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Abstract

It 18 shown that for odd v > 46019, there exlsts a
skew Room square of stde v. Further lt ls shown Ehat
1f v la odd, v I 1 uod 6, and v > 17301, then there
exlsts a skew Roorn square of slde v.

L. fntrodtrction.

It ls assumed that the reader le farnlltar wlth the concepts of

palmise balanced deslgns (PBD), Room aquarea, orthogonal arrays, and

sets of mutuall-y orthogonal latln aquares (cf [5] and [10]). In [7],

uslng l{llsonre theoreus on PBD cLoeure, tt wag ehown that skew (Roon)

aquarea of slde v exlst for all but a flnlte number of odd poaltlve

v, but no bounds for the number of exceptlons could be glven convenlently.

Idore recentLy lt was shown tn [5] that ektr sguarea exlst for all posltlve

lntegers v of the forn 2at+1,(t,2) = 1, where a { {tr2,617}. Ttrese

results can be extended to show that for odd poeltlve v > 46019 there

exletg a skew Bquare of elde v. Por conventeoce we let 55 = {v:3 a

skew Room aguare of elde v). (The authore conJecture that SS - {v:

(2,v) o 1, V > 7)). It ls well knorm [8] that nelther 3 nor 5 belongs

to SS. We also note that SS ls PBD closed [4J.
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2. Squares of side u = 1 mod B.

As noted above, it was shown fn t5] that if v is an odd posLtlve

integer such that v { sS, then v is of the foru 2at+Lr(tr2) = 1,

where c e {11216,7}. Moreover, it was also shorrn in [5] that lf
65 e SS, therr the condltlon c e {1r2,6,7} above could be replaced by

a e {L,2r7}. Since that time Dlultz [3], a srudent of R.M. WiLson at

Ohlo State Unlverslty, has shown the exlstence of a skew Room square of
side 65 by produclng the skew strong starter glven be1ow. (Ior

deflnltlon of erarter and adder eee [5]. In a atrong starter, the adder

element for the pair (xrrlr) ls glven by - (xr+fr).)
(36,37) (7,9) (43,46) (10,15) (38,44) (1,8) (2s,33) (61,s) (35,45) (48,59)

(11,23) (39,52) (2,L6) (26,4L) (62,13) (L7,34) (53,6) (12,31)(40,60) (3,24)

(27,49) (53,21) (18,42) (54,L4) (30,s6) (58,20) (4,32) (28,57) (64,2g)

(19,50) (55,22).

In this paper we show that Lf v I 9 and v = l_ uod g, then

v e SS except posslble for v = LZ9. The results in the current sectlon

rely heavlly on soue of the resuLts of [5], whlch are clted. below. It
ls well- known that the existeuce of s uutually orthogonal Latln squares

of side n is equlvalent to the exleteuce of an.orthogonal array

OA(n,s+2). Let oa(k) = {n:I OA(n,k)}. For def{nltion of group

dlvislble deslgn, eee l{llson [10]. It ls weLl known that the exlstence

of a group dlvlslble deslgn GDD(krn) ls equlvalent to the exlstence

of an orthogonal- array oa(nrk).
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LEMMA 2.1. For n> 9403, n e oa(70)- (A complete List ofoalues n

fot, uhich the authors could not constract an oA(n'10) is giuen in l5)) ' l

By a 9-head of order v we mean a PBD, say D, of order v wlth

block slze frorn SS contalnlng an l-deal element @ which occurs only

in blocks of slze 9 1n D. Clearly the order v of a 9-head satisfles

the congruence v = I (mod 8). By tlne gene?alized replicati'on rrutnber of

a 9-head of order v we mearr the integer (v-1)/8'

LEMMA 2.2. Ihe set GR : {hs-l)/8:ts is the order of a 9-head} is

PBD-cLosed. I

LEI'IMA 2.3. {?,9'1"0,L7'19'13?,144'337} c GR.

