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ABSTRACT

The main result of this note is to show that two classes
of designs are equivalent to each other: a certain class of
frames and a certain class of incomplete transversal designs.The existence of an incomplete transversal design
m(k+l,kw) - m@+1,tr) implies the existence of a frame of
block-size k and type ((/c-f ).to)*+t, and conversely, the
existence of a frame of block-size k and type tt+l implies the
existence of incomplete transversal design
TD(k+t,tkAk-t)) - TD(lc+t,tAk-L)). Several examptes
are given.

1. Introduction.
The main result of this note is to show that two classes of designs are

equivalent to each other: a certain class of frames and a certain ctass of
incomplete transversal desigrrs. We need to define some terminology
before stating our result.

A group-diuisible design (or GDD) is a triple ()(,G,A), which satir
fies the following properties:

(1) G is a partition of X into subsets called groups
(2) A is a set of subsets of X (called blocks) such that a Broup and a

block contain at most one common point
(3) every pair of points from distinct groups occurs in a unique block.

. . The group-type, or type, of a GDD(X,G,A) is the multiset
{ lC It G g G}. We usually use an ""*por.rrtiul:, notation to describe
group-types: a group-type ld2e3r . . . clenotes f occurrences of l,i
occurrences of 2, etc. We will say that a GDD has block-size & it Wl : ;
for every A ge.

If (X,G,A) is a GDD of block-size lc and G e G, then we say that a
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set PCA of blocks.rs a holey parallel clasa with hole G provided that p
::Ti"t* 9f (Xl- lcl)/c disjoinr.blocks rhaLparririon X\G. We wrireh(P): G to denote that G is the hole of p. If we can partition the set ofblocks A into a set p of holey parallel classes, then we say that (X,G,p) isa lrame with block-size k.

We can think of a frame as being a resolvable BIBD with holes,exactly as a GDD is a BIBD with holes. (All the frames in this pro". u.."one-dimensional" objects. In other papers, the term ,,frame,, 
has usuallyreferred to square arrays (i... ',two_dimensional,, objects) in which therows, and the columns, constitute a resolution, or partition of the blockset, into holey parallel classes. Further, these two resolutions are requiredto be "orthogonal".)

The following result was proved in the case & : S in [7], ancl thegeneral proof is essentially the same.

Theorem 1.1. Let (X,G,p) be a frame utth block-size k. For euerygroup G € G, there are exactly lC V&_t) holey parallel classes p g ptaith h(P) : C.
Frames with block-size 3 are studied in [Z] and are used to prove newresults on the existence of subdesigns in Kirkman triple systems.
A transuersal design TD(k,n) is a GDD with kn points, k groups olsize n, and n2 blocks of size k. It follows that every group ancl everyblock of a transversal design intersect in a point. It is well_known that aTD(k,n) is equivalent to k - Z mutually orthogonal Latin squares {MOLS)of order n.
We also need to define the. idea of incomplete transversal designs.Informally , a TD(k,n) - I:!l(!c,m) (on t""o*eirf" rransversal design) is atransversal design from which a sub_trarrrr".sd design is missing. (Thisconcept was introduced by J. Horton in tb]. He used the notationIA(n,ot,k).) We give a formal definition- ,+ fb'1t ,n) _ fD@,rr,; i.-, q,ru_druple (X,G,H,A) which sarisfies the followirg plof.rries:

(1)

(2)

(3)

X is a set of cardinality &n

G: {G;:1( i { n} is apartitionof Xinto /c groups of size n
H; {Hi: I ( i { n}, where each Hi C Gi, and V{rl: *,1(i(n

(4) A is a set of n2 - m2 blocks of size /c, each of which intersects each
Broup in a point

(5) every pair of points 1, ,y} from distinct groups, such that at least oneof r,y is in [J llr.(n (G;-H;), occurs in a unique block of A.
Transversal designs are of fundamental importance in constructions
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for designs, and incomplete transversal designs have proved to be a veryuseful generalization. For some constructions and applications of thesedesigns, we refer the reader to [4], [S], [6], and [g].
Our main result which will be proved in Section 2 is the following.

