) nsuchthalnt e Tr,
and4 nr ( 5 n- I.

As a conse4uence of the two prcccding lcmmah, wc gc[
Lemma 8.4. supposet > 7, " e * ancln ) max i,t\. Then, foratt .s )4 n* t, s / 4 n* t + l, and for a = 7, 10, lhcre is tt (12., + o, I 2,t + a, {4 }) _lpB D.

Similarly, we have

Lemma 8.5. Supposet e Te andt ) 7, Then, foralls > 4t,s/ 4t+ l,andfora = 7, 10, there is a (l2s + a, tit +o, {4}) -I1BD,

Some missing cases will be supplied by

Lemma8.6. SupposethereisaTD(6,t+ l),where, > 6. Leta=7 orlo,andletr = 1,2,3,or5. Then thereisa(12(5t+ r) + a,ll-t+ a,{4})_I\BD.
Proof: When r = l,Z,ar 3,dclete 4 _r points from agroupof aTD(5,1+ 1).From another group of the TD, delete a point r, and tat-e rfre blocks (and group)
through u as groups of a new GDD. When r = 5, delete all fte points in a block
-{ 

of aTD(6,r+ l). ForsomegroupG,dcletet_ 5 furrherpoints in G. Taketheblocks (and group) through any poinr r e B\G as goups of a new GDD. ApptyLgmma 8.1. 
I @ vvv' '! 

l
Another class of missing cases is rlczrlt with as follows.
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Lemma 8.7, Supposes = 4tt l,t ) S. Leta = 7 orl0. Then thereis a
( 12s + a,l2t + a,{4D -LPBD.

hoof: Start with a TD (5,4t - 4), and deletc 4t _ Z0 points from one group.
Give all poins weighr 3, and apply FC. This yictrts a {a }_GDD of rypc 1\Zt _
lD4 G$l . Now adjoin t2+ ancw points, filting in (titi a, r2+o; 1+ 11 -tpgp,
and a ( 60 + a, 12 + o; {4 }) -IPBD (rhese are ( u, t9; {a}) -IpBDs or ( u, 22; {a }) _

IPBDs, and will be shown to exist in this section). I
'fheorem 8.8. Supposct ) 7 anrl s ) 4t. Leta = J orl0. Thcn thcrc is tt

( 12s + a,12t + a,{4}) -IPBD.

Proof: l[t >'7, t e 'lo, rhcn apply Lcmmara ll.5 ancl t].7. If t > 1,t / Tr,,
thcn procccrl as lbllows. Apply Lcrnrna 8.4 witlr ,n= L+ I to hancilc s ) 5 t + 4,
t / 5t+ 5. Whcns € {5t+ 1, 5t+ Z,5t+ 3,5r+ 5},applyLcmmatt.6. Whcn
t / 10,4t < s ( 5 t," / 4t+ l,clclctcpoinrs {rornagroupol-a.l.D(5,t) and
apply Lemma 8.1. Whcn .s = 4 t + I , apply Lcmma 8.7. It rcmains only to hiLnclle
tlrccascswhcnt = 10,4t <s ( 5t, " / 4t+ l. Thccascl - l0,s = 40 is
rloncbyLcmmaS.l i),usingaTD(4,10). Thccascsf - I0,42 <.s ( -50 arc:
donc by Lcmma fl.1 iii), by dclcting points lrom lwo groups ol'a .fO1fi 

, O; lttrc
rcquircd IPRDs arc givon in 'lhblc 7). fhis cornplctcs the procll'. I

Wc strll havc [o hancllc thc cascs corrcspon(ling l.o t ( 6. Somc furthcr con_
struclions are givcn in Tablc 6.

l'able 6
t s Consrucdon

I

I

2

2

3

3

3

4

4

4

s

5

5

5

5

2l
2lSs<26
22

24 5s327
23

21

2.5Ss(28
r6

ItJ < s < 20

22<s(24

26SsS29
30,3l

20

2l
22<s(30
32(sS34

apply Lcmma 8.2 ii) wirlr n = .5, k = 6
apply L-cmnrl {t.2 ii) wifi n = 5, k = 6
lpply [-cn.rma 8.2 ii) wirh n = 5, k = 6
apply Le mma tt.2 ii) wirh n = -5, k = 6
apply l,emnra tl.2 ii) wirh n = -5, k = 6
apply Lemnu 8.I , using a (a )-CDD of type 3aG
itpply l-emnra tt.2 ii) wir]r n = -5, k = 6
apply l-emma 8.2 i) wir]r k = 5
apply L*mma 8.2 i) wirh k = 5

dclete 0, l, or 2 points frorn a group of a (5 )-GDD of type
.16 irnd apply t-e rnnra ti.l i)
apply Lrrnnra tt.2 ii) wirh n = 5, k = 6
ad.loin 2 or 3 infinite poinrs ro a RIllllD (2tt,4, l) and apply
I-cmnra 8.1 i)

apply l*mnra fi.2 i) wirh k = 6
l-cmma ll.7

apply L,emma 8.2 i) with k = 6
ru rcsolvable'fD(5,7) gives rise to a (5,7)-GDD of type
-57. Dclete I,2, or 3 points lrorn a group of this CiDD and
appl_v L,cnrrln 8.1i)
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6