The follouing easily established results fot'PBD-eLosed sets ane

also used. I

LEMMA 2.4. Let t( be a PBD-cLosed set' Suppoee tlwt m'm+L'tftr2" "'

m+9.eK and dl,d,'---'dleK-off te oafu+L')nK a?1d 0<ar<t'

fot, i. = 1r2r...,9., then mt + .l- oi u *. I
't/-*l

COROLLARY2.5. Let teoa(10)nGR artdLet ae GR'0<ast' Then

9t+aeGR. 0

LEMMA 2.6. Let K be a PBD-cLosed set' Sttppose tlwt m"m+7""'nt*9' e K

and d.1t42t.. - ra, e K- If t mtd t e oa(m+9,)' ond. 0 3 a. 3 t for

(a.-1) e K.
1,

@ to the grouPs of a GD(D+C't-I)Ptoof: Adjotn another element

continue as ln Ler"-a 2.4. I

t = 1r2r..,rL thett m(t-L) +

eK
9"

I
i=1
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COROLI.ARY 2.7. Suppose t?wt t_l e oa(1.0) qnd that t e GR. If
a e GR, 0 s a S t, then g(t-l) + a e GR. I
LEMMA 2.8. Let K be a pBD_closed. set. If s,t e K, @1d. s e oa(t)
then st e K. I
LEMMA 2.9. Let K be a pBD_elosed. set. If I,t e K, qnd. s_L e oa(t)
then (e-i.)t+1eK.0

LEMI'{A 2.L0. Let K be a pBD_closed set. Let m_1.,mrtrt_L qd a e K,

0<a<t. If te oa(m),then m(t-l)*ae K.

Proof: Delete t-a varletles of a block from a GD(urt). I
COROLIJ.RY2.LL. Let t,t_Landae GR,0sa<t. If teoa(10),
then10(t-1)+aeGR- tl

LEMMA 2.L2. Let X be a pBD uith block sizes from K: L u M where

LnM:0. Suppose M2SS md"foreDer7 LeL theteisag_headof
order t,. Furtherrnore, srypose tlere is an element, soy _, uhieh is
only contained in blocks of sizes from L. Then there is a g_head. of
otder lxl and hence f lxl-il/o e cR.

Ptoof: Ler B be a block of X such rhar lnl e L. If _ € 8,
then replace the block B by a 9-head whose ideal element is @. If
- I B, replace B by any pBD rrith block slzes from SS. The result
1s a 9-head of order lxl. I
COROLII\RY 2.L3. Let t e GR and s e SS. If Bt e oa(s) then
st e GR.
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Proof: X ls the PBD obtalned by adJolnlng an ldea1 element @ to

each group of a GD(s,8t). Then L = {8t+1} and M = te} and

Lerma 2.1-2 lmpl-les the result. I
LEltuA 2.L4. {234,252,421,463, Bg3, L163,7?23, LB?31 20L71 306?,

3319\ c GR.

Proof: The elenents of the above aet are either r-values of BIBDTs

wlthk=9, I = 1, orv-values ofBIBDrswlth tr = 1, k-7 or9,

constructed by Wilson fn [9]. I

Let GR be the compleuent of GR wLth reepect to the positlve

integers. For "rP . GR, a < b, defLne 6(arb) to be the Length of the

longest sequence of consecutlve lntegers fu ffi n {ara*lr...rb}.
LEMUA 2.L5.:, Sttppose that A e GR n oa(10), a,b e Gfr arld. a < b < A.

Then 6(?Ati,,qA+b) < 6(a"b).

fuoof: If asr<b and re GR,then 9A*reGR byCoro1lary2.5.I

Let GR n oa(10) be the compleuenr of GR n oa(10) wLrh respecr

of the posltlve lntegers. Eor A,B e GR n oa(10), A < B, deflne A(A,B)

to be the length of the longest sequence of consecutive'lntegers l"n

GR n oa(10) n {ArA+1, .. . rB}.

TIIEOREM 2.L6. Suppose a,b e GR, a s b qtd 6(a,b) s m. Suppose that

M isapositiueinteger, A"B e GFn oa(10),AsB and. LU,B) <M- L.

If bsn utd gM+a-b<n*L then $(9A+a,98+b)<M.

