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On the Existence of Skew Room Frames of Type z,

D.R. Stinson

ABSTRACT

We prove that there exists a skew Room frame of type2' for all n ) 67.

1. fntroduction.
We need to begin with some definitions. Let ,S be a set, and let{Sr,...,So} be a partititn of S. An 

!,Sr,..., irl_Rrr; frameis an l,Stbv lSlarray, F, indexed by ,S, which satisiies'ttr* 'iofiorirg 
proprrti*r,

1) every cell of F, either is empty or contains bn unordered pair of sym_bols of S,
2) the subarrays gd X ,Sd are empty, for I < i < n (these subarrays arerefemed to a,s holes),
3) 

:?h".:r*bol 
of ^S\S; occurs once in row (or column) s, for any

4) the pairs 
^occurring in L are precisely those {r,t}, where(e,r) € (sxs)\1J rsr;(srxq1. 

r- vvryvrJ

We shall say that l7 is s&eu if,.for any pair of cells (o,t) and (t,"),where (s,t) €(SxS)\L,1(S{S,.), precisely o* i" .*pty. .lhe typeof F, isdefined to be the,multXet {lsd-f: iS d S t}, We usually use an,,exponen-tial" notation to describe tvp.ria t/pe fzii; .'ll Lrores r occurrences of1, j occunences of 2, etc.

A Room frame of type l, gives rise to a Room square of side z byfilling in each diagonal .Li lr,siwith the pair {oo,u}, where oo is a new

:il*:, 
If the Room frame i, ut".,u, then the ."uu)tirrg Room square is also

Room frames have proven to be an important tool in the investiga-tion of many problems related to Room ,_qru.., (*_, a, example, [g,g, and1l]). Frames for 
-other 

types of designs have aht bl", ,""fol. F.or exam_ple, frames for Kirkman iriple systems are investigated in [12]. In thispaper, we consider only Room frames; hence the term lrame can be taken
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to mean "Room frame".

The spectrurn for Room squares was determined in 1g7S by Mullin
and Wallis, who proved the following in [b].

Theorem 1.1. Ihere exista a Room square o! side n if and only tf n is
an odd positiue integer, n # 3 or S.

A similar result was shown to hold for skew Room squares a few
years later. A short proof of the following is presentecl in [g].

Theorem 1.2. there exista o ekeu Room square of side n i! and onty i!n ia an odd positiue integer, n * B or E.

_ More generally, one can ask the question "when does there exist a
(skew) frame of type t"?" ('fhese frames are called unilorm,since all the
holes have the same size.) The existence of (non-skew) uniform frr-"" **
studied in lZl, [B], and [fO], and the following theorem summarizes rhe
results obtained there.

1)

Theorern 1.3.

T'l'tere does not exist a.frame o! ty2te t" iI u:2 or B; if t(u_l) is
odd; or iI t" : 2a or 16.

There exists a lrame of type t4 il 4lt.
Tl'rere eriata a frame o! type f iI GCD(I,zro) > r.
For u ) 6, there eriats a frame o! type t" iI and only i! t(u_L) i.s
eaen.

2)

3)

4)

Much less is known about the existence of uniform skew frames with
holes of size at least 2. The following .asymptotic,, 

result was proven in [7,Theorem 2.5.3].

Theorem 1.4. For any t > l, there extsts a constant u(t) such that, ifu ) u(t), then there exiat a lramee ol type t" iI ancl onl'y il t(u_f) ;"
euen.

The purpose of this paper is to begin the investigation of uniform
skew frames. The motivation for our research is that skew Room frames
have recently been used to construct nested designs (see, for .*"*pi", 1+1y.In this paper, we restrict our attention to skew frames of type 2l. 

' 
Our

main result is the following.
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Theorem 1.5.
n)67.

There erists a skew Room frame o! type Zo for all

Of course, there is no skew frame of type Z" if n : Z,B, or 4. The
23 valu"s of n (6 S n ( 62) for which the exltence of a skew Room frame
of type 2" is unknown are those n e X, where

)C : {6,11,15,19,20,22,21,24,26,22 ,ZB,Bg,g1,B4,Bb,Bg,4g,46,Sl,Sg,Sg,62,67}.