6

6

6

6

6

24

25,26

11

29,30

3l S s S 33

3.5

apply Lemma tl.l i), using a (4f -GDD of type 3a(l
apply I-crnnu 8.l iii), delcting 0 or I point Ironr a TD(-5, 5)
(scc Table 7)

apply Lenrma 8.1 i), using a (a)-GDD of typc jt6+
apply l.crnrna u.l iii), tlclcting a point l'ront I or 2 groups of
u 1'D(6, 5) (scc Tahle 7)
L,enrrna [J.6

I-crrrrna ll.6

By Lemma 8.4, we alrcarly have constructed ( 12 s + a, l}t + o, {4 }) _IpBDs

{ol " ) 28 + t, s y' 29 + ,. So, it remnins to do rhe cases corresponding to rhc
following values of t ancl s.

l= l, 5 ( s <20, s=22,2J,29,30
t=2, 8 <.s ( 21, s= 23,28,29,3I
t = 3, 12 ( s <22, s = 29,30,32.
t = 4, s = 17 ,27,25 ,33
t=5, s=31.
t=(>, s=28.

At this point, wc eliminate scvcral of thc morc difficult cascs.

Lemma 8.9. There is a (91 , t9; {4}) -tpBD and a (94 ,22; {4}) _tpBD,

Proof: Adjoin infinitc points to thc groups, and [o 5 parallclclasscs of a rcsolvablc
i4 )-CDD of l.ype 3 s,consrrucring 

a {4, 5 }-CDO oi- rypc 4 6 6 t. Civc cvcry grinr
wcight3 andapply FC, oburininga {4}-CDD ol'rypc t26t8r. Arloin o = I ur.
4 ncw pxtinLs, filling in ( 12 + a,ai{a})-lpRDs. I
Lemma 8.10. Thcre rs a ( tti7 , t9; {4}) -tpRD and it ( 190, 22; {aD J?BD.
Proof: Dcletc a point. from a TD(5,7), consrucilnc a {5,7}_CDD of typc 4?
61. Give cvcry poinr on rhc group of sizc 6 wcight i, unit givt cvcry orh;;poinr
weighr 6. Apply FC, obtaining a {4 }-CDD ol'typc Z4t tg, . nOloin a = I or 4
ncw fnints, filling in (24 +- o, (l; {4 }) -ll)BDs. t
Lenrma 8.11. T'hcre is a ( 235 , l9; {4 )) -tpBD,

Proof: Usc Lcmma 4.tJ to conslrucr zr (235 ,61: {+ }) _tpBD. Now fill in a (67 
,19; {a }) -IPBD (sec ftrblc 7). I

Lemma 8.12. Therc is a (331, l9; {4}) -tpBD anrt a (334 ,22; {a}) _tpRD.

Proof: Adjoin u poinls roarcsolvablc (ltg,4,l)-BIBD..fhcn, apply Lcmma3.9
wirlr (u,u) = (ll0,Z2) antl (1il,23) ro buitcl a (331,(t7;{+})-fpnu and ir
(334 ,10; {a })-IPBD. Now fill in a ( (t7 ,t(); {4 })-il,[D and :r'(70 ,22;{4 })_IPBD, respccrivcly (scc lablc 7). I
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Lemma 8.13. There rs a ( 238 ,22; {4}) -IPBD and a ( 238 , 70: {aD -I\BD.

Proof: Starr wirh a {a }-GDD of type 6s t}r 151 1Theorem2.7). Give cvcry point
wcight 4 anil apply I;C, consrrucring a {  } -GDD of typc Z4s 491 60 1 . Now, adjoin
o = l0 ncw points, filling in (3a,10;{4})-fPI}Ds ancl a (5tt,l0; {4})-tpUD.'fhis yiclds a ( 23t3 ,70; {4 }) -IPBD. If wc consrrucr a (10 ,22; {4 }) -tpBD on rhc
holc (Terblc 7), wc gct a ( 238 ,22; {4 }) -IPBD. I
Lemma 8.14. There is a (2ll ,43; {4}) -LPBD and a (2r4 ,a6: {aD -LPBD.

Proof: Deleteapointfrom aTD(5,7), conslrucringa{5,7 }-GDDof typc 47 61 .

Give every point weight 6 and apply trC, obraining a {4 }-GDD of rypc 247 36t .