Proof : Let {\,A2,...,O;} c GR n oa(10) where
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Lemma 2.L5r 6(9A*tar9Ar*b) < rn for 1= Lr21...1rr. Also, 9Ar*r*a -
(gAf+b) < 9U + a - b < url-I, for 1 * Lrzr...rn-l. I

LEMMA 2.L7. ff one can find. a, A, b qud B uhich eatiefy the

hypotheses of Theotem 2.1.6, ed if fiuther B > 9A + a > 9403 and

m s M, then 6(9A*a,r) < m for ony s z gA * a.

Proof: By Theorem 2.L6, 6(9A+ar9B*b) s n. Slnce y e oa(10)

for all y > 9403, we have A(9A+a,98+b) s m < M. Since A(A,B) < U

and B > 9Ata, therefore A(A,98+b) < M. Applylng Theorem 2.16 agaln

yields 6(9A*a,9(98+b)+b) < n. Thl-s procesa rrny be repeated lndeflnLtely

to obtain $(9Afa,x) < n for any x > 9A*a. I

By means of a computer, we have been able to show, uslng the

resulte of thLs sectlon, that 6(12198, L2244) = 0,6(387431 125000) = 0

and A(12250, 125000) < 4.

TIIEOREU 2.L8. If r > 38743, then r e GR.

Proof: We have A(12250, 125000) < 4. Applylng Theorem 2.17 wlth

a = 12198,.b = L2244, A = L2250, B = l-25000, y{elds 6(L22448,x) = 0,

lf x > 122448. Slnce 6(38743,125000) - 0, therefore 6(38743,x) = 0

lf x > 38743.

C0ROLLARY2.L9. If D=lmodBqtd. u>309945,then oeSS. I

3. General Consttwetions fot, Skeu Squatee-.

We requlre other conatructlons for Roou squarea to lnvestlgate

cases of sldes v = I mod 8 not handled by the previoue theory, as well
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as other resldue clagses nod 8.

A survey of resulte on skerf, Room squares le given fn [5]. The

results from that paper requlred here are updated and llated ae

leunata below.

Beanan and Wal1ls [U have constructed a skery Room square of side

nlne. Thus we have

LEMMA 3.1. Eor D an odd. prine poaer, D * 3, 5, o e SS.

LEMUA 3.2. Suppose there is a skeu Room squate of side ,Z uhich

eontai.tts a skat Room subsquere of side D3.

il If uZ - osl6 wld. i,f tltere is a ska4 Room sqtrue of si.de

u7 tlen tlrcne is a skeut Room squate of eide or(or-tsl + oU

. ulrich contai,ns skeu Room subsqnres of ei.des uyr, and. or.

Ihis reeult also holds fon o, = 0.

iil (Beanwt md Wallis Lz)). If u, * 0 utd, rsr-ou f 72, then

there is a skeu Room squme of side S(ur-ol + tsU uhieh

contai,ns skart Room sqtrcues of sid.es oZ and 'DS.

The followlng results are also gtven fn [5].

LEMMA3.3. If o i,sodd@1d.73u<53,thqt oeSS.

LEMUA3.4. If u>? &td oISS,thet o=*n,\noy?Sn uhere

(n,3'5'7) = L.

It ls also shown ln 16l that 55 e SS.

The folLowlag was noted Ln Sectlon 2.

I.E!fl{A 3.5. rr + SS, then u = 2ot*1t uheye (zril :7 ard, c: IrZ or ?.
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We establLsh other Lemqata coucernLng the exlstenee of ske!,

squares below.

LEMI,IA 3.6. If o te ut odd. integet and, if dlu uhere

d e {7,L1.173,L?,5?} then p e SS.

The proof la slnllar to rhar of CoroLLary 5.6 in [5].
LEUMA 3.7. If u = X mod L0, then o e .S,S.

