
oN TrrE EXTSTENCE OF 30 MUl'LlALLY ORTHOGONAL LATrN SQUARES

D.R. Stlnson

Abstract

If tl(v) denotes the maxlmum nuuber of mutually
orthogonal Latin squares of order v, then N(v) > 30

tf v > 121605.

1. fntroduction.

A, Latin squdxe L of order v ls a v by v array of elements of

a v-set S, such that each element of S occurs exactly once in each row

and each coluun of S. Two Latl-n squares, Ll- and Lr, on v-aeta St and

52 respectivel-y, are said to be orthogonal Lf, for any ordered paLr

(st,s2) e Srxsr, there exists a unlque celI (r'j) such that s, e Lr(t'j)

and s, e Lr(I,j). Several Latln squares are saLd to be truhnlly onthogottal

if each palr of them ls orEhogonal. Henceforth we refer to mutually

orthogonal Latln squares as MOLS.

Let N(v), v 2 0, denote the uaxlmum number of MOLS of order v' Let

trr denote the least integer such that N(v) > r tf ' ' 'r' I{e note

that N(0) and N(1) are each greater t'han any finlte number'

Bounds on ., have been establlshed for several sual-L valuea of r'

The following table llsts uany of the known results'

Tabl-e 1

Bounds References

n2

o3

t4
t5
,6
o7

=S
<14
<52
<62
<90
< 2862

Bose, Shrlkhande and Parker [I]
Ilanani [3], Wang and WlLson [9]

Hanani [3], Wll-son [10], Van Llnt t8l
Ilananl [3]
Wilson [10J

Van LinE. [8], Mu1lin et al [5], Stlnson [7]
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ng < 7768

n.g < 34115553

Mullln et al [5], Sttnson [7], Brouwer [2]
Hananl [3]

In thls paper we w111 establish thar .30 a 121605. As we wl1l show ln
the next section, the basls for establishlng a bound for ,30 is that
N(31), N(32) > 30. We apply a construction of Wilson to obtain our result.

When Hananl establlshed the above bound for nzg he used older
constructlons whlch are not as powerful as Wllsonrs consEructlons; hence

he conscructed 29 MOL6 rather than 30.

2. ?heorems concerntng the consttaction of MILS.

We w111 use the followlng three theorems 1n order to establlsh our

bound for .30. Theorem 2.L 1s due ro MacNeLsh [ 4 ], Theorern 2.2 is due

to Wllson [10], and Theorem 2.4 is due ro Wotjas tfZl.
TIIEoREM 2.1. rf u = p7 Tpro'...rOoO is the factotization of the integet,

D 2 2, tnto pouers of distinct primes pi, then

7si<k].
THI0REI"I 2.2. If 0tu3t,then

N (mt+il > trin{w h) ,N (m+1) ,N (t) _1,N (d } .

Theoren 2.J. lnplles thar N(31) , 30, N(32) > 3L. (In facr we have

equallty slnce N(v) s v-1 for all lntegers v > 2). Thus we have the

fo1J-owLng corolLary to Theoreu 2.2.

COROLLARY 2.3. If 0 s u < t" N(t) > 51" and N(il ,_ 80" then N(SLt+d > 50.

fuoof: Set m = 3L ln Theorem 2.2. I
TIIEoREM2.4. If 0sust then

N ht+il > rrintw h),N (m+L ),Nfut+il _j.,N ft) _ut .

For p a prlne lnteger, let u(p) denote the least Lnteger c euch

a.
Nfu) > mtn tpoL-1.,
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that, lf *0 ts any posiElve integer, then there exists an lnteger mt

uOsma*O*o-l,suchEhat (ur,q)=1 lf q lsprlmeand q<P. Ae

ls usual, (n,q) denotes Ehe greatest -common dlvl-sor of m and q. The

followlng is estabLished in [ 6 ] by means of a computer search.

THE0REM 2.5. u(31) = 58.

The following theorem enables us to determlne a bound for o30'

TIIEOREM 2.6. Suppose 0 s u0< 3L, and' suppose tttat N(|7t+ud >- 30

if t0-57st<t0. Then N(Tltr+uO)>30 i.f t>-32t0*u0.

Proof: Suppose tl > 32t0 * ,0. By Theoreo 2.5, there is an lnteger 1

such that O < I s 57 and t1 - tO + i is relatlvely prtne to all prlmes

not exceedlng 31. Ior such i, Theorem 2.1" guarantees that N(tl-to+l) > 3L'

Further, t1-,t0+1 > 31 (tO-1) + uO, slnce i > O. Also N(3L(t0-1)+uo) > 30

by assumptionrslnce O < I s 57. If we take t = tl- - t0+1 and

u = 31(tO-1) + uO in CoroLlaty 2.3, we have the result' I

Suppose 0 S u < 31. Define Nu(t) = N(31t*u). We may reatate

Corol-Lary 2.3 .