Acljoin a = "7 or l0 ncw poinLs, filling in (24 + o, o; {a }) -lPBDs. I
Lemma 8.15. Therers ir (355,43; {4}) -IPBD and a(358, a6; {aD -IHBD,

Proof: Adjoin 5 infinite points to er rcsolvablc {4 }-GDD of type 3 8 
, consrrucring

a {4,5}-GDD of typc 3n51. Givccverypoint weight 12 ancl apply FC, obtiiining
a {a}-GDD of typc 368601. Aclioin a = 7 or 10 ncw poinrs, filling in (36 +
a,a; {4 }) -IPBDs and a (60 + a,a; {4 })-IPBD. I
Lemma 8.16. Thcrc is a (379 ,67: {4}) -IPBD anct a ( 382 , 10; {a}) -I?BD.

Proof: Adjoin infinite points to the groups, and to 5 parallcl classes of a resolvable

{4 }-GDD of type 3 8, construcring a {4, 5 } -GDD of rype 4 6 6t. Give every point
weight 12 and apply FC, obraining a {4 }-GDD of typc 4861Zr. ncl.loin o = t9
or22 ncw p,oints, filling in (48 + a,ai {4 })-lPBDs and a (72+ a,ai {4 })-IPBD
(Table 7). I

We now eliminate all thc rcmaining cases in Table 7. Most are done by means
of the singular indirect product. Also, scveral make use of {4 }-CDDs constructed
by completing resolvable {3 }-GDDs given in Theorem 2.2 (when we complete
a rescllvnble i3)-GDD of type t', we get a {4}-GDD of typre t"rl, where r =
t(u - r) /2).

Table 7
constructiontsawv

7

7

7

7

1
a

7

I

I
I

I
I
I
I

I

I

I

I

I

5

6

7

8

9

l0
ll

l9
l9
l9

6l
79

9l
t03

il5
127

139

(4)-CDD of rype 12a l8t
rpply .SIP, 79 = aQ2 - 3) + 3, 19 - 4('l - 3) + 3
Lenrma 8.9

apply SII', l0l = a(31 -1) +1,19 =4(10 -7) +j
apply .SIP, 11.5 = 4131 - 3) + 3, 19 = 4(1- 3) + 3

apply SIP, 121 = 4(34 - 3) + 3, 19 = 4(1 - 3) + 3

acl.loin 6 points ro a resolvable (40, 4, l)-BIBD and apply
Lernnrr 3.9 with (v, w) = (46, 6)

apply Sll'}, l5l =4(43 -7)+7,19=4(10 *j)+7
appty SIP, 163 = a(43 - 3) + 3, t9 = 4(7 - 3) + 3

npply SIP, 17.5 = ,1146, - l) + 3, 19 = 4(7 - 3) + 3

l-e nrma 8.10

applv SIP, 199=4(55 -1)+7,19=a(10 -1)+7

19

t9
19

l9

t2
r3
l4
15

l6

7 19 l.sl
7 t9 163

7 19 17.5

7 t9 ltrT

I t() 199

r44



I

I

I

I

I

I

I

I

I

I

I

I

1

I

I

t7
l8
l9
20

22

27

28

30

5

6

7

8

9

l0
ll

7

7

7

7

7

7

7

7

r0
l0
l0
l0
l0
l0
l0

r9 2l I
t9 223
l9 23.s

19 247

t9 27t
l9 331

l9 343

r9 367

22 70
)'l a -)