Prwof : Wrlte v ln the forrn 2o.5n * 1 where u ig odd. AB

noted earlLer, we need only conslder cr = lr2 or 7. Eowever

2o.5 + 1c SS for c - 1r2 and 7, hence, in vlrtue of lernmata 3.2(i)

and 3.4 we need oaly conslder v of the form 24.5n + I where

m = 3n, 5n or 7n, pn6 (nr15) = 1. Ilence lt {s sufflcLent to Bhow that

2d.2s +1,24.I"5+land zd.37s*Le ss for ce tL,2,7). Eowever

120.15+1,15) = 1 and (24.37*1,15) = I for all posltlve integere g,

and, (22125*1115) = l- also. Dtroreover 2.25 + J- = 5I- e SS by Lenrma 3.3

arrd 27.25 + 1 = 33.97 e SS by lcrnmata 3.2,3.3 and 3.4.

Ttre sape type of argu$etrt can be used to establish the foLLorrlug.

LEX'{MA 3.8, If o = L mod L2, then o e SS. I
LEUMA 3.9. If D = 1 mod 1B, then u e SS. I
LEMUA 3.10. Sttppoee 7) = 5 mod B. If gl(o-ll uhere g e{?,Ll.,t3rl.g,AL,A?},

then oe SS. D

LEUI'{A 3.L1. Suppose o = 3 mod 4. If glfv-ll r,th.eye

B e {7,L1",L3rL?,23r29,AX} then u e SS. Further i.f (tt-Lr3) = 1. std,

tslfu-l), then o e SS. I
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4. Squates of side = L mod g repisited.

From the corol_Lary 2.L9 and the results of Bectlon 1, we Bee that
lf v= lmodB, arrd v{ SSr thenv=256t+l29where0<ts12lO,
or equlvalently v = 128s * 1, where s le odd and 1 < s < 242L.

LEMMA 4.1. If u = LZBp t 1 e SS for aLL prime p such tlat
7 <p < 2477, theno =1ZBs + L e SS foraLLodd s aatdsf,ying

-3 
< s < 2427.

fuoof: Wl"th 1e,runeta 3.7 and 3,g ln nlnd, the proof ie tmedtate. E

LEI'{MA 4.2. If u = j.ZBs + L u?E?e s is qn odd posithte integer
and u{ss,thenetthey s=j.modA o? s=3mod,5.
fuoof : Lmedlate. u

IIIEOREM 4f . If u = L nod B is a positiarc integer, then e.tthey

oeSS o? 0=729.
Proof: In vlew of the above we need only consLder v = J-2gp * L

where p Lsapriue,suchthat 7<p<24L7 and p=1mod3 or

P = 3 nod 5. The cases p = 1 nod 3 are inveatLgated ln table 1 aod

those cases of p = 3 uod 5 not treated ln table 1 are treated Ln

tab1e 2. (N.9., cases elimlnated by 9 heads prevlously constructed by

uachLne are not listed). D
Table I.

P

19
37
79
97

181
27L
277
s47

v

2433
4737 =

10113 =
L24L7 =
23L69 =
34690 =
35457 =
70017 =

construction
see sectlon 5, let"-" 5.3
5(953-7) + 7, 953 = 7(L37-L) + 1
25(4L7-L3) + 1-3, 4L7 = 13(33-1) + I
117(121-15) + l-5, L2L = l-5(9-1) + 1
13(1665-1) * 1, 1665 = 45.37
31-1119, 1l-19 = 43(27-L) + 1
709(57-7) + 7, 57 = 7(9-1) + 1
5 ( 14009-7) +7, 14009 -7 (2OO9 -9) +9, 2009=251 (9-1) +t .
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p

23
53

173
263
293

v
2945 =
6785 =

22L45
33665 =
37505 =

Table 2.

constructlon
19.155, 155 = 11(15-1) + I
23.295, 295 = 21(15-1) + L
5(4441-15) + 15, 444L = L5(297-1) + 1
71(485-11) + 11, 485 = 11(45-1) + I
13.2885, 2885 = 103(29-1) + 1-.

5. The Speetral tuoblem.

In thls sectlon a bound for the number of odd v > 7 which are

not the sides of skew squares is obtalned. An lnportant cooatructlon

based on Wll-soats technlques Is glven below. If a GDD has "1 SrouPs

of slze ,i, 1 s I < n, then rile aay ,-t ls of group type

er{nr} + er{nr} + ... * er{mo}.