2, Direct Constructions.
The basic direct construction for frames is the ',starter-adder,, con-

struction and modifications thereof. Let G be an abelian group, written
additively, and let H be a subgroup of G. Denote g: lcli n:'|^Ill ;rr;
suppose that g - h is even. A lrame atarter in G[{ is a set of unordered
Pairs.: 

g:{{si,t;}:r<i< (g-h\/z)
satisfying

1) LJr5,51r- q,a({ui u {t;}) : G\F/, and
2\ LJ,5,s1r-n Vz({*(e,-r;)}) : GV/.
At adder for ,S is an injection A: ,S -r GV{, such that

LJ ts.(r- qP({"i+o;} u {tr+'i}) : G\F/,

where ai -- A(oi,t;), I < i < (g-n)/Z. A is akew if, furrher,

LJ,5,gr-n1p({o;} U {-o,}): GV{.

We have the following construction for skew frames.

Theorem 2.1. ([tt,Lemma g.f]). Suppose there exists a frame starter Sin G\H, and a "k!y adder A jor S. Then there is a slcew lrame of typehort, where g : lG I and n : irul.
If we are interested in constructing (skew) frames of type 2r by

means of the starter-adder construction, then the subgroup I/ must be oforder 2- As well, the group G must contain a unique element of order Z.$ince G is abelian, this restricts the possibilities io group" of the form
?-: ZriX K: 

- where I< has odd order nt urrd i > t (whence

9 : {(o,o),(2,-',0)}). It is shown in [7, Lemm a z.t.7l rhar rhere is noframe starter in GV/ when i:t and'rn:B (mod i;; o, *h.r, i:2.Hence, we have
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Theorem 2.2. Ihere doea not exiat a lrame starter in G\H utheneaer
lHl- 2 and IGVIH l=2 or3 (mod4).

We can construct (skew) frames of type Zo , n = 2 or B (mod a) bv
means of a modified starter-adder construction, which we now describe.
As bef<lre, Iet G b.e an abelian group and let .F/ be a subgroup of.G, where
g : lG l, h : lll/ l, and suppose that g - h is even. An intransitiue star_
ter ia GV{ is defined to be a triple (S,R,C), where

's : U t!i<(s-h-2r2({{si,t;}: I ( i { (s-h-z)/z})u {{u},{r}},
c - {{p,g}}, and

R : {{p,,q,}},

satisfying

1) LJ,5rg1r-u -z1p({r;} u {tr}) L) {u,u,p,q}: G\iLl, and
z\ LJ,s,s(r-u -z1p({+$t-ti)}) u {*(p-q)} u {*(p'-q')} : GV{, and
3) both p - q and p, - q, have even order in G.

An adder for (,S,C,r?) is an injection A: S -* GV{, such that

|.J ts<r-u ny2({u;+oi} u {ti+or}) u {u+A(u),u+A(u),p',e\: G\y'{,

where ai - A(ai,t;), L < i < k-n\fz.
,4, is s/ceu, if, further,

1) LJ 1s,.tr-u -zya({o;l u {-ar}) u {A(u ),A(u\,-A(u),-A(a\} : GV/,
and

2) for some r > 1, p - q has order Zr*, and pr- g, has order Zr*r,
where m1 and rn2 are odd.
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F igure 1

A skew frame of type 27
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We have the following result.

Theorem 2.3. (11, Lemmata 3.3 and B.al). If there is an intransttiue
frame starter and a skeu adder in Q\H, where g : lG I and h : lH l,
then there is a skew lrame ol type fi|/n2r.

By constructing intransitive starters with skew adders in
Z2o-d{O,n*l} when n - | = I or 2 (mod 4), we can obtain skew frames
of type 2', when n = 2 or 3 (mod 4). As an example of this construction,
we present in Figure 1 the skew frame of type 27 constructed from the
intransitive starter and skew adder in 212\{0,0} which is presented in the
Appendix.

The starters and adders presented in the Appendix establish the fol-
lowing.
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Lemma 2.4. Ihere is a akew trame of type 2" lor n : 7,8,10,L2,L4,L6,
and L8.

