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A GENEMLI.ZATION O,T' WILSONIS CONSIRUCTION

IOR IIUTUALLY oRTHOGONAL LATrN SqUARES

Dougl"as Stinson

Abs tf39 |

Wilsonts construction for mutually orthogonal Latin squares is
generalized, ancl is useil to construct I orthogonal' squares of 98

orders where B orthogonal squares t'rere not previously known' If

N(n) denotes the maximr:m numtier of flutually orthogonal Latin squares

oi ord"r n, ttren N (n) > I if rt > 7 47 4 '

1. fntv'oduction

We asstrme that the reatler is faruiliar with the terms Latin sqtare and

rruhn|,Ly orthogornl ltttin squares (henceforth MOLS) ' Let t{Cn) tlenote the

maximtun number of LIOLS of order n'

For a list of lower bounds for tq(n) ' 
n s l-0000' see Brouwer Hl'

Also of interest are value" tr, where ', 
denotes the largest order for'

which r MOLS are not knornm' Ior some sma1l values of rt uPper trounds

for n have been obtained' See, for example' [1:]' [5]' [6]' and [71'
I

Some constructions for MOLS can be more eastly described using rhe

language of Lrarrsversal clesigns, which \'/e now define' We use the notation

of Wilson [7].

Let k > ?, n ) 1. L transl)ersal design' abbreviated as TD(k'n) is

a tr:iple (X, G, d) where X is a set of kn elements' or potnts'

G = {G., G^, ..., G, } is a partition of x into k gToups of n
I' 'l' k

points eac.h, and a is a set of subsets of X' called blocks' each

containing exactly one point from each grouP' such that each pair {x'y}

of points froru diffexent grouPs occurs in an unique bl-ock of q'

Thus it follows that each block contaLns k points' eactl point occurs
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in n blocks, and there are ,'r'

TD(k,0) ils liaving no points, k

blocks. It is convenient to define a

empty groups, and no bLocks. Also, a

TD(k,1) exists for any positive integer k.

The following is well-knovrn (see, for example, 171).

LEMMA 1.1. Tlrcre erlst k-2 MQLS o! order " if crnd onLy if there ertsts

a TD(k,n).

In [71, Wilson proves the following recursive construction for transversal

des igns .

THEOREM 1 .2 . Let (X, G, a) be a TD (k + t,, r) where

G = {cr,...rGk, Hl,...rnr}.

Let S.nl u... rll.q., andLet

m 2 0.

Suppose the follouing tuo condt ttons are sattsfied,

(t) If 1 < j < [, then there erists a rD(k

h. = lS n H.l
ll

(Li) For each bLock A e. e, theye enists q TD(k,m + u^) hauing

u = Is n a1 dis joi,nt blocks.
A

Then thet,e exists a TD(k,mt + s), uheye s = lsl .

In this paper, we extend Wilsonrs construction, in the direction of

constructing a TD(k,mt * ns). We are then able to consttruct eight MoLS

of several orders where eight MOLS were not previously knonm.

2. The Construction

We first define the terms sub-TD and disjoint sub-TDs. Let

(x, c, a) be a TD(k,t). A sub-TD(k,rt) is a rriple (Y, H, g) which

is itself a TD(k,tr), with y c X, H = {H1, ..r rU}, Hi 5Gi I < i < k,

and B c a. Suppose each (Y., H,, B"), f. i a j, is a sub-TD(krtt)

'h3) '
where
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of (X,G,a), a TD1-t<rt). We sav thar the sub-TDs are dtrsjoint tf
y. n y.' = 0 if i I i,.

11

TIIEOR!)I 2.1. Leb (X,C,a) be a TD(k + fl, t), uhere C = {Cr,...,Gk

Ill ,...,H[]. Let S c llru ... ul{,, anC Let m, n 2 0. Suppose the

folloaing tao conditions at,e satisfted,

(i) If I < j t 9., then there erists a TD(k,nhr), uhere

1. = lS n H.lJJ
(ii) f'or each block

u=
A ls n el

Then the:r,e exists a TD(krmt * ns) , uhere s = lSI.

If n = 1, we have Wilsonts construction.

If s = 1, we have a Moore-type consrruction (see [4.] and t8l).

l\ e e, theve extsts a 'lD(krm * nuo) conta'Lning

disjoint s.ub-IDs (k,n) .

REMARKS

(1)

(2)

E)oof, We use Wilsonts notation. Let XO

block A e. a, put Ao = A n Xo, Ar = A n S.

and n elements respectively, and let Ik =

(X't, 6rt, .f*), zr llD(k,mt * ns).

Let x:t = (Xo x M) , (tr., x N x S). Let

=GruGru

Let M and N

{L12r...,k}.

. u C, , For each
K

be sets of m

We wi 11 cons truc t

Gr, = {Ct,...,Gf,},

i
x M) u (ii] x N x S), for 1 i i < k. It remains to descrlbe the

wher:e

(G
1

blocks.