COROLLARY 2.7. If Nu(t) ' 30, m > 31t+u' and Nh) > 3L' then

N fu+il > 30.
u

Also, we may rephrase Theoreu 2.6 as foll-ows.

TIIEOREM 2.8. If Nu(t) > 30 foz' t0-5? 3 6 s t6t

t>32t0+u.

then N ft) > 30 if
u

3. Desen'Lption of Method.

The purpose of thls paper is two-foLd: firstly, Eo obtaln a "good"

result, and secondly, to accompLtsh the first purPose in an efflelent maonert

that is, without using large anounLs of computer tlme. We have tried

to approach the problem in such a way Ehat it can be easlly and efflcLently
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implernented on a computer. The total computer tlme used to estabLish Ehe

result of, sectlon 4 was under three rjllnutes.

I^Ie deflne the set of non-negatlve lntegers congruent to a partleular
lnteger nodulo 31 to be a fibt'e (nodulo 31), and we ideurlfy a fibre by

tts least member.

In establlshlng our bound for n3O, ,e attac.k each fibre separateLy.

In view of the form of Theorem 2.8, this seema to be a natural approach.

It ls deslrabLe Lo construct 30 MOLS of many consecutlve orders withln
each fibre. In fact, we must consfruct 30 MOLS of 58 consecutlve orders

LrLthin a flbre to even apply Theorem 2.8. Then we wish to construct much

longer sequences of 30 MOLS to ftll in the gap fron tO to 32t.*ur ln
Theorem 2.8.

Orr approach l"s the foll-owlng. We construct a set T. of snalL

values t for whlch Nu(t) > 30. We use Theorem 2.L and CorolJ_ary 2.3

Further, we deslre that each T, contain exactly as many even numbers as

odd (we w1.11 say more about thts later).
[Je next obrain a llst \ of a].1 orders t, below some posltlve

integer k, for which Theorem 2.1 guarantees N(t) > gf. In vlew of

Theorem 2.5, Tt contaLns no gap of Length greater than 57. However

lunllt is much greater rhan U5B.

Let P denote the set of prlmes not exceeding 31, and wrlte
p* = II p. Ihen, Ln any block of p* consecutLve Lntegers, there are

P€P
exactly II (p-1) integers relarively pri-me to D*. Now since

p€P
1

;r II (p-1) > .L528, we have that
P€P

llllt > .1528 if k is large. Norlce

\ ln this estlmare. The estluat,ethat we constder only odd rhembers of
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l1ary 2.7 states that, if rn e \, t e T.r, and n 2 31t * u, then

Nu(m+t) > 30. Glven llsts of integers \ and Tu, lt is a very slnple

matter to determlne all sums urlt, subJect to n > 31t * u. A coxnPuter

can perfonn many such calculat.ions in a short amount of tlme.

Thus we wish to write integers in the forn n+t' with m and t

above. We want to choose ,,, small enough that all suus rl't can be

computed qui.ckly, yet large enough so that not too uany integera are

missed. This is where parlty ls lmportant. Slnce aLmost alL the elements

of \ are odd, we wish to have equal numbers of odd and even trs so that

sums u+t do not favour either the odds or the evens

We can obtain a crude estLmate on how blg T, should be' Suppose 9'

ls an lnteBer large enough that 32arr* * u s .C, where tr.* = naxttrteTol'

I'urther, suppose k > .Q,. Then w€ carlrbe certaln that Nu(f) > 30 tf

!,-t e \ for some t e T,r. The probability of thls occuring can be

esrimated to be 1 - (1-.3056)r-/2lTul. we consider only those t e T,,

which make g-t odd, then estimate the probability that l-t € Mn by

2(.1"528). If lT,rl = 50, then the estimate obtained ls 1- ( '6944)25 <

.O0O1O97, which is verY close to 10-4 Thus it appears that ltrrl = SO

is sufficient to ensure that very few orders are missed'

[,Ie emphasize that the above discussion proves noEhing' Ilowever, it

serves as an indicator of what will happen when the problem is progranrmed

for the computer. Indeed, without scme estimate like the one obtained

above, it would not be possible to establish a bcund for t3O in an efficient

marlner.
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4. A Bound for, ,50.

