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Some Non-leomorphlc Klrkrrrf,n Trlple Syatem.
of Order tg and 6l

DR. Stinaoa ond SA. Vonctoae

ABSTRACT

Kirtmau triple tyaCemr of ell orden 6, + 3 cxfut, but
very little ir known regarding non-homorphk ryatcma. For
orderc 30 and Sl, it was unLnown il there exiet nol-iromorphic
designu. We enumeraCe all Kirkman tripte tyrtcmr of L
cpecific type, of ordera 39 and 51, rnd teat them for iaomor-
phism. In this way, we find gg non-isomorphic Kirkman triple
rystemr of order Bg, and g,tlg non-iromorphic Kirkman triple
aystema of order 51.

l. Introductlon.
Let V be a ret of rize u s 6t * 3. A block ir e 3+ubaet of % aud aretolution clora is a partitiou .I? = (Bt,...Bzt+r) of y irto btoctt. AKirkman triple aydem of orda .6, + 

-S 
1a.olt"a KTS(6, +A)) fu r aerR = {Rr,...Jtrr+r} of 3, + I rerolution clu"T,.ruch thai 

"oy 
i*, poixt

of V rre contained ia precirety one block 
"t ij q. Ray-Chaudhuri and

Wilson [at proved in lg70 thar e KTS(u) .;; for all pocitive inregercur3modulo6.
Let R = {pr,,..,FEr+r} and g = {sr,...,ssl*r} h KTs(u). ti/e ray

that R and S *e iaomory,lrfc ir there i, , p.rmutatiou $ ol'V ruch tbatl, = s. (we denne_,*r: Iot;:.nf,.;i;;;t:i;r, iii ef(ts;:s3r+l) and B(=g{:i e Bii.''
Let N(u) denote the number of mutualty non-isomorphic KTS(u).

Very little is known regarding N(r). The followLg bwer bounds are takenfrom Mathon 
"o1_.T9:" [z]: N(s) =. N(e) = r, fu(r5) = z,-lvtCi= za,

ilffi I I f lir*IJ'?,4:',,,fi('J),l,Ji,ur Iq:* ifi,,, I # = i:

. h thir paper.::_p-r9r.. N(39) E 88 aad N(Sl) e g{rg by enumerat-
ing ell KTS(39) and KTS(SI) of a particular rypc. '

,. A Conrtruetlon.
l,el G bc en additive rbcliao troup of order 2n * l. A etrmtg etor_
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tr (io G) is a rct S={{r;,t;}: lsisn} cuch rhar:
{*(r,-ri)}=G\{O}, {r;,r;:tiisn}=G\{0}, ,j * t;*ai*ti if
; * j, rnd a; * t; * 0 (t:s; s r)- ' Djtrne
,4(S) ={(a;+t;12: lsisrr}. Now, ruppo6e 2n * l=0m * l. An
eztenaion of S i.c a ect of m &oubactc of G, cty Tr,...,7^, auch that

h

S U (U4) = G\{0}, and {t(r-y), r,y € 4,1 s i s m} - C\{0}.
i-r
An extension of a rtrong atrytq tives rirc to a KTS(l2m +3) rs fol-

lowa. I*t V = (G x {1,2}) U {-}. Define Ro = {(o,(0,f),(ri,Z)}} U
{{(c;,t),(t,,1),((r;+,iy2,0)}: I s i s n} U t{(r,o),(y,o;,12,0j1:'f =,
lx,y,zl,l sism). Then define &=Ro*r for all r€G, wLerc
addition h defined on V by 6*r-o for all xQ,G and
(o,i) 1 x - (o*!,il b,, € G, i - 1,2). Then it ir ea.oy to check that
R = {R" : x C G} ir a KTS(l2m +3). Thb KTS haa G in itr automor_
phism group. Also, theblocks4 +z (l= iSm,a € G) conrtitutea
morimum aubdeaign (aee [3] for r definition end rerultr concerning the
existence of such KTS.)

8. Iromorphlrm.
Suppoee ^S and S, are etrong rtarteru b Zz.+t. We aay that S and

S' are equiuolent if there ir tn intcger-, t Zzr+, aucb that
5t = {{cs,d,l:le,t} € r}. If .S ha^r au extencion Tr,...,i"(n'= 3m), then
.S' has a corresponding, extension Tt1,...,T^ where T; = lcx: x 

'e 
4).The two reeulting KTS(l2m *3) rre easity rccu to bc iromorphic. Thua in

our enumeration, we need oul;r consider one strong ttarter from cach
equivalence class.

We first enumerate aU inequivatent etrong atartcrs b Zro rind Z2g,
and tben determine aU poasible extensions. We then teat the ,.rultiog KTS
for isomor pbism by meanr of the following iavariant.