Theorern L.Z. The exiatence o! an incompleta
TD(kat,kw) . fD.&!].y) impliee the eciatence o! a lrame ol block_size

!. "?d .type ((k-1)'r)**', and c.o.naereely, the exiatence ol i fro*e o7bloclc-size k gnd type th+t impliea the exisience of a
TD (k + L,tk /(k -t)) - rD Uc +L,t /(k _t)).

It is easy to see that, if an incomplete TD(k+l,u) _ TD(k+t,w)
exists, then u ) lcu, and analogously, if there exists a frame of block-s ize lc
and type f', then u ) fr + f . Thus, the designs referred to in Theorem
1.2 are "extremal" in some sense.

As well, we can construct certain ,'separable,, 
designs a.s a conse_

quence.:of these designs. A symmetric l-design ,S(l,,t,r) ; a pair (X,A),
where X is a set of u points, and A is a set of , f_",rbsets of X 1Uf".f.Jjsuch that eyery point occurs in precisely /c btocks. We have the followinf
result which will be proved in Section 2.

Theorem 1.3. TIre edstence of a lrame of btoclc-size lc and type t*+r(or the equiualent incomplete m ) impt;eu the exiotenci of aG.DD(X,G,L).o| type th+r in which'the ait o! blocks A can be parti-
t.ioned into t/(k-l) sets o! bloclcs Ar, . ,AtAh_r), such that each ()(,..\)
is a symmetric S(L,k,tk),1 ( ; < tAk_t). -/\"

We do not know under what conditions the converse of Theorem l.J
is true; this is discussed further in Section 4.

We prove Theorems 1.2 and l.g in Section 2. Then in Section B, we
give several examples, some old and some new.

2. Proofs of the Theoreme.
We now give proofs of Theorerns 1.2 and 1.8.

Proof of Theorem L.Z. Let (X,G,H,A) b" aTD(k+t,kw)-TD(k+t,w), where G: {G;:1<i {/c+f} andg_: {H,:1( i ( /c+U, where each H; ec;,'1<;.SJ+r. Denore
!, :_Joqr' 1 S i {.), r < i < tc+l, roi t"t }; : G,W, 1 ( i ( /c+r.Let Y: 1J,.,.**,4. and J : {4: 1 ( ; < *+i}. We shall construcr a
frame, (Y,J,PJ.-

By simple counring, it follows thar h n (U lSSr+rH;) I : f , for
every A e n . For every oer, \ne define u -h;-i;r- ' parallel class
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P;i: {-4\{oq;},3r: €A€A}. Then, p:{Ei:t<i {.,I S , < /c+1). It is straighiforward to .h..k that (y,J,p) i" a frame ofblock-size /c and type ((r-l)-)**t. 
- -- v-'vvrl wu<

Conyerselv, suppose we start with a frame of block_s ize k and type,.r:', (x,G,ii), " *h"r"- 
-"*G.: 

{Gi: I (; < fr+U and p:{4i: I < r < /c+1, i S^i < t/(k-r)}.'W. roo.irr" wirh each p;; a newpoint oQ;. Noy,, define i, :Jir, ; < i iilt&-r)), I < ik r+r,
}::,tT,: 

I ( r,a **r), J: {4": I* i c,"lr < i < /c+l}, and- LJ lSSl+t'i'
We consrrucr a TD(k+t,tkAk_L.)) _ TD(h+t}lk_t)), (Y,J,H,A;,where the blocks are A: {/'U oei: l'e!rr, i Si 1*,1 <i </c+1}.Again it is easy to verify thai we have the d""ir.,l incomplet e .ID.
We now give a proof of Theorem l.B.

Proof of Theorem 1.8. We start with a frame of block_s ize k and type1:', ()(,G,P), *h."" 
- """G: 

{Gi: r (; < /c+t} and p -{P;i:L <i</c+r, iS j <t/(k_r)}'Fo; l<} <t/(k_\, we derine
lr,:. LJ,ss**,4i. Tli"n it l"' easy to see thar each Ai is a symmetricl-design, a^s desired. For, the number of blocks i., *o"h Ai is(,t+t)'(tf /k\ : t(k+l), and each point occurs /c bl,ocks of each A7.

We also have the following consequence of Theorem I.B.

Corollary 2.4. I! there esists a lrame o! block_size lc and type tr*r, oTD(m,t), and a TD(m,lc), then there etists a TD(m,t(/c+1)).