In the appendix, we list orders of squares corresponding to the sets

T which we used. As stated in section 3, t e T only lf it can beu'u'
established that Nu(t) > 30 by Theorem 2.1 or Corollary 2.3. Each T,,

consists of the 25 smallest even, and then 25 smallest odd trs described

ab ove.

The results of the computer run are contained in Table 2. For each

fibre u, and each r such thar ra(u) < t < 32(rr(u)+57)+u, we have

N..(t) > 30 except for the possible exceptions t € Euu

TabIe 2

l-ibre

0

I
2

J

4

5

6

1

o

9

10

11

L?

13

L4

15

16

L7

18

19

, 
(u)

2009

19 59

6004

57 57

3B8B

3 187

2650

5431

44L6

39 41

2568

3607

2368

557 7

5430

6L29

2639

394L

29 49

39 41

Possible exceptions (t-values)

150866

63672, LL7 42

136313, 3856

85592, 83492, 80972, 69422, 57032, 55562

2963L, 6L76

145088, 110558, 85418, 52268, 47I38, 33548, 4979

39t47, 3940

81055

4978
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Fibre
20

2L

ta (u)

54 30

4482

3B 17

10315

713 B

6009

7 834

44L5

2650

r0315

22

23

Possible exceptions (t-values)

154541, t4344L, 138401, l26L9L, 106061, 89021,

86195, 50621, 45341, 2896L, 15311, LL72L

332346, 331026, 2862L2, 2756L6, 244296, 226476,

2L5L96, 210906, 2OL546, L7LB76, 168336, 90786,

79866, 63066, 61913, 60756, 40836, 39306, 11520,

10944, 10374, 1o3l-4, 10266, 10026, 100L4, 9996,

gg48, 9936,9900, 9870, 9858, 9846,9816, 9696,

L95254

38401, 299L7 , 4979,

24

25

26

27

28

29

66457 ,

2843

246591

L097 4,

9896,

30 3528

LEMMA 4.1. Suppose for each t e Eu that Nu(t) > 30' Then Nu(t) > 3A

tf t > tr(u).

Proof: Theorem 2.8 implies the result' !

In Table 3, we list constructions which eliminate the possible

exception" E,r. A11 constructions are applications of Theorems 2'2 and 2'4'

Table 3

, 158607, 90786, 54447, 54234, LL232,

LOg44, 10314, 10200, 9956, 9948, 9900,

9870, 98L6, 9790

Reference

Theorem 2.2

Theorem 2.2

Theorem 2.2

Theorem 2.2

Theoreu 2.4

Theorem 2.2

Theorem 2.2

Theorem 2.2

fibre
3

4

4

5

5

6

6

6

t
150866

636t2

LL7 42

136313

3856

8s592

83492

BO97 2

3lt+u
467 6849

t97L97 6

364006

4225708

119541

26s3358

2588258

2510138

Construction
256.t82L1+L3297

31.61643+61043

31.11387+11009

31. II207 1+131507

3 1. 3851+160

31.82939+82249

31.80887+80761

3t.7 8457+7797 L
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fibre

6

6

6

7

7

6

8

B

o

o

B

o

11

11

L4

19

2L

LL

2L

2L

2L

2l
27

2t
2L

2L

2l
2t
23

23

23

23

23

23

23

31t+ut Construct.Lon

3L.67 267+66811

3 1. 5526 r.54907

31.53851+53047

3L.287 57+27 L0L

3 1. 6173+100

31. 140579+139787

31.107123+106493

3r.82757+82499

31. 50657+499 49

3t.45677+45299

31.32507+32279

3 1. 4969+3 18

31.37961+37087

3L.3929+352

255.9781+8783

3l..4957+670

31.149713+149689

3 1. 1389 79+138343

31. 134119+1327 63

3L.122263+121789

31. 102763+LA2259

31.86269+85333

31.83s07+83349

31.49069+48133

31.43933+43669

31.28069+27613

31.14851+L428L

31. Ll4l-3+11119

256.40L23+31261

256.3993L+39493

256.34537+31123

256.33247+32887

256.29473+28111

256.2733L+24043

256.2598L+L9963

Reference

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

Theorem

69 422

s7032

5s562

2963t

6t7 6

145088

110558

854 1B

52268

47 t3B

33548

4989

39L47

39 40

B 1055

497 I
154541

L43441

138 40 I
126L9L

10606 1

89021

86195

5062L

4534L

2896L

153 11

LLl2L

332346

331026

2862L2

27 5616

244296

22647 6

2L5L96

2I52OBB

t7 67998

L7 22428

9 18568

191463

4497 7 36

3 427 306

26 41966

16203 16

t46L286

1039996

154357

1213568

72215t

25727 )L)