22 94

22 10fi

22 I ltl
22 130

22 t42

1.54

166

17u

190

202

214

22(,

23lt

250

214

314

346

370

r03

I 15

1?1

r39

l5r
r63

17.5

IU7

t99
211

223

235
'\ A1

2-59

2tr3

343

3.55

379

106

u8
r30

Table 7 (continued)
apply SII,, 2ll =4(-5.5- 3) + 3, t9 = 4(7 _3) + 3
apply SIP,223 = 4(58 - 3) + 3, t9 = 4(1 _ 3) + 3
Lcmma 8. l l
apply SIP,247 - 4(61 -7) +7,19 = 4(10 _7) + j
apply SIP, ?71=4(10- 3) + 3, t9 = 4(1_3) + 3
Lemma Il.l2
apply SIP, 343 = 4(91 -7) + 7, 19 = 4(10 _1) +7
apply .SIP, 36'l = 4(94 - 3) + 3, t9 = ae _ 3) + 3
(4)-GDD of typ 4t222t
apply SIP, 82 = aQ2 - 2) + 2,22 = ae _ 2) + 2
Lcntrna ll.9
apply SIP, 106 = a(31 - 6) + 6, 22 = aio} _ 6) + 6
apply SIP, I l{i = a(31 - 2) + 2, 22 = 4(t -2) + 2
apply SIP, 130 = 4(34 -2) +Z,ZZ=a(t _2) + 2
adjoin 7 poinrs ro a resolvrble (40,4, l)-BIBD and apply
Lenrnra 3.9 with (v, w) = (47, 7)
apply SIP, 1.54 = 4(4j - 6) + 6, 22 - 4(10 _ 6) + 6
appl-v SIP, 166 = 4(43 - 2) + 2,22 = a0 -2) + Z
applySII,, lTtt=4(46 *2)+2,2?=4(t _?) tZ
Lcrnma ll. l0
apply SIP, 202 = a(55 - 6) + 6, 22 = a00 - 6) + 6
apply SlP, 2 14 = 4(-5.5 * 2) + 2,22 = ae ._ Z) + 2
apply SIP, 226 = a(-s8 - 2) + 2, 22 = 4(l *2) + 2
Lenrrrur Il.l3
apply SIP, 2.50 = 4(67 - 6) + 6, 22 = 4fi0 _ 6) + 6
apply SIP, 214 = 4(10 - 2) + 2, 22 = ae - 2) + 2
Lcnrma ll.l2
rpply SIP, 346 = 4(91 - 6) + 6, 22 = 4(t0 * 6) + 6
apply SIP, 370 -- t1t14 - ?) + 2,22 = 4(t _ 2) + 2
{11-CDD of type 24a

apply SIP, I l-5 = 4(31 -3) + 3, 3l =4(10_3) + 3
apply .SIP, 121 = 4(34 - 3) + 3, 3l = 4(10 _ 3) + 3
apply SIP, 139 = 4(40 -1) +1,31 = 4(13 _7) +7
(4l-CDD of type 240

apply SIP, 163 = a(a3 - 3) + 3, 3l = 4(10 _ 3) + 3
apply SIP, 175 = a@6 - 3) + 3, 3l = 4(t0 _ 3) + 3
apply SIl,, 187 = a(52 * l) + 7 ,31 = 4( l3 _t) + 7
(41-COO of rype 248

apply SIP, 2l I =4(.5_5-3) + 3, 3t = 4(10_3) + 3
apply.SIP, 223 =4(58- 3) + 3, 3l = a(10_3) + 3
apply SIP, 23-5 = 4161 -7) + 7,31 = 4(13 _7) + 1
{1}-Cl-ltl ol type 24ro
apply SIP, 259 = 4(67 - 3) + 3,31 = a(10 _ 3) + 3
apply SIP, 2tl3 = a(76 -7) + l,3l = a(l j *7) +l
( '1 ) -CDD of type 24ra
apply SIP,3.5-5 = 4i91 - 3) + 3,31 = 4(10 _ 3) + J
apply SIP, 179 = 4(100 -7) + 1,31 = a(13 _j) +j
{.1}-CDD of type 24a

apply SIP, I 18 = 4(Jl -2) + 2,34 = 4(10 _2) + 2
apply SIP, ll0 = a(34 -2) + 2,3a = a(10 _2) + 2

tt2t022
l13l022
l14l022
l15r022
lt6l022
1 t'l l0 22

11810?2
1191022
12010?2
t221022
t211022
i28l022
1301012
28131
29131
21073t
2 ll 't 3l
212731
21373t
214731
2 15 7 31

216731
2t7731
2 18 7 3t
21973t
2 20 7 3l
?2t 7 3l
2 23 7 3l
2 28 7 3l
229731
2 31 7 ll
2 8 l0 34

291034
2 l0 l0 34
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2

2

2

2

2

)
2
1

2

2

2

2

2

2

2

3

3

3

3

3

3

3

3

3

3

-1

3

3

3

3

3

23

11

t2
l3
t4
15

l6
t7
l8
l9
20

2t

?9

30

32
tf

2l
?.5

l0 34

l0 34

l0 3.r

l0 34

l0 34

l0 34

r0 34

10 34

l0 34

r0 34

r0 34

l0 34

l0 34

r0 34

l0 34

743
743

t42
154

166

r78

r90

202.

