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KIRKMAN 1'I{IPLIi SYSTN'IS CON'I]AININC ]'{AXIMUM SUI}DIISICNS

It.C. Mul li.n, D.lt. Sf.inson, ilncl S.A. Vanstone

AIlSTlltACl'. A neri:css:rry concli t ion f or a Kirkman triple
sy$t(in t>1- ordc:r v to contrr in :r Steiner triple system
ol' orrter (v-I) /2 as a subsysLem is that v be congruent
to -l noclu,l-o I2 . T r is sltown rl)irt , excLrl)t l-or: -19 poss ible
(,xceptjons, this conciition i.s a.l-so srrt'Ijc.icrnt l'or rhr:
r'xisrcnce of such a syst.ern.

1 . Inl,y'orlttc b.i ctrr .

lt Ste'i.ner trL1.,7.e i)yf)tem of order v is a pair (V,T) , where v
is a v-set anrl T is a collcrcticn of triples (three-element sub-

sets) of V with the property th.lt each pair: of clistincr elements of
V is cont.rined in precisely one of the triples of T. It is well-
known L1i;lt ;r necL)ss;lry and sul. Iicient conclition' for: ttre existctnce of a

SEeincr trlple sjy:jtcln oI orcler v is that v bc a positive.Lnteger
congrucrnt to I or 3 mocltrl,r,r (r. lt sul.,sl1t;tern o{ ;r triple system
(V,fl) is a pair (Vt,Bt), wl'rere Vr c ! and Ilt _c_ B, such ttri.