LEMMA 5.1. There estst group dtui,sible tlesigns ttth bloek sizes

k e {7,9} utd group tapes (il {B} + 9{6} qd (til {g} + 8{6}.

Proof: Thls follows from remark 3.2 ln [10] and the fact that

{A,S} . oa(7).

THEORB{ 5.2'. Suppose ttnt m and t ue 'integers" 0 < t 3 m, such

ttnt me oa(1-0) @d{6t+1,6m+1,8m+L} c,5S. Ihen 56m+6t+L e^9S.

Ptoof: Let D be an oa(m,10) wlth groups G1rC2rG3'...rG10.

Applylng the Fundamental Constructlon 3.I- of [10] ln conJunctlon wlth the

above GDDrs produces a GDD of type {Ot} + {Sn} + S{6ru} and bLock sizes

from {l rg}. AdJolnlng a trerr point to these groups produces a PBD wlth

block sizes from t6t+1, Bm+l, 6cl-1, 7, gj. Slnce {7,9} . ss and

{6t+1, 88t1, 6rn*1} c SS by the hypothesls, the result follors sluce
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SS 1s PBD closed. D

As shown in sectlon 4, Lf v = l uod B and v > 7, then v e SS

with the possl-ble exceptions of v = L29, 2433. Thls can be lmproved

as below.

LEMMA 5.3. They,e erLsts a skan squar.e of side A4SS.

Proof: Note Ehar 2433 = 56-43 + 6.4 + 1. Furrher 25, 259, 345 e SS,
.)

slnce 25 = 5',259 = 7.37, 345 = 15.23. Flnally 43 e oa(10). D

In vlew of the above, we have the followlng verslon of Theoren 5.2.

TI{80R8U5.4. If m cnd t ayeintegers,0<t!m"ml16rqdi.f

m e oa(10) an"d L6nrt1,6t+1\ c SS, then 56m * 6t + 1 e SS.

Ptoof: Bytheoren4.3lf m20 and m#16,then 8n*LeSS.I
LEMMA 5.5. If t \ 4 mod 5 then 6t * 7 e SS.

Ptoof: certalnly (6t+1,31 = 1 and lf r t 4 mod 5 then

(6t+1,5) = 1. I

The fol-lolrlng ls a well known result of l,IcNeLsh.

LEMMA 5.6. rf n = pll oro' ... oooO ie the factorizati.on of n

ct. -

i,nto prime poue?s t?wn there esist at Least mtn{pO'-l, 1, < i, < k}

pai.nrise orthogornl Tatin squf,ues of side n.

As a result of le"'mas 5.5, 5.6 and Theoren 5.4, we obtain the

followlng theoreu.

IHEOREM 5.7 . Suppose m md t aye non-negatiste integers such that

m,t\4mod5, (m,70):1 mdeith.er (m,S) =L ot9lm. ff 0st3m"
thefi 56m*6t+L e S,5.
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Pnoof: Note that lf m > 0 then n e oa(10) by Lerma 5.6. By Lemma

5.5, 6t * l and 6ru * 1e SS. Slnce m Ls odd, therefore rn # 16

and Theoren 5.4 uay be applted. [l

LEMMA 5.8. Let D be qn odd poeitiue integer. If G) u = 1 mod. 6

arldif u>46A1"7 ori,f G+) o=3mod6artd. o>1?501" orif (i.i.i)

D =- 5 mod 6 and. D >- 77303, then o can be uritten in the forrn

u : 56m + 6t + 1 uhere 0 < t <m, (m,70) = 7, fr { A mod 5, t + 4 mod, 5

and either (m,3) : 1 or, 9lm.