75 4337

4790192

4446692

4290452

39LLg42

3287912

27 5967 2

267 2066

L56927 2

L405592

8978L2

47 4662

364922

L03021 49

L026L829

881 259s

8s 44119

7 573199

7 02077 9

667 LO99

7'

,)
),
),
2.4
)')
)')
))
.,.
'))
))
2.4
),
2.4
))
2.4
)2

))
))
2)

,)
2.2
1.>

'))
))
1',)

2.2
))
2)
,),
,')
i,

,,
2.2

2.2
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fibre

23

23

23

23

23

23

L)

23

23

23

23

/-)

23

23

23

23

23

23

23

23

23

23

23

23

23

23

23

24

27

27

27

27

28

29

t 31r+u Constructlon Reference

Theorem 2.2

Theorem 2.2

Theorem 2.2

Theorem 2.2

Theorem 2.2

Theorem 2.2

Theorem 2.2

Theorem 2.2

Theorem 2.2

Theorern 2. 4

Theorem 2.2

Theoreur 2.4

Theorem 2.4

Theorem 2.4

Theorem 2.4

Theorem 2.4

Theorern 2.4

Theorem 2.4

Theoreur 2.4

Theorem 2.4

Theorern 2.4

Theorem 2.4

Theorem 2.4

Theorem 2.4

Theorern 2. 4

Theorem 2.4

Theorem 2.4

Theoren 2.2

Theorern 2.2

Theorern 2. 2

Theorern 2. 2

Theorem 2.4

Theorern 2. 4

Theorem 2.2

2L0906

201.546

L7LB76

168336

90786

79866

63066

619 13

607 56

40836

39306

11520

LA944

r 10374

10314

L0266

r0026

10014

9996

9948

9936

9900

9870

98s8

9846

9816

9696

L95254

66457

38401

299L7

4979

2844

246597

65 3B 109

6247 9 49

5328179

5 218439

2814389

241 sB69

19 55069

19 19 326

1883459

L265939

12 18s09

357 L43

339287

32t6L7

3t97 51

3 18269

310829

310457

309899

308411

308039

306923

30 599 3

305621

305249

304319

300599

60s2898

2060L94

1190458

927 454

L54345

BB16 T

7 644536

256,25447+23667

256.24373+8461

256.20737+19507

256. 20331+13703

256.L0957+9397

2s6.9643+726L.

256.7()2L+4O93

31. 59987+597 29

256.733L+67 23

3r.40829+240

256.4753+L7 4L

31.11491+922

31.10937+240

31. 10337+1170

31.10301+426

3L.L0259+240

3 1. 10007+612

31.10007+240

3L.9967+922

3L.994L+240

3L.9929+240

31.9887+425

3L.9857+426

3 1.9851+240

31.9839+240

31.9803+426

31.9689+240

31. 189169+188659

31.54433+6277L

3L.37243+35923

31.28991+28733

31.4969+306

31.2843+28

31. 238897+2387 29
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fibre t

158 607

907 86

s4447

54234

LL232

LO97 4

L09 44

103 14

10 200

9956

9948

9900

9896

9870

98 16

9790

3 1t+u

49L6846

281439 5

1687886

1681283

34822L

340223

339293

3197 63

3L6229

30866 5

3084 17

306929

306805

30599 9

304325

303 s19

29

29

29

,o

29

29

29

29

29

29

29

29

29

29

29

29

Cons truction

31. 153679+752797

256. 10951+10939

3L.527 47+527 29

256 .6547+5251

31.11173+1858

31.10957+556

31. 10807+2346

31.10303+370

31. 10193+246

3L.99 49+246

3I.9941+246

37.9887+432

31.9883+432

31.9859+370

31. 9803+432

31.9707+7 42

Fi-bre

Reference

Theorem 2.2 '

Theorem 2.2'

Theorem 2.2'

Theorem 2.2

Theorem 2.4

Theorem 2.4

Theorern 2. 4

Theorem 2.4

Theorem 2.4

Theorem 2.4

Theorem 2.4

Theorem 2.4

Theorem 2.4

Theorem 2.4

Theorem 2.4

Theorem 2.4.

HighesE Possible Exception

12050 1

9877 L

82125

168337

The results in Table 3, together with Lemma 4.1, proves the following.

THEOREM 4.2. If t > tr(u), then Nu(t) > 50.

From Ttreorem 4.2, we obtain Table 4, a J-ist of the highest order of

each fibre for which 30 MOLS are not known. Note that Table 4 lists orders

of Latin squares, not t-values.

