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On Sehedullng Perfect Cornpetttlons

D.R. Stincon

The following problem wa,s posed by M.S. Brandly in [2; p. 7S9t. Let
u 2 4 be an integer. A pertect competition is the aet of all poasible g,ame6,
where in each game two of u playera play against two other playero.

Clearly, there rr" ftiX"i'l= 3(X) sames. It is desired ro schedute these

games into rounds, so that any player playa in at moat one game in each
round. Denote by n(r) the miuimum number of rounds necessary to
schedule a perfect competition, subject to the above constraint. The proL
Iem posed by Brandly is to determine E(r).

In this paper we accomplish thie: for any integer , 2: 4,

n(r) = 3(f,ytfJ (Note that rhir quantity ia alwaya an integer.) First, we

observe that at most lfl fnrn"E can be played in a given round, ro clearly

n(r) = 3(Xytfj The remainder of rhis paper describea rhe construcrion

of schedules with the desired number of rounds.

Our proof follows easily from a result of Baranyai. It is necessary
first to give 6ome terminology. Let X be a finite 6et, and denote
u = lXl. If t s k s u, rhen (f;) a.ootes thesetof all ,t-subsers(called
edges)of X. lf le r,...,km is a list of integera (not necesearily distinct), with
I s frd s u for I s i s nt r then K(u iky...,kn1) (based on X) denotes the

multiset union of the t{1, tf s i s m ). Thue, edgea will be repeated if
k; = ki forsome i * i.

A acheme based on K(u ik1,...,kn1) ie an m X n matrix .4 = (o;;) of
non-negative integers, which eatisfiee

t,o,,=(/,), lsi sm (i)
,-l

and
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f,k;a;; =u, lS1Srr.
TI

r'- I

,a

(ii)

A resolution of K(u;kr,...,kml occording to A iE a partition
P : {P1, ...,Pnl ol K(v;kt,...,k^), where each py = il Xi;, which aatisfies

fX,il =aii, t:si sm, lsrI,

,V,4r=(t)'rsi 3m

(i)

(ii)

(iii)UUr=X, 1s jsn.
dolr(X,

We remark that each X;; consists of diejoint &;-aubseta of

. Baranyai proved the following Theorem in [ll.

Theorem l. II A is any cchante bosed on K(a;kt,...,k^1, then thre
erists a resolution of K(u;kr,...,km) occording to A.
Baranyai's theorem is related to scheduliug perfect competitions as follows.

Lemma 2. Let u > 4beopositiueintegr. Suppooe tr = kz= ks= 4,

and l:srtd s3 lor 4sf Sm. Suppoae Upi fa o resolution ol
K(u;kr,...,k^) according to Eome ochune A. i;; o pr[ect competition
lor v playrt con be ocheduled, udtng n rounda.

Proof. For each Py, delete any edgea of aize tesa than {. Theu replace an
edge abcd (where o { b ( c ( d) by:

ob va. cd, iI obcd C ({rl

o6 YE. 0d, if oOcd e ({rl

ad, va.bc, if olcd € ({).

Thus it is necessary only to conetruct suitable achemes.

For u r 0 mod 4, thiE is easy. We tate m = 3, and our ocheme ia

r{r
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Heren -B('it) = sqYf.
The eise u r 3 mod { is almost as oimple. Here we aet n = 6,kl = &s = &o = 3, and let
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Here,,"=B(l) =3(Xy3-|.9..

For u : 1 mod {, we deaire n =
setm=B*L=#-=)

r)

, and &i = I ior 43 i S m. We have two

EXY+. we

subeases: u r 5 or g mod 12; and u r I mod 12.

If urS or g mod lZ, then m,n= 0 mod 3. For lSirSB,
4 s izs. tnt and it - ie mod g, eonatruct t columna of A: withu-lorri = T, ,;i l, and oii 0 if l' * ipi2.

If u : I mod 12, theu ^,\ - I mod 3. Firrt, we describe the first
three rowa of .4. Construct + eolumnr each of the form3
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and one column

J,and [,ir-J

ft-iriiJ
We now add m - 3 rowr, where each row containa u I'a and n-u 0'8,
and eaeh eolumn contains one l. This forms the desired matrix 1,.

L:ui!y, . we consider u : 2 mod {. Here, we desire

" = fu*@ = sqy+. We aet m =B + (u-l)(u-B), and

ft; = I lor 4 3 f s m. We have two subcaser: u r 6 or 10 mod 12; and
u :2 mod 12.

If u r 6 or l0 mod 12, then m ,f, r 0 mod 3. Firot, construct the

first three rowa of e: * cotumna each of the form
3

vou
0
0

Callthis matrix,4,r. Now, letA2 beany m - Sbyn 0- f matrix,with

all column 6um6 2 and all row EumE u. Then I = (*lAr ''

, 
Finally, we consider u r 2 mod 12. Note that m ,fr a 2 mod 3.

Construct Ar, the first 3 rows of / n-2
t -T- columna each of the form

l' 
and 

['-s"']; 
aud two eorumnau-2la

0

0[',"'], fri_,9111
Let A2 be any m - 3 by n 0 - I matrix, with all row EumB u and all

cotumu sums 2. Then o : t*1.
As a consequence of Theorem l, Lcmma 2, and the matricer ,{, we

have eonatructed, we have

Theorem 3. For ony , = 4, the minimum numbo oI rounde required to

schedule a perlect competition with v ployera f, 3(XyttJ.
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