214

226
238

250

262

2tt6

346

3.58

3n2

l.5l

163

214

35tt

370

39.1

2il
259

107

Table 7 (continued)
npply SIP, 142 = 4(40 - 6) + 6,34 = a(13 - 6) +-6

[.1]-CDD of type 2^tr6

apply SIP, 166 = 4(a3 -2) +2,34 = a(10 -2) +2
apply SII'], 178 = a(a6 - ?.) + 2,34 = a( l0 - 2) + 2
apply SII'], 190 = 4(52 - 6) + 6,3"1=.1(13 - (r) + 6

{1 ) CDD of typc 248

rpply SIP,2la = 4(.55 -2) + 2,34 = a(10 -2) +2
apply SlP, 226 = 4(5ll - 2) + 2,3a = a(10 * 2) + 2
apply SIP, T8 =  (y1- 6) + 6, 34 = 4( l3 - 6) + 6

[4)-GDD of type 24ro

apply StP, 262 = a(f,7 - 2) + 2,3a = a(10 -2) + 2

apply SIP,286 = a(76- 6) + 6,34 = 4(13 - 6) + 6

(.11-CI)D rif type ?4ra

apply SIP,358 = a(91 -?) +2,34 = 1(10 -71+2
appiy SlP, -1t12 = 1(1ffi - 6) + 6, 3a =.1(13 * (r) + 6

apply SII', l.5l = 4(40- 3) + 3, 43 = 4(13 -3) + 3

[4 ] CDD of type 24s36r (give every point in a (4 )-GDD of
typc 659r weight 4 and apply FC)

apply SIP, 175 = 4(a9 -7) -r 1, 43 = 4(16 -1) +7
apply SIP, lll7 = aG9 - 3) + 3, a3 = a(13 - 3) + 3
apply SIP, 199 = a(52 - 3) + 3, a3 = 4(t3 * 3) + 3

I-rnrma 11.14

apply Slt'}, 175 = 4(61 -7) +7,43 = 4(16 -7) +7
apply SIP,23.5 = 4(61 - l) + 3,13 = 4(l-1- 3) + 3

apply SII',217 = 4($ - 3) + l, a3 = a(13 - 3) + 3

[,1]-GDD of rype j65721 (give every point in a [4)-CDD oi
Iype 3561 weight l2 and apply FC)

apply SIP, 271 = 4(73 -1) + 7, a3 = 4(16 -7) +7
Le rnma 8.15

apply SIP,367 = 4(97 -7) +7,43 - 4(16 -7) +7
apply SIP,391 = a(100 - 3) + 3, a3 = a(13 * 3) + 3
apply SIP, 154 = a(40 - 7) + 2,46 = 4(l3 - 2) + 2

[4 )-GDD of type )r5 j6l (give eve ry poinr in a (4 )-CDD of
type 6s9r we ight 4 and apply I:C)

apply SIP, 178 = 1(49 - 6) + 6, 46 = 4(16 * 6) + 6

apply SlP, 190 = a(a9 -2) + 2,46 = 4(13 -?) + 2

apply SIP, 202 = 4(52 - ?) + 2,46 = 4(13 - 2) + 2
Lernrna tJ. l -1

apply SIP, 226 = 4(61 - 6) + 6, 46 = 4(16 - 6) + 6
apply SII',218 = 4(61 -2) +2, a6 = 4(13 -Z) +2
apply SIP, 2.50 = 4(61 - 2) + 2,4(t = 4(13 - 2) + 2
(4) CDD of type j6r72l (give every;xrint in a (.1)-CDD of
typc 3561 w'eight 12 and apply I:C)

apply SIP, 2'74 = 4(13 - 6) + 6, a6 = a(16 - 6) + 6
Le:nrrna [J.15

apply SIP, 310 = a{p7 - 6) + 6, 46 = 4(16 - 6) + 6
rpply Sllr', 394 = a(1ffi - 2) + 2,46 = .1(13 -2) + 7
apply SIP, 2ll = a(5il *1) +7,55 = 4(19 -7) +1
aplrly SIP,259 = 4(76 - 1,5) + 1.5,5.5 = 4(25 - t5) + l5
apply SIP,107 = a(88 - l5) + 15, -55 =.1(25 - 1.5) + l5

28

29

3l
t2
r3

l4
l5
l6
t7
ltt
l9
20

2l

't 43 17.5

7 43 187

7 43 r99
't 43 2t1
1 43 2?.3

1 43 23.s

7 43 247

7 43 259

22

29

30

32

12

l3

7

7

7

7

r0
l0

43 271

43 355

43 367

43 391

46 Ls4

46 166

3 14

3 15

3 16

3 17

3 l8
3 19

320
3 2l

l0
l0
r0
r0
r0
r0
10

r0

178

r90

202

?14

2?6
119

250

262

3

3

3

3

4

4

.l

?2 l0
r0
l0
r0

1

1

7

46

46

46

46

46

46

46

46

46

46

46

46

5-5

.55

-55

146



apply SIP,403 = 4(l l2 - l5) + l-5,55 = aQS - 15) + 15

apply StP,214 = 4(.58 - 6) + 6,58 = 4(19 - 6) + 6

apply SlP, 262 = 4(76 - l4) + 14, ,58 = 4(25 - 14) + 14

apply SII',.110 = 4(lttt - 14) + 14, -5lJ = 4(25 - l4) + l4
apply S|I'},406 = 4(l 12 - 14) + 14, 58 = 4(25 * l4) + 14

Le mrna 8.16

Lcmnra ll.l6
appty trmnra 3.9 with (v, w; = (114, 26)

apply l-cmma 3.9 with (v, w) = (ll-5,27)

The constructions given in Tables 6 and 7 prove the following.