3. Recursive Constructions.
In this section, we describe recursive constructions for skew frames.

We need to define some design-theoretic terminology (see [f] for any unde-
fined terms).

A pairuiae balanced design (or PtsD) is a pair ()(,A), such that A is
a set of subsets (called blocks) of X, each of cardinality at least two, such
that every unordered pair of points (i.e. elements of X) is contained in a
unique block in A. If u is a positive integer and 1( is a set of positive
integers, each of which is greater than or equal Lo 2, then we say that
()C,A) is a (u,/()-PBD if lxl : ,, and lA le f< for every A €A.

A group-diuisible deaign (or GDD) is a triple ()(,G,A), which satis-
fies the following properties: 1) G is a partition of X into subsets called
groups;2) A is a set, of subsets of X (called blocks) such that a group and
a block contain at most one common point; and, 3) every pair of points
from distinct groups occurs in a unique block.

The group-type, or type, of a, GDD ()(,G,A) is a multiset
{lGl' G €G}. We will say that a GDD is a /(-GDD if lAle N for every
A €A.

Atronsuercal design TD(lc,m) can be defined to be a {/c}-GDD of
type mt. It is well-known that aTD(k,m) is equivalent to h - 2 mutually
orthogonal Latin squares of order rn. F or results on the existence of
transversal designs we refer to [1].

The following is our main recursive construction for frames, found in
[11, Construction 2.2].

Theorem 3.1. Let (X,G,L) be a GDD, and let w; X * Z+ U {O) (ute
aay that w ia a ueighting). For every A e A, suppose there is a skew
frame of type {tr(r): r e A). Then there is a skew frame of type
{X,ar(x): G € c}.

Define SF2: {n: there exists a skew frame of type 2"}. Then we
have the following corollary to Theorem 3.1, which says that the set SF2 is
PBD-closed.

Lemma 8.2.
Then n Q SFz.

([6, Theorem 3.2]). Suppose there is an (n,SF2)-PBD.
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Proof. The hypothesizecl pBD can be thought of as a GDD in whichevery group has size l. Give every point *"igl; 2 and apply Theorem 3.1.
As another useful corollary, to Theorem 3.1, we have the followingmodification of [9, Lemma B.t].

Lemma 3.3. Suppoae m ) 4, rn # 6 or 10, and suppose 0 {t ?lm.Suppose also that there eost skew 1r3^"u Li r-io"r'##"riiri.=;;;',there exists a slceu frame ol type 2am+t. 
-' -"

Proof. Since m S {2,5,6,10}, there ex.isrs a.TD(5,m) (see [f B] and [f +]).In four groups of the TD, give every point weight!, urd in the fifth group,assign weights 0,2,4 ancl 6 so thai irr" ,r*ig;;;-;^ b _Zt. Now, apptyTheorem 3.1, employing skew frames of typls 44,--442r, au, ,.j +"noi 1tn"""frames are constructed in [tt, Lemma 
. 
s ill 'A skew frame of type(+m)4(Zt)t results. then, fill in the holes with sicewof type 22^ and2t.

We can inflate the size of each hole in a skew frame by any constant

*:?'r: 
other than 2 or 6, by usins a pair of orrhogonal Larin squares of

Theorem 8.4. Suppose there fs a .slceu Room lrame ol type
i";'".t;,, and su?tpose al.so that t * 2 or 6. then tltere erists a skeutRoom frame ol type (t.t,)",1r .tr)"r. . . (t .t)"i.

The following two constructions are both special cases of a construc_tion called the singular direct product. They u."-u..oorplished by apply_ing Theorem 8.4, and then filling in the holes tf tfr. resulting frame.

Lemma B.S. Suppose." .: ,r("_f) * !, and, let t be a rational numhersuch that 2t and {u_t)/t are boih inieg"r,s. 
- 

Suppo", there erist sketaframes ol type (zt)" aid 2u, and 
."u7ryroir" inr, (J_\/t * 2 or 6. Tttenthere exists a skeu Room !,ra,me ol ty-p'e 2a. 