I,er R={Rr,...,Fsr*,} h rKTS(6I*3), and tet B=ijh. For

r,y €. V, , S, Ut define other(r,y) - z rt lt,y,zl G, B, l;i define
rc(x,y) = /?i it fu,y, other(r,y)I € nd. We defiae a partiat mapping 0
from3-oubsets oIVto &cub6€tsof R. llr,y,z aredistinctmemberr otV,let z, -.other(r,g), At - other(r,e), and Et : other(y,z). tf
l, t,y t,zr) t B then define 0(lr ,y ,zll = lrc(r 1,a ri,rr(r 1,r rl,rr(y r,rr )).For i > 0, let /; deootc the numbcr of &subsctc of R which have an
inverse image of cardiuality exact$ i. Finally, defioe
Inv(R) =(l;:0sisu).

Inv(R) i$ !n invariant for KTS: iI R and R, are bomorphic
KTS(6, *3), then Inv(R) = Inv(RJ. A.a we aball see, this invariant is autT-r
ciently sensitive for our purposec.
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1. Computailonal rerultr.
h [tl, all atrong rtarterc iD Zzr+t are enumerated, for , s tB.There are precisely 52 inequivalent etrong gtarters in Zs,end Zg3{ iue-quivalent strong starters h Zzs.
In Z ro, the 52 rtrong rtarterr give rire Co tOO KTS(39). The numberof atrong atarters with i extcncionc i.a rs foltowa:

0 I
* ctrong startera t2 l6 8 { 4 8

513.>

Of theoc 100 KTS(39), aome are iromorphic. Thesc arisc a^a followr. Thereexist strong rtarterr 
..S 

in Z ro lor wbich cS = S for some c (ruc[ a c Lrcalled a muttiptin). If fr,fr,f, is an extcnsion of S, then ao bcTr,cT2,cT3. Thesc two extensions give rise co iromorphic KTS(A9).
After eliminating isomorphic KTS(30) which arisc in thia way, gg ryrtems remain. Thesc are ahown Co bc uon_isomorphic by the invariantdescribed earlier. In Table I we list tne SZ atrorv ,rur," ru in Z 1s, and inTable 2 we list 88 non-isomorphic extenaions.
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Table 2
88 non-i.romorphic KTS(gg)

Strong starter Exknsiona
1867
5610
238
189

r{ 17 18
t7 t82
17183
01213
01013
12 13 16
t3 17 t8
12 15 16

12 13 17

16175
9131{
0l0r{
91{15
5610
6131{
167
167
r67

10 12 l5
l{163
'18 7I
t3 l5 18

3512
512t{
8l{16
t7 57
17 57

8r517
81010
8r017
l0 16 18
l0 13 l5
2lto
152{
132{
l{163
17 l3
l{35
3513
t{35

1728
8r518
61013
12163
r028
1638
2512
l8{10
12184
18510
512r5
13185
58r5
812r8
1536
3613
36r0
8r518
2812

l0 t3 17
r0 l{ 17
r0 t3 17

5

0
7

8
I
0
I
t0
l0
It
lt
ll
1l
l1
t2
t2
r2
l3
t{
r5
r5
l6
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r0 r5 16
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7 rr12
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lr 12 17
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16 l2
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10 12 18
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17 16
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ltlSl
81018
81018
16185
1857

16187
571{
7l{16
35ll

l0 l{ 17
1316{
l0 13 17
l0l{7
l0 13 17
l0 13 17

8l{t8
{1015
18{10
l7 l5
8l{18
8t518
12t7 4

ot217
91210
5012

81218
2813
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1536
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t4L72
l0 l{ l7
r0 13 t7
l0 r{ 17
l5r7
915 I
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17 25
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ll 16 3
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{5
{5
{5
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{6
47

48
4g
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5C
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50
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5r
52
52

589
{58
18{5
17t8{
10175
256
t731
t73{
l{5

l0 17 ,5

01617
7813

l0u18
1r 1{ t5
l0 ll l{
l5 12
l{l5t
1423

1{ l5 l8
l{23
l{5

16175

10186
91018
1768
6816
{60

l{16{
0l{16
l{165
7010
189

6811
l5{6
l{8
l3l0
13t3
3ll 13
u132
r0 13 l5
31012
l0 13 t5
7010
{60

t2t7 4

6t2t7
91216
5912
81218
1730
250
26s

6 ll 17

lTll
{l0l{
17 l5
1637
27 13
t527
7l0r{
3710
lTll
2813

81218
6rr17
rTlr

From the 793{ iaequivatent strong otarters b Zzs, we obtain g{lg
KTS(51). The numbcr of atrong atartera with i extensionc ir:

0 I o 3 4 5 6 7

0 10

8* strong starters 3200 22p3 730 350 lil 73
Th
tio:

e 9{19 KTS(Sl) are shown to be non-isomorphie by the invariant of Sec-u3.
We want to make one observation regarding extendibility of etrongetartem i: Zu^+1.- In Z7 rnd Zrr, a,lJ ctroig rtarierc have extensions. In2rc,77% of the 52 inequivatent etrong ctarters have extensiona, and inZ15 tbe precentage is ffi%. We conjecture that the probability p(m) tbata random strong atarter in Zu^*, has an extension approachea 0 asrrl <6.

u24
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