Lemma 8.L7, Suppose u) : 7 orlo modulo I2,u = u modula 12, and u )
4 u - 30 . Then there is a (u,ui {4}) -IPBD.

Wehaveseveralcases toconsiderwhen w < 82,3u+ I < u z-4w - 30.
Constructions are given in Table 8. As in Table 7, most of the required {a }-GDDs
are obtained by completing resolvable {3 }-GDDs.

Table 8
construction

433
4t7
421
425
433
5 3l
5 3l
6 2tt

628

7

l0
l0
l0
l0
7

l0
7

l0

403

2t4
262

3r0
406

3't9

382

343

346

.55

-58

58

-5tt

-5tJ

67

10

l()
82

250

262

286

43

46

5.5

55

58

58

67

61

67
'10

't0

70

79

7t)

79

'?9

82

tt2

82

82

139
I t1l{:

175

1ll7

178

190

2t I

221

23,5

2t4
226

238

241

2-59

27t

283

274

[ .1 ] -CDD of type I 2tir12l

(4 )-CDD of type 421461

(4 )-CDD ol type l2 ro-54 r

apply .SIP, 187 = 4(,tr9 - 3) + 3, 55 = 4(16 - 3) + 3
(4)-CDD of type 430-58t

apply SIP, 190 = 4(49 *2) + 2,58 = a(16 -2) + 2
( .4 ) -CDD of type I 1 r?66 I

apply SII'}, 223 = a(.58 - 3) + 3, 61 = 4(19 - 3) + 3

Lcrnnra 4.8

(.1)-GDD of type 436701

apply SIP, 226 = a(58 - 2) + 2,70 = 4(19 - 2) + 2
L-cnrma tJ.l3

{.1)-CDD of type l21178r

apply Lemnra 3.1 I with m = 12, u = 12 ro builcl a {4)-CDDoltype
3()s721. Adjoin a = 7 new poinrs.

apply Lernrna 3.1 I with nr = 12, u = l6 ro build l (41-GDDof type
.16'1?)1481. Adjoin a = 7 new poinrs.

apply l-emma 3.ll wirh m = 12, u = 20 to build a {4)-CDDoirype
.l(r1721601. Adjoin a = 7 ncw poinrs.

{ 
.1 

) -CDD of typc 4a232 t

applyLernrna3.ll wirhm= 12,u= l2robuilda (41-GDDof rype

.ltr572l. Adjoin il = l0 new poinrs.

apply Len'rnra 3.ll with m = 12, u = 16 to build a [,1)-CDD of rype

3617)t 48t . Adjoin a = l0 new points.

apply Lenrnra 3. I I u,irh m = 12, u = 20 to build a (.1 )-GDD of type
36472r601. Adjoin a = l0 new points.
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So, we have proved

Lemma 8.18. ^suppose u) : 7 orlO mdulo 12, w < 52, and u : 7D modulo
12. Then there is a (u,w; {4}) -IPBD.

Finally,weconsidertheinterval3w+ I ( u 14u-30,1)- tu= 0 modulo
12, u > 91.

We use the following four corollarics to Lcmma 3.1 l.

Lemma8.19. Supposeu):7 modulo24,w > 55,w t' l7S,Z7l,or3l9,
u=7 orl0 modulo12,and(7w-35)12 ( u ( 4w-21, Thenthereisa
u,wi {4}) -rPBD,

Proof: ApplyLemma3.ll with m= (w-7)16 nd,u = (u- l8rn -7)13.ThenaTD(6,rn) exists,andm ( u ( 2rn. Thisbuildsa{a}-GDDof rype
(3m)a (6m)' ( 3,r) I . Note that every group size is : 0 or 3 modulo 12, so we
can fill in groups with o = 7 ncw points. I

Similarly, we have the following three variations, using o = 10 , 19, and 22new
points.

Lemma8.20. Supposeu): l0 modulo24,w > 58,w/ 178,n4,or322,
u :7 orl0 modulo 12, and(7- - 50)12 ( u ( 4u -30. Then there is a
(u,wi {4}) -IPBD.

Lemma8.2l. Supposeu): 19 modulo24,u > ll5,uy' 187,283,or331,
u:7 or10 modulo 12,and(7w-95)12 ( u ( 4u-57. Thenthereisa
(u,w; {4}) -IPBD.

Lemma 8.22. Suppose u) -- 22 modulo 24, w > 118 , u / 190,286 , or334 ,

u:7 orl0 modulo 12,and(7ut-ll0)/2 ( u ( 4w-66. Thenthereisa
(u,-i {4D -LPBD.