Proof. Construct 
-the separable design in TheoremTheorem 4 of Bose, Shrikhande, and pu.f., frf 

- ..

3. Examples.

In this section we give several interesting examples.

Example B.t. There T , "D(4,E__ 
TD(4,2), which is equivalenr ro aframe of block-size 3 and type 4i. .i.tri, irr.fo,(i"t. 7D was first found byEuler and has been rediscovered several times .ir." (see, for example, [S]).It is particularly interesting in view of the non_existence of a TD(a,6).

Example 8.2. There js a ?D(5,g) _ TD(S,Z) or, equivalently, a frame ofblock-size 4 and type 65. \ '

1.3, and apply
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Proof. We construct rhe frame..In [3], a GDD of block-size 4and type65 is constructed, and this GDD gives rise to the following frame:
X : Zrcx {0,r} and G : {{fo,ir,(E+i)0,(s1z),,(rO+i)0,(10+f)r}: 0 ( i < 4}.

We start with two holey parallel classes:
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Proof. We construcr a TD(4,12) _ I:D(S,B). DenoteY: Zs U {oq,oq,oq}, X: yX {f,Z,a,+,Si, G: {G;: yX {f}:1 < i. < 5), and H : {H; : {og,oe,oq} X {i}:-i < i < 5}.'We give a serof 15 base blocks, which are clevelop.a tU-"ghZs.For convenience, weomit the second coordinate of each ordered prir; .a.h element in column fof tlre following array has second coordinate i, f < i < b.

The remaining 8 classes are obtained by adding L,Z,l, and 4, reduc_ing modulo 15.

Exarnple 3.8. There is a TD (S,tZ) - TD(S,B) or, equivalently, a frame of
block-size 4 and type 96.
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Example 8.4. .Ihere 
i.s a T,D(6,10) *.fD(6,2) or, equivzrlently, a frame ol,block-size 5 and type go. \-'-

Proof. This incomplete 7l? was found by Rrouwer [2]. IIe also observed

lll:l"il^ir"llri"' 
to a sc'parable desisn, 

-',,,1 
t,..,.e rirere is zr 7D(6,48)

4. Remarks.
As an open problem, we ask under what conditions the converse ofTheorem l.B is true. We make a couple of observations.
Suppose we begin with a GDD(X,G,A) of block_size & and type t*+rin which rhe ser of blocks -4. can be pariitio*J rri"-i-i;_;;;. ;, blocksA,, . tAti*-t\, such that .":L' ()(,A;i--;'-u 

. symmerric S(t,k,tk),t < i <t/(i-[. Suppose G:- 1Cr)t-!-,f<'lr+r). Each A; consisrs ofa set of ,(ft+l) blocks rhat contain *..y plirt k times. 
. 
Given anyG €G, there are t.k blocks of each e, tUat-m""t G, and t that don,t.Henc6, we can partition each A; inro & + 1-;;; p,1, such thai-.u.t, p;iconsists of t blocks disjoinr from ?r,L<'ri**r. We would like eachP;i to be a holey. parallel class; then we *""fa have the desired frame.I':[owever, this need not happen, * irrai""kd ;;;le following example.

Example 4.1. We give a GDD of block-size 2 and type 38, with theblocks partitioned int three i-i"rigrr.. Cfr.-u.""ps are {1,2,g}, {4,5,6},
['u;'nr, 

and the blocks are as foltowslr., u*rir;;;. wrire a btock {a,6} as

Ar
A2
A3

15

16

t4

19 59 34
18 68 24
17 25 28

38
29
58

48
35
36

26
57
69

on

39
49

67
47
37

If we partition ,4.2 as described above, ,!ve obtain p2r: 
{6g,5Z,4I},Pzz: {18,29,39},_rnl pzs: {r6,24,35}. Unfortunately, these ur..rro, holeyparallel classes. In this exan,plu, it is possibl. ;;;u.tition the blocks into

*ffiitallel 
classes in a different *"rii. o;;o*. a frame of brock-size 2

It rvould be interesting to fincl examples of separable GDDsin whichthere is no way to partition the blocks i"r. fr.f.y lrarall"l classes.
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