- Table 4

Fibre

0

1

2

3

Highest Possibl-e Exception

622L7

60699

186095

77 8439

4

5

6

7
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Fib re

8

9

10

11

L2

r3

t4

15

t6

L7

1B

19

Highesr Possib 1e Iixception

136873

L22L49

79581

LLIT 97

7 3389

L7 2869

16 83 13

189983

Bt79 4

t22157

9 L406

L227s9

Highest Possible Exception

16 83 19

1389 32

1183 18

299297

22L27 L

L86273

242849

136861

82t47

299303

109367

Fib re

20

2L

22.

23

24

25

26

27

28

29

30

Thus we have a preliminary bound.

THEOREM 4.3. nS, , 299303

5. An fnrproued Bourd..

A computer prograrme was run which attempted to eonstruct 30 MOLS of

orders between 100000 and 300000, where 30 MOLS lrere not constructed by

the method of Section 4. The progrannne used Theorems 2.2 arrd 2.4 with

m = 31. In applying Theorem 2.2, we use odd values of t and u, for

which theorem guarantees that N(t) > 31, N(u) > 30. In aPplylng Theorem

2.4, we use odd t and even u, and vertfy that N(3L+u) > 31 by

Theorem 2.1, and that t is divisibLe by no prlme not exceeding u * 30.

Thus we do not use these theorems ln their most general form, but in an

easily programmed way whi.ch proves very effective. Notice that Theoxea 2.2

is used for odd orders and Theorem 2.4 ls used for even orders.

The results of this programme are as followJ. There were 21 posslble

exceptions. The three highest of these posslble exceptions are
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eliminated in Lemma 5.2. The remaj-ning 18 possible exceptions are 1isted

in Tab1e 5.

THEOREM 5.1. ff 0 s u, u 3 t, then

Nht+u+u) > min {wh), N(m+7), Nh+Z), N(t)-z, M(il, N(u)}

Proof: See Wilson [10].

LEIO'1A 5.2. There erist 30 M)LS of orders 185905, 145602, and j"38932,

ProoJ': Slnce 138932 = L21.1093+121, Theorem 2.2 implles N(I38932) > 30.

Since L43(r07 = 31.4489+4448, Theorem 2.2 lmplies I{(143607) > 30 (nore

tt:ar. 4448 = 32.t39, 44Bg = Ol2).

We use Theorem 5.1 to construcr 30 MOLS of order 185905. First we

lrave 2294 = 31.73+3I , 2295 = _11.73+32, 2296 = 31.73+33. Thus we have 30

MOLS of these orders by Theorerns 2.2, 2.2 and 2.4 respeotlvely. Then

185905 = 2294.81+59+32, and Theorem 5.1 implies rhe resulr. u

Table 5 -- Possible Exceprlons over 100000.

Order Fibre Order Fibre

121605 23 107206 B

121s15 26 106975 25

L2LO16 2L L02927 7

119317 29 101878 24

118318 22 101625 7

L14766 4 LOOBZ7 15

LA9246 2 L00682 2s

109215 2 L00515 13

108823 13 100029 23

Thus we have our main result.

THEOREM 5.3. nS0 = 121605.

6. Conclusion.

Thus we have established the new bound r30 s LZL6O5. Further, there
are at most 18 orders over 100000 for which 30 MOLS are not known to exist.
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tll

L2)

t3l

t4l

tsl

l6l

t7)

t8l

Iel

t 101

[1r]

REFERENCES

R.C. Bose, S.S. Shrikhande and E.T. Parker, Futther results on the

constr.uction of nutualZy orthogonal Latin squares and'the falsity
of Euler,'s conjecbure, Can. J. Math. 12(1960), 189-203.

A.E. Brouwer, Mutually orthogonal Latin squares, Math. Centr. Report

zN B1/78.

H. Hanani, On the nwnber of orthogonaL Lattn squares, J. Comb. Theory

8(1970), 247-27L.

H.F. MacNeish, Euler square$, Ann. Math. 23(L922), 22L-227.

R.C. Mul1in, P.J. Schellenberg, D.R. Stinson and S.A. Vanstone, Some

results concenning the eristence of squaresr Proc. Symposium on

Combinatorlal Mathematlcs and Optimal Design, Fort Colllns (1978),

(to appear).

D.R. Stinson, The distance betueen untts in rings - an algortt?tnic

approach, Util. Math. (submltted).

D.R. Stinson, A note on the euistence of seuen and etght rrutually

orthogonal Latin squares, Ars Comblnatoria 6(1978), (to appear).

J.H. van Llnt, Combinatorial Theory Semlnar Eindhoven, Springer-Verlag

Lecture Notes in Mathematics, Vo1. 382, Berlin-Heidelberg-New

York, L914.