Iror each block lt t. a, construct a lD(k,m * nun) wirh points

(AoxiY), (ItxNxA'), groups ((Ao n(1.) xM) u({i} xNxAr),

1 < i ! k, and blocks B-. i,rle may specify that we have ,A disjoint

sub-TDs as follo',us. For each z e A', we have groups {i} x N x {z},

1< i ( k, and blocks 8(A,z). Put Brl = Bn * u 8(A,z), and put

o - tt ol' - r, f)

Aca
A
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Now, for e4ch- j = 1,2t,..,L, construct a ID(k, ntr-r) on poi.nts

IU x N x (S n tl,), w:ith groups {t} x N x (S n H,), L !, i s k, and blocks

Put a*=BuC

TD(k,mt -t ns) .

1U cz u ... , Ct. Then (X*, Gr(, q*) is the required

Irre will verify that two points, x and y, from diff erent groups af, at,,

occur in a unique block of q*. We have three cases.

(1) x = (g,m), y = (gtrm'), B € G., Br , Gl ,, orlrrr e M

(2) x = (g,m), .y = (it,n,h), g e Gir, e M, h, HJ, n e N

(3) x = (i,n,h), y = (it,ntrlit), n,nt e N, h e HJ, ht . ,Jt.

Case (L) There is a unique block A e a such that {g,gt} .1. Ttr.ere is a

unique block n e Bj such rhar {(g,m), (gt,m')} = %. Since blocks of the

,j" contain only points of IU x N x S, Eherefore, B is the desired

(unique) block.

Case (D There is a unique block A e q such that {grh} c A. There is a

unique block n e Bi such rhat {(g,r), (irrnrh)}. Bl. As in Case (1),

B is the desired unique block.

Case (3) We have three subcases;

(a) h=h'(hencej=j')

(b) h I h,, i I j'.
(c) h I h', j = J'.

Subcase (a); Whenever h e A, where A e a, we have,

{(1,n,h), (i',o',h')} . B(A,h).

Thus { (i,n,h), (it,n',h') } is contained in no block of B. However,

{(i,nrtr), (i',n',h')} is cont;rined in a unique block C of c., and is
contained in no block of any r:.,.> if k I j.

98



Subcase (b): There is a unique block A e q

lr,hr are in dif f erent groups of (X, C , a) .

o. Ba. such th;rt {(irn,h),(it,nt,ltr)} c B,

block of s*.

Subcase (c); (irnrh) and (irrn'rht) are contained in a unique block of

c and in no other block of sx

Wc desire a corol1:rry to Llrcorern 2.1.

CoRoLI-ARY 2.2. Suppose there exists a TD(k+l, t), TD(k,nu), TD(k,m) , and a

TD(k, nr*n) cotttcrLning a sub'TD(k,n), r,there 0 ( u s t. Then there erists a

TD(k,mt * nu).

Proof. In Theorem 2.1, take 9. = L. Then, for each block A, uA = 0 or 1'

Ttre results f ollows.

3. Eight Mutua'Lly Orthogorwl Latin Squares

It is shown in [s] that n, < 9402, and N(n) > B if n > 7768,

n * 9402. In [1], Brouwer indicates that N(9402) ) 9, but does not give

details of the consLruction. For completeness we give the details here'

The following three corollaries of Wilsonrs construction are needed'

C0ROLLARY 3.1. If 0 < w < t, then N(mt * w) ) min {N(m), N(rn}l),

N(r) - 1, N(w)i.

Proof. See [9].

CoRoLLARY 3.2. If o < t s rii, then u(mt + w) > min {u(m), N[m*]-), N(mltr)

- 1, N(t) - w).

Pt,oof, See [11].

COROLIARY3.3. If t>w+!uf"-fl ,then N(mt{-v*w) >min{u(n), N(m*l),

N(m+2), N(w), N(t) - v - 1].

. Pr.oof . See [ 7 .l .

As wel1, we use the following lemma.

suctr- that {hrtLr } S A, since

Thus, there is a unique block

B is the clesj-red unique

j
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n-P1 P2

ALso, N(1)

kYoof .

lemma 1. l,

LEM},IA 3. 5.

kYoof .

LEMMA 3.4. If n > 2 hqs pripe peaey factprization
o1 o2 0r-

N
tt

then N(n) > min {p.
].
1-1 , 1 s i < k).

ts qreater than any finite nwnber.

For t z 2, see [21. The statement regarding N(1) follows from

and the existence of a TD(krl) for any positive integer k.

N(9402) > 9.

The following scquence of constructions implles the result,

TABLE I

bound fnr N(n) fit t v w Corollary or Lermna

pr-
K

n

31
't,)

,')
4L

1')')

724
725

1
13

9 402.

30
')1

22
40
L2
10
L.+

L2
9

31
31

23
aaL)

10
11

3.4
3.4
3.4
3.4
1a

3.1
3.4
3.4
3.4
J.J723 13 2 I

A list of orders for whicir B MOLS are not known can be found in t1l.
Uslng our construction, we are able [o eliminate many of the previous unknown

orders. In order to apply corollary 2.2 we need a TD(10, m*n) containing

a sub-TD(l0, m). We w111 use the following.

LEMMA 3.6. (L) Thet,e erists a I'D(10, 82) containing a sub-TD(1O, 9).