After application of Lemmata 4.8, 4.9, and 8.19 - 8.22, several cases remain.
Some of these are disposed of in Table 9.

w v c".l*HaP

175 65.5,667

178 670

271 10r5, 1027, r039, 1051

214 1030, 10.12, 10-5.1

283 r063,1075

286 1078

apply Lemma 3.13 with m = 16, u = 28, u'= 16 and

I tt. Adjoin a = 7 new points.

apply L-emma 3.13 with m = 16, u = 28, u'= 18.

Adjoin a = l0 ncw points.

apply l-ernnra 3.13 with m = 24, u = 44, u'= 2fi,30,
J2, lnd -14. Adloin I = 7 ncw lrt-rints.

apply l-ernrna .1.13 with m = 24, u = 4.1, u' = 30, 32,

and 34. Ad.yoin u = l0 new poirrrs.

apply Lemma 3.13 with m = 24, u = 46, u'= 34 and

3(r. Adjoin a =7 ncw poinrs.

apply l-emnta 3. l3 with rn = 24, u = 46, u'= 36.

Ad.loin a = l0 new points.

irpply Sll'}, 119.5 = a(30.1 -7) +7,319 = a(85 -1) +1
apply SIP, 1243 - 4(ll6 *1) +7,331 = a(88 -1)-r1

3 r9 I l9-5

33r 1243
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Lemma 8,23. Supposeu) = 319 andu = 1207,l2lg,l?.3l, orl243i otu =
322 andu = 1210 ,1222,1234, or1246. Tlrcn there is a(u,u;{4})-I4BD.
Proof: 7f w = 319, apply Lemma 3.10 with rn = 80 and u = 56,60,64, or 6g.
This construcrs a {4 }-GDD of type 2404 (3 r.r) r. Then, adjoin o = Jg new poinls,
Iilling in (319,79;{4})-lPBDs and a (3u + 79,79;{4})-IPBD.tf w - 322,
arljoin a = 82 new;rcints. I
Lemma 8.24. Supposc ,tD = 331 and u = lZ55 or 1267 ; or u) = 334 and

u = 1258 or 1270 . Then there is a (u,w; {4D -fpBD.

Proof: If u = 331, apply Lemma 3.10 with m = M and u = 56 or 60. This
construcrs a {a }-GDD of type ZSZ4 (3 r)r. Then, adjoin a = 79 new poinls,
filling in (331,79;{4})-IPBDs and a (3u + 79,19; {a})-tpBD. If u.t = 334,
adjoin a = 82 new 1rcints. I

Also, forall u = 19 modulo 24,weneed m handle u = 4u _ 45 and 4 u _33:
and forallu:22 modulo 24,wcneed tohanclle u = 4w - 54 and4 u _42.
Lemma 8.25. Supposeu) : 19 mdulo 24andu = 4u-45;oru) : 22 modulo
24, u = 4 w - 54, and ut > 67 . Then \here is a (u,.; {4D -fpBD.

Proof: For,u: 19 modulo 24,u < 163,wehave(l5ur - t7)/4 >4u_45.
Similarly, {or u = 22 modulo 24,u < 190, we havc ( l5ur _26) /4 ) 4u_ 54 .

Hence, Lemma 4.8 or Lemma 4.9 npplies in these cases. llcnce, we can assume
that ru > 187 .If w - 19 modulo24,apply Lemma 3.10 with m = (w _ 55) 13
and u = 40. This constructs a {4 }-GDD of type (w _ 55)41201. Now, adjoin
o = 55 new poinrs, filling in (,ru, 55; {a }) -IpBDs and a (115 ,55; {a }) _IPBD. If
u : 22 modulo 24, apply Lcmma 3.10 with rn = (u - 5g) /3 and u = 40, and
adjoin o = 58 new points. I
Lemma 8.26, Supposeu - 19 modulo24andu = 4u-3Z,or,u):22 modulo
24 and u -- 4 ut - 42, and w > 91. Then there is a (u,-: {4}) -I?BD.

Proof: Fortu : 19 modulo 24,w < ll5,we have(l5tu _ 11)14 > 4w _33.
Similarly, for tu : 22 modulo 24, u 1. 142, we have (15 u - 26) 14 > q * _ 42 .