S.M.P. Wang and R.M. Wilson, A few more squ.ares II, Proc. 9th

Southeastern Conf. on Combinatorlcs, Graph Theory and Couputlng,

Boca Raton, Fla. (1978), to appear.

R.M. Wilson, Concerming the nwnber of mutually orthogana.L Lattn aquoJ.es,

Disc. Math. 9(1974), 181-198.

R.M. I'Illson, ,4 feu more squares, Proc. 5th Southeastern Conf . on

Combinatorics, Graph Theory and Computing, Boca Raton, Fla.

(L974),675-680.

-165-



APPENDIX

ORDERS OF SQUARES USED AS VAI,UES FOR T LISTSFIBRE

0

J

64
1459
2389
4032
6078

31
L364
1891
2294
3007
3410

32
LL19
1551
20L6
2450

L57
1583
25L3
5024
6140

25L
180r
3599
4436
1 226

L28
2081
3290
4003
44A6
s646

191
17 4L
257 I
3198
3942
47 48

223
I3OB
2LL4
26tO
3s40
4098

193
1619
347 9
47 50
6052
7r06

961
L457
L922
2449
3038
3503

28L
1831
257 5
5210
6264

313
7987
3847
41 46
7 350

347
1370
2207
2796
3571
4L29

992
1488
1984
2480
3131
3534

311
1303
L644
2L09
25L2

499
2111
4033
4808
7 536

593
2267
34L4
4065
47L6
6018

563
2LL3
2640
3260
4035
5120

409
L494
2238
3044
37BB
4253

1023
1599
20I5
25LL
3L62
37 82

373
1334
L67 5
2202
2s43

467
2048
2699
53 96
6698

841
27 0I
347 6
4097
477 B
6080

625
2L44
267L
3384
4L28
5244

7L9
1556
2269
3137
3881
4625

503
2053
3851
5184
6238
7 292

LL47
1550
2077
2542
3193

683
13 65
1830
2233
257 4

529
2L4L
oo4,.9LJ

5520
7070

r181
2297
4095
50s6

993
L427
rB61
2264
27 60

653
2203
307r
5706
7 L94

L367
27 31
4L57
5180

L27t
L67 4
220L
2604
3317

LAz4
1458
tB92
2295
3008

L429
29L7
4188
5304

1302
LB29
2232
27 59
3348

1117
L489
t923
2357
3132

1087
2327
3257
6016
7380

1184
202L
2548
3354
4005

11 23
3169
437 B

5680
67 34

0
1333
1860
2263
2790
337 9

1178
L643
2108
257 3
3224

I

2

4

5

6

1
1148
1520
1985
24L9

L25
L27 2
1613
2078
24BL

343
2AL7
2637
5334
6326

839
2265
3195
57 68
7 256

l-27
L7 39
3 413
437 4
7 L64

809
277 3

4064
4994
7 598

1553
3041
42L9
s366

97
L7 09
3259
397 2
437 5
54 60

283
2143
332L
4034
4437
57 08

1523
3228
3B4B
4344
5336

1151
2BB1
3569
4L27
4964

811
2237
2826
3446
4Ls9

967
1680
2300
3r68
39L2

75L
2239
4099
5308
6300

L2t3
3011
3600
4158
5150

1091
1866
2393
3230
3943

1399
3104
363r
4L89
527 4

1307
2330
307 4
357 0
43L4

1153
r928
2486
3323
397 4

1061
2797
4223
5494
6672

67
L493
25L6
3167
3911
4686

37
L277
2083
2579
34L6
4067

131
1433
3293
4440
57 42
7044

317
1681
354r
48L2
6114
7168

379
L867
37 27
4998
6L7 6
7 230

937
2549
4L92
5370
6362

439
L927
2609
3229
4004
4934

997
2268
2857
3s39
4283

1369
2423
3136
3818
437 6

7
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FIBRE

10

l1

L2

13

L4

101
L279
3294
397 6
47 5L
5464

7L
1559
255L
3233
397 7
4938

41
L37 4
2025
2552
3296
3792

43
L37 6
2L20
2647
3360
3980

L37
187 3
3361
4477
57 48
7LLz

107
r657
3331
4013
497 4
57 80

163
1961
3418
4008
47 82
5526

257
L62L
2582
3264
4008
5L24

103
1498
2087
26L4
3358
3823

L97
2243
3049
3607
4320
5250

L67
1500
22L3
2802
-391
4011

199
L997
3392
47 s6
6058
7L7 4

169
2A29
3424
4044
5160
6028

256
2209
3449
4038
4813
5650

349
2333
3480
4069
4968
57L2

691
1993
2830
3450
4L32
5310

289
1591
2242
2800
3420
3947

s69
249L
3204
3824
466L
5436

3s3
t562
2306
2957
3546
4r04

57L
26L7
367L
5004
6244
7298

479
2339
3517
4168
5346
6L52

6s9
27 67
3511
4L62
51s4
5774

817
2L7 9
286L
3481
43IB
5434

599
L684
2273
2048
3482
4009

601
1686
2368
3019
357 7

4290

757
27 4L
3733
5190
6306
7360

54L
240L
3610
426l-
5408
62L4

907
2B9L
3604
4348
52L6

1063
227 2
2923
357 4
4349

661
L777
2304
3079
3544

94r
2584
3359
3948
47 23

881
2803
3919
s314
63 6B

727
27LL
3827
4354
s470

1031
2953
3697
44L0
5278

1187
2303
307 8
3822
4380

97L
1870
2459
3L72
3606

L499
2646
3390
4010
47 54

911
1934
2492
3L74
37 63

LL29
2927
4229
537 6
6678

L223
277 3
3858
44L6
5532

1093
3139
3821
444L
s340

L249
2334
3109
3853
4690

1033
1901
2490
3203
3637

L7 47
2677
3452
404L
4847

L439
2989
4384
5500
67 40

1409
2897
3889
47 26
5656

L2L7
3232
3852
47 20
54A2

L373
2520
3202
3946
47 52

L3L2
L932
252L
3234
37 6L

1871
2801
3483
4L34
4940

1283
2089
26L6
3329
3918

1811
3299
4446
5686
7 050

L47L
3083
3982
47 88
5718

ORDERS OF SQUARES USED AS VAIUES FOR T LISTS

9 443
1931
2644
3388
4039
s248

73
1933
2832
357 6
4289
5L26

631
2522
3266
39L7
4592
5622

227
1560
2118
27 07
3389
3854

383
2336
3080
37 93
4382
53L2

229
1531
2244
2833
3422
4073

s09
2183
3s47
4818
6L20
7 236

293
2L53
3486
407 5
5284
6090

787
LB7 2
2399
3050
3701

r097
2027
2554
3236
3794
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FIBRE