Ptoof: Let v = 2n * 1. Then n can be rrrltten unlquely ln the

forn n = 2BmO + 3t0 where ,O and a0 are lntegers such that

0 a a0 <27. Forany lnteger 0, ifm=mO-30 and t= rO*280r

tlrenn=2Bm+3. Let M= {m':0Sm <629rut l/+mod5, (rntr701 =1
and elther (m',3) = 1or glrn'). (The elernents of M are llsted ln

table 3.) Now lf m > 0 and m i m' mod 630 for some ut e M, then

m sat.isfies the conditions (70,n) = 1, r f 4 noa 5 and elther (n,3) = 1

or 9l*. Suppose that m = 0 mod 3 and. m i mt (uod 630),

Tlren m' e {27, 81 , 117, 153, L7l-, 2O7, 243, 261 , 297, 333, 351, 397,

423, 477, 513, 531, 603, 62L\ = \. Let U5 !s the J-ages of M, nod 630 ln

any complete set of consecutlve resldues. Note that the difference between palrs

of elements of M{ sefarated by exactly one member of Mj does not exceed

90 that further none of the dlfferences between cousecutlve nuubers of

tl| ls a multlple of 5. Thus any llteger ,0 = 0 uod 3 has the property

that there exlsts a pair of integers 0r(n.) and 0r(u.) such that

-288-



i) nO - 30, = rnl e Mrr

11) rn, - 30, = rnl e Mr,
(congruence nod 630)

fl'l) 0 = 0i<29,1=1,2,

and

lv) 01 + 02 uod 5.

Now suppose that v = 2r + 1 > 0 aod n = 28uO + 3

0sE.27, andthat n=0mod3. Then nO=0uod3.

a0 where

and Or(u,) be chosen as above. Let a* = a0 + 2801. If

tet or(mO)

t*t4mod5,

then let , = *0 - 30[ and t = t*. other:rriee let * = ,0 - 302 and

L="0+2892.

Let 6 = (m.-m) /3. Clearly m and t satlsfy all condltlons

of the lenma wlth the posslble exceptlon of the condltlon 0 s t < m.

I{owever slnce0 < L <27 + 280, Lf mO>27 +310, thenwehave

03t (m. Ilowever, asnotedabover 0< 0 <29. Thus for nr>926'

we have 0 < t < m. Ilowever lf n > 23009, then 
^O 

r- 926r that is,

lf v > 46019 and v = I mod 6, then v can be represented as claimed

ln the enunclation. The results for v = 3 and 5 uod 6 ean be

obtalned stmllarly. I

COROLLARY 5.9. Let D be ut odd positioe in\eger,. If ft,) u = X mod 6

md. if u > 46077 or if (ii)'0 = 3 mod 6 ond. o > L7g0L on if

Gii) o = SmodO qtd o> 17303, thenthete erists askeuRoomsquane

of side u.

Proof: Apply fheoreru 5.7. I
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Table 3 - Elenents ofU

1, 11, 13, L7, 23, 27, 3L, 37, 4L, 43, 47, 53, 6L, 67, 7L, 73, g1,

83, 97, 101, 103, LO7, 1I_3, LL7, 121, L27, L3L, L37, L43, L5L, 153,

157, 163, L67, L7L,173, 191, Lg7, lgl, Lg3, Lg7r 2O7,zLLr 22L,

223, 227, 233, 243, 247, 25L, 253, 257, 26L, 263, 27L, 277, zg]',

283, 293, 297, 307, 3LL, 313, 317, 323, 33I-, 333r.337, 341, 347,

351, 353, 361, 367, 373, 377, 393, 397, 391, 397, 4OL, 403, 407,

4L4, 423, 431_, 433, 437 , 443, 45L, 457 , 46L, 463, 467 , 473, 477 ,

48L, 497, 0gL, 493, 503, 5L3, 5L7, 52L, 523, 527, 531, 533, 54L,

547, 55L,557, 563, 571,577,593,597,593, 60L, 603, 607, 61L,

6L3, 6L7, 62L.

6. Conelusion.

In vlew of the above, by means of a computer, the constructions

of sectlon 3 and other ad hoc methods lt ls posslb1e to Lnvestigate

the remalnlng posslble sldes for Room aquares. In vlew of llutted

apace thls Ls not done here. We have been abl_e to ehow that for odd

v > 4537, v e SS, Theee results are contained ln [6], where a

posslble computer free proof of the results ls outlined.
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