Hcnce, Lemma 4.8 or Lemma 4.9 applies in these ciLses. Hence, we can assume
that u.r > 139 .lf w - 19 modulo 24, apply Lemma 3.10 with rn = (u) _ 43) 13
and r.r = 32. This consrrucrs a {4}-GDD of type (u _ $)4961. Now, adjoin
a = 43 ncw poinrs, fitling in ( u.', a3; {a }) -tpBDs and a ( 139 , a3; {a }) _IPBD. If
u : 22 modulo 24, trpply Lemma 3.10 with rn = (u - 46) 13 and u = 32, and
adjoin a = 46 new points. I

Now, summarizing previous results, we can prove

Lemma 8,27. Supposew -- 7 orl0 modulo l2,u =. w modulo 12andu ) 3u.
Then thcre is a (u,*: {4D -fpBD,
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Proof: When u ) 4w - 30, Lemma 8.17 applies, and when ut I 82, Lemma
8.18 applies. Hence, assume 3u + I ( u (. 4w- 33 and w ) 91. These cases

arc covered by Lcmmata 4.8, 4.9,8.19 - 8.26, and Tablc 9. I
Theorem 8.28. Suppose w : 7 or l0 modulo 12, u = 7 or l0 mdulo 12 and
u ) 3u. Then there is a (u, ut; {4}) -IPBD.

Proof: lf u-w iseven,applyLemmaS.2T.lf u-u isoddandu 19u+4,Lemma
7. 1 applies. If u - u.r is otld and u ) 9 w+ 4, then there cxists a (3 u + 1, u.,; {4 }) -

IPBD by Lemma 4. 10, ancl a ( u, 3 u + l; {4 }) -IPBD, since u - ( 3 ur + l) is even.

Hence, the desircd (r,*; {4 }) -IPBD exists. I
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Appendix

A {4 }.CDD of type t22 64
points: (Zn x {1,2,3}) U {or,o,,bo,Dr} U {oo;: I < i < 8}
groups: {Zn x {g}} u t{oo,or,D0,br} U {oo;: I < i < 8}}u

{{0+ i,2+ i,4+ i,6+ r,8+,f, l0+ r}x{7}:i=0,1,j=1,2I
blocks: develop the following modulo 12 (second coord.inates are written as

subscripts; develop subscripts on o ond D modulo 2):

Q, oo,0r,3r ) {0r, o1,02,52 } {0r, }0, 1r,6r }
Q, oor ,2r,62) {0u ,@2,4t,92} {0, , oo3, 51, ltz }
Q, ms, tJr, 3z) {0r,006,91, 102} {01,oo7, 101,82}

A {4 }.GDD of type 162 3 tz

points: (2rc x {l ,2 ,3 }) U {oo , o, ,az,bo, bl , c0 ,e,di ,dt,"o, er }U
{ooi:l <i<7}

groups: {Zn x {l}} U {{oo, at ro2, bo,Dr, c0, ct,do,dt, eo, er}U
{oo;: I <i<7 }}u {{0 + i,6 + i,tZ+ i} x {i }: i= A ,t,2,3 ,4 ,S ,j = 1,2\

blocks: develop the following modulo 18 (second coordinates are written as
subscripts; develop subscripts on a modulo 3, and on D, c, d, and e
modulo 2):

{0r, 1r ,Oz,3z} {
{0r, br ,12,22} t
{0r, *+ ,7 t,4z} {
{0:, *a ,l\,72}

{0r,9r ,Oz,9z} {
{0r,or,92,112} {
{0r,.0, 81, 151 } {
{0r,"0,101,111} {
{0r, -r, 51, 132 } {
{0r, *z ,'7 t,7z}

A {4 }-GDD of type 6 5 t2 I 151

points: (Zts x {1,2,3}) U {oo,o,,az,bo,br,bz} U {oo;: 1 < i < 6}
groups: {Zts x {f }} U {{oo, orraz,Do,br,bz} U {oo1: I < l < 6}}U

{{0+ i, 5+ i, l0+ ;} x {1,2}:i = 0, t,2,3,4}
blocks: develop the following modulo 15 (second coord.inates are written as

subscripts; develop subscripts on o and b modulo 3):

0r,8r,lz,5z) tlr,5r, tJz,t\z) {q,o6,01,62}
03,a2, 1r,31) {0r,6s,61,91} {Q,Dr,3z,tJz}
03 , cr ,42,152.) iq , do ,41, t7r ) {Q , dr ,02 ,172}
0:, er ,7z,lC1-.) {q , oo1 , 21 , l(r2 } {Q , ooz ,161,22}
0:,oo+, 131, 52) {Or,oo5, 121,142} {Or,N6, 141,122}

{0r ,3r ,12,72} {01,01 ,21 ,61}
{0r,o,,32,72} {0r,a2,31,62}
{0l,bz, 141, 112} {0r,*r, lr, 102

{0r, *+, 10r, l2z} {U,65, 121,5y

{
{)t

){

0s,12,22,142j
0:,00,41 ,111)
0:, oo2 ,5t,42l,.
0: , oo6, 131 , 92 )

{0:, oo,8r ,9r }
{01 , }r ,02 , t12 }
{Q, oo3 ,71,1'32}
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