15

16

L7

1B

19

20

2L

49
L7 23
2467
3l-49
3800
4358

263
2309
423L
5099
6246
7672

109
1504
2031
27L3
3364
3798

L73
LB47
2498
3180
3924
445l-

577
2437
3181
3832
4390
s444

361
L7 87
3337
4081
5290
6592

269
2501
327 6
3958
4s47
5632

233
1566
2L24
2806
3426
3860

76L
2063
2993
31 31
4357
5442

359
187 B

2560
3242
3986
4513

70r
2592
32L2
3863
442L
5630

821
2s57
4448
53 16
6680
8106

4L9
L597
2248
2837
3457
3922

823
ZLB7
2086
3830
4388
5504

42L
1940
2s9L
3366
40L7
4s44

887
2623
321 4
3956
4483
5692

64L
2687
3400
4020
47 33
6004

BB3
2867
4603
5378
7 052
8292

5L2
1690
227 9
3023
3488
3984

607
2033
2622
3397
4079
4668

857
,r11
37 09
439L
5226
7r50

827
27 49
3431
4051
47 64
6066

1069
3053
47 58
5502
7L7 6

729
172r
2310
3054
3s50

1103
2l-26
277 7

3428
4r10

1321
27 47
3460
4049
47 62

919
253L
3833
4422
57 24

1013
2842
3462
4L44
4950

1193
3239
4789
5688
7 238

1319
2590
3396
4016
47 60

1289
2250
2808
3552
4L4L

1693
2809
349L
4111
4948

L229
3593
3864
47 32
6034

L447
2997
3586
4330
5136

L627
3301
4820
5750
7 362

1568
228L
2963
3sB3
4296

1879
2840
3584
4L42
5134

L29L
2624
3988
47 94
6096

L57t
3090
3617
4361
s260

1813
367 3
49L3
6060
7 s4B

1039
1907
25 5B
3240
3643

L567
2653
35s1
4t40
5L32

L692
23L2
3056
37 69
4327

2003
3088
3677
4297
5258

1601
2903
40L9
4980
6220

2L29
3121
3803
4392
5322

ORDERS OF SQUARES USED AS VALUES FOR T LISTS

139
1999
37 97
5006
6L22
7 6LO

449
237 L
4293
5L92
6308
792A

47
1163
1938
2620
327L
37 67

853
1783
234L
3L7B
3581

977
1876
2496
3209
36L2

t9
Lt 53
2683
3582
4L1 L
5256

389
LB7 7

2838
3613
4326
5318

947
2311
3210
3923
44BL
5628

1009
2528
327 2
3954
4698

1381
262L
3458
4047
4946

81
225L
3119
37 39
4328
5320

L259
2654
3398
4018
47 00
6002

113
1663
3089
4050
5166
6282

B3
2377
32L4
3834
4423
s446

331
2656
3307
3989
4702
5694

547
L849
346L
4L7 4
5352
6654

733
L97 3
3616
4360
547 6
7 A26
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FIBRE

22

23

24

25

26

27

28

239
1882
2347
3184
3959
47 03

24L
24LL
3589
57 90
7 402
8332

243
1607
3529
628B
7 652
8520

151
L949
3220
3840
4398
5328

L2L
1733
2539
3252
3810
4306

487
1913
2502
3246
3990
41 34

613
247 3
3713
6100
7 5BB
8394

673
L944
2564
337 0
402L
4889

1109
2597
427L
6L62
7 650
8518

49L
l.97 9
4087
67 22
777 6
8644

46L
2L97