(2) There erists a TD(10, 100) containtng a sub-TD(1O, 11).

Ptoof. The TDfs are constructed in [3]. Although it is not explicitly

stated there, they do contain the desired sub-TD's. This is evident from the

fact that rhe TD(10, 82) is trconstructed froru,' GF(73), Logerher with g

ideal elements. A similar remark applies to the TD(10, 100). For details

of the rnethod of construcEion, see t101.
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Thus, we obtain the following.

COltOl,I,AllY 3,7, .ff 0 :r u .: r, N(r) >: 9, cLnd N(9u) > B, then N(73t t 9u)

\o

Proof, The result follows inunediately from lemma 1.1, corol1-ary 2,2, and

lennna ta 3. 1+ and 3 . 6 .

In an analagous manner, we also have

COIiOLT,\I{Y 3.8. lf 0 { u . t, N(t) > 9, and N(11-u) > B, then N(89r f 11u)

i o.

We list appllcations of corollaries 3.7 and 3.8 in Table II below.

Orders for whj-ch 7 MOLS were noE previously known are indicated by *. The

required number of MOLS of orders t, 9u, and llu are Buaranteed by lenrna

3.4, with the exception that N(315) > 8, whlch can be obtained by taking

m = 16, t = 19, and u = 11 in corollary 3.1, since N(f6), N(9), N(11) > 8,

and N(fg) > 9, all by lemma 3,4.

TABLE II

t CoroIlary order of MOLS construeted

11
11
11
13
r3
13
11
L7
13
L7
13
L7
t9
19
L]
tl
19
23
23

8L2 *
830 ,k

884 *
958 *

1030
1048
1078 *
L250 *
L256
1268
L278
l-340
1396
l-4L4
L524
L6L2 *
L702
t-706 ,(

L778

3.7
1-7

3.7
J. t
3.1
3.7
3.8
3.7
3.8
3.7
3.8
3.1
'l 1

3.7
3.8
3.8
)Q

3.1
3.7

u

I
3

9
1
9

I1
9

t
9
3

11
11
I
3
1

9
l.
3

t1
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t

19
23
23

25
23
25
1trL)

21
27
2l
27
23
25
2.9

29
31
25
31
25
31
31
31
7t
29
29
3t
29
3r-
31
31
JI
1?

31
37
4L
43
43
43
3l
43
43
37
37
47
47
49
4L
49
49

u

9

r3
L]

1
19
13
L7

1

3

11
19

9

I
L]
25

L)

1I
13
l7
19
23
27
I

.LJ
o1

11

25
9

13
23
25
29
19
31
T7

3

11
13
I

L9
33
27
31
23
25

9

I
L]
19

TABLE II Ccontinued)

Corol-1ary order of MOLS construcEed

3.8
3.1
3.7
3,7
3.1
3.7
3.1
3.1
3.1
1'7

3.7
J.O

J.O
')l

11

3.7
J-O

3.7
J.O

).1
)1

J.O

.J.O
a'7

') ()
J . ()

i.o
3.8
')1

3.7
3.1
1a

1-7

3.1
3.7
11

3.7
J.O

3.7
3.7
3.8
10

3.7
3.1
3,1
3.8
3.7
3.1

1790
L796
r832
1834
1850
L942
19 78
1980
199 8
2070
2t42
2L46
2236
2210 ?k

2342
2344
'2346

238A
24L2
2434
2470
2506
21LO
27 24
2834
2854
2856
2fl5B
2902
2908
2926
2962
2968
29 80
3].46
3L66
32 38
3256
3304
3310
3436
3590
3634
3638
3656
3658
3660
3730
37 48
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TABLE II Cconrinued)

Cor:o llary

49
53
49
43
43
43
53
53
53
53
43
59
59
47
47
59
59
61
53
67
67
67
61
83
79
7L
97

101
103

79

u

25
3

3l
9

2l
29
35

39
4L
37
I3
19
29
3l
31
33
11
29
L7
23
51
25
27
6L
I

33
9
1

67

J. t
3.1
3.7
J.O
20

3.8
3.1
3.1
3.1
3.1
3.8
3.7
3.1
J.O

3.8
).t
3.1
3.1
3.8
3.1
3.7
J. t
3.8
3.1
3.7
3.8
3.7
3.7
3.1
3.8

37

order of MOLS construoted

3802
3896
3910
3926
4L24
4L46
4LB4
4202
4220
4238
4234
4424
4418
4502
4524
4586
4604
4606
5036
5044
5098
5350
5704
6302
6316

, 6330
7378
I 454
7528
77 68

We obtain the following new bound for ng.

THEOREM 3.4. n, < 7474.

Proof. In [5-], it is shown that N(n) > 8 if n > 7474 and n 17528,

7768, or 9402. Eight MOLS of order 9402 exist by lenma 3.5. In Table

II, eight MOLS of order 7528 and 1168 are constTucted. Tllus, we have

the result.
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Jj. Concluaion

Tlrus, we lrave constructerl eiglrt MOT,S of gB new orclers, 4nd

ob ta i.ned f Ite new bountl no -l 
471+ .
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