\-

Lemrna B.B. Suppose E : u.u, and let t be a rattonal number such that2t and u/t are both integers. Suppose there erist skeut lrames of type(2t)" and 2', ancl "rppori that uii * Z or 6.- f;;" there erists a skewRoom frame of type Zr.

4. Skew frarnes of type 2r, for n ( BBg.
In this section, we construct skew frames of type Zn for all5 ( n < 339, except for the 23 exceptions mentioned in the introduction.We begin by looking at skew frames of type Zo , fl: 1 (mod 4). The fol_lowing result wa"s proved in [6].
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Theorem 4.1. II n = L (mod 4), n # 33, 5'1, 98, or 189, then there
exista a sheut frame ol type 2" .

First, we remove the four exceptions above. These .are all applica-
tions of the singular direct product construction, Lemma 3.5. First, write
33 : 8(5-t) + t, and apply Lemma 3.5 with t : 1, using skew frames of
types 28 and 26. Next, write 57 : 7(g-l) + I and take t : L,/2, using
Skew frames of types 17 and 20. Next, 93 : 23(5-f ) + t. Taking t : l/Z
and using skew frames of types 123 and 26, we get a skew frame of type
203. Finally, we construct a, skew frame of type 2133 by writing
133 : 12(12-1) * 1, using skew frames of type 212. Hence, we have

Lemma 4.2. Il n = I (mod l), then there erista a skew frame of type
20.

We can construet most of the skew frames in the desired range by
the following corollary of Lemma 3,2.

Lernrna 4.3. Suppose there erists a TD(lO,rn), and let O {-1r,,r..t,u 1,m.
Suppose there e*ist skeut lrames of types 2^ , 2', 2u, and 2' . then there
erisfs a slceut lrame o! type 21n*t!ula .

Proof. From three Broups of the given ?D, delete rn, -t, ffi - u, and
rn - u points, respectively. Considering the Broups as blocks, we obtain a
(7 m + t + u4u,{7,8,9, lA,m,t,u,u})-PBD. Since {7,8,9,LO,m,t,u,u\ is a subset
of ,SF2, we obtain 7m*t+u+,u e SFz, from Lemma 3.2.

First, we present in Table 1 constructions for skew frames of type
2' , fl < 95, using various recursive constructions. Flence, we have

Lemrna 4.4.
unless n e X.

II 5 < n 95, then there is a skeut lrame o! t11pe 2"

Proof.
Table 1.

This is an immediate consequence of Lemmata 2.4 and 4.2, and
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Recursive Consrrucrions for tffjliiames of rype 2n, B2 < n ( 9E

construction
Lemma 3.3
Lemma 3.6 (, : t/2)
t ernma 3.3
l-cmmzr J.3
Lemma J.3
I-emm:r 3.8
Lernma 8.3
Lemma B.S

Lemma S.B
Lemm:r,3.3
Lemma 3.3
Lemma 3.6 (, : t/Z)
r,emma 3.3
Lemma 8.6 (, : l)
Lemma 4.3
J-emma 4.3
Lemma 4.3
Lemma 4.3
Lemrna 4.3
Lc.mrna 4.3
Lemma, 4.3
Lernma 4.3
Lemma 4,.3
Lemma 4.3
Lemma 4.3
Lenrma rl.lJ

I-emma 4.1]

Lemma 4.3
Lemma 4.3
Lemma 4.S
Lemma 4.3
Lenrma 4.3
Lemma 4.3
Lernma ,[.3
Lemrna 4.8
Lemma 4.3
Lemma 4.3
Lemma 3.6 (, : t/Z)