3282
3964
477 0
5452

797
2037
2626
3432
4tL4
4920

769
27 53
38 69
5388
67 52
7 620

677
235L
42Ll-
61 84
7962
B7 68

523
2383
3313
4026
4832
55r4

6L7
2043
2663
3407
3996
4430

859
2099
2657
3463
4300

647
2693
3406
4057
49s6

1051
2L36
2818
3438
4027

983
2130
27L9
3556
4331

1543
2969
4643
67 20
7960

1451
3001
424L
5698
7L24

863
2909
4397
72L8
8148

2039
3403
489L
7 2l-6
8L46

L699
3187
47 68
6070
7 248

L297
3343
6LO2
7 404
8334

14s3
3096
3592
4243
5204

ORDERS OF SQUARES USED AS VAIUES FOR T LISTS

53
1789
23L6
3060
3928
467 2

L23L
2L6L
2BL2
3649
4362

L696
2254
2843
3804
45t7

27L 457 643 829 953 1201 1511 ]-697 L759
2069 2L3L 244L 2503 2627 2689 2999 3061 337L
3433 3ss7 3929 4L77 4363 4549 4673 5696 8672
BB5B 8982 9044 9230 9354 9664 9788 99L2 9974

10098 tc532 10718 10904 11028 11090 LL2L4 11400 LL462
11648 11834 L2020 L2L44 12330

L79
2287
3527
57 28
7278
8208

1171
2659
4457
6286
77L2
8s80

1481
27 52
45L9
6348
777 4

L667
32L7
47 36
7 092
BO22

L49
1823
3373
4830
6L32
7310

181
1483
3467
6L64
7590
8396

zLl-
2009
3559
5016
6256
7 312

397
2257
377 6
5242
6318
7 434

52L
2381
3807
5326
6690
7558

L327
2939
3931
5512
7 062

L637
3L25
4489
57 60
7186

1049
297t
5792
7280
8210

1019
287 9
3499
418r
5L42

367
L669
3901
6350
7714
8582

739
2537
4273
1 094
8024

B9
L7 63
3L27
3623
4336
5266

337
2011
325L
387 I
4t 08
5390

709
2848
3468
4150
5018

59
1609
2508
322L
371 9
4L82

307
1888
251 0
3283
387 2
4337

43L
1950
2632
331 6
3934
4368

L237
2260
29LL
3469
4058

1361
2322
3066
3562
4089

L423
2477
3190
3593
4L20
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FIBRE

29

30 61 433
L549 L952
2479 2510
3L92 3254
3936 3967
4680 4742

Dept. of MathemaEi-cs,
Ohio State Universit.y,
Columbus, Ohio 432L0

557
2045
257 2
3347
3 998
4928

L487
24L7
3068
38L2
437 0

ORDERS OF SQUARES USED AS VAI,UES FOR T LISTS

277 401 463 587 773 L02L 1331 L5L7 1579
1BB9 1951 2L37 2447 2633 28L9 2881 3067 3191
3253 3811 3904 4183 4307 4493 4679 5051 8864
B98B 9050 9236 9360 9794 9918 9980 10104 10538

L0724 10910 11034 11096 LL220 11406 11468 tL654 11840
L2026 12150 L2336 t2584 12708

619
2LO7
2634
3378
4029
5114

743
2138
27 89
344A
4091
5238

929
2262
2820
3533
4L22

991
2293
2851
3564
4153

1301
2324
3037
37 L9
4308
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