Now, we have to consider g6 ( n ( 3Bg. It is a bit tedious, but not

n
32:9.4+0
35 : 7'5
39:g'4*7
40:g'5*,
42:8.4 + l0
44: $'l I 1o
47:g'5*,
48:g'5**
50:3'5+10
52:8.5+12
54:8.5+14
55 : ll.b
56:8.7+0
60 : 5'12
63:7'9+0+0+O
64 : 2.9 * I + 0 + O66:7.9+l+1+t
68:7.9+b+0_r0
7O:T.i*7+0+O
71:2.9+U_F0+O
72:7.9 * 9 + 0 + O74:Z.g*9+1+t
75:7.9*Z+5+,
76:7.9*T+5+t
78:2.9+9-Fb+t
79:7,q+9+T+O
B0:7.9*9+Z+t
82:7.6+9+l-r+b
83:7.9+8+Z+S
84:7.9+g+Z+S
86:2.9+9+9+S
87:7.9+9+8+Z
88:7.9+9+9+Z
90:7'9+g+O+g
9l:7.13+0+0+O
92:7'13*t+0+O
94:7.13*I+1+t
95 : 19.5

'' t
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difficult, to check that all n in this interval can be handled by Lemma 4.3,

using m : L3, L7,25,29, and 37, with 5 possible exceptions: n : L7L, L72,

L73, L74, and 179. Irirst, we have 171 : 10(18-1) f l, ancl apply Lentma
3.5 with t : 1. Next, 172:8'20 + 12 and L74 - 8'20 + 14, so [,ernrna.

3.3 can be applied. L73: I mod 4, so the frame exists by Lernrnx 4.2'

Finally, we handle n : L79 by observing that che cleletion of 4 collinear
points from a projective plane of order 13 produces a (t79,{10,13,14})-
PBD; whence a skew frame of type 2170 exists by Lemlna 3.2.

Summarizing, we get

Lemrna 4.6. ry 96 ( n ( 339, then there is a akeut trame ol type 2n .

6. The existence of skew frames of type 2o , fl > 68.

Given the existence of skew frames of type 2o for 68 < n ( 339, it is
a simple matter to show that there is a skew frame of type 2" for all
n)68.

Theorem 5.1. There is a slcew lrame of type 2" for all n ) 68

Proof. The proof is by induction on t?. In view of Lemmata 4.4 and 4.5,

we can assume n ) 340. We can write n:8m a t, where 68 ( t <75,
uniquely. Then, i > l+, so t ( 3rn. There is a skew frame of type 22-
(by induction), and one of type 2'. Apply Lcmma 3.4 to construct the
skew frame of type 2".
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Appendix

Starter-adder construetions for Skew frames of type 2"

n:8

n:L2

n:16

5
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15
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11

10
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2
3

18
I

2r
8

13
20
L4

8
15
25
30

I
31
1g
27
20
11
13
10
I
4

23

11
19

5
I

23
15
4

16
g.)

6
1

3
1

20
2
8
6
I

11
19
10
I
1

2
3
4

11
22
26

8
27
19
20
15
25
18
23

13
18
22

5
2

15
4

1g
8
6

oalr t)

I
T7
28

2
18
2L
13

3

30
1

25
26
22
t4

2
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I
10
l4
11

3

L4
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J)
.)
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I
5
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I
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2
3
6
I
5
4
1

1

1

6
2
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3
I
3
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1

1

1

I
7

2L
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f)o
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28

2
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5
26

3
,o
2T
24
22
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6
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6
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8
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5
I
4
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n:7

11 _

.B-

n:10

C:
R:

n:L4

I 11

3
I
0
8
4

I

1

2
3
8
1

5

3
8
5

1

4
2
I
1

I
1

1

2
3
4
6

t2
5

16

5
11

1

2

10

13
10
t7
15

I
L4

2L

I
5

T4
1

15
16

6
8

t4
10
L7

4
23
18

2
11
19

6
1

5

8
F'
I

t7
5
3

10
11

6

2
15
13
16
4

L2

t4 1

15
I

20
2
5
1

oa
Ll)

19
L4
18
22
11
16

t7
10
24

8
12
I
6
3

25
4

a)
.f

T7
11

6
2

10
2s

4
I

24
23
16

5
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15
L2
I
1

I
L4
18
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I
16
1g
25

3
5
1

18
22

2

26
8
4

11

33

6
l4
15
20
31
32
27
I

t2
24

13
28
23
29
30
2L

10

2L
5

31
28

4

20
11
,,
31
33
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15
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4
L4

3
10
23
2t

32

10
g
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zfj
27

6
7

16
28

2

24
30
I
5

29
L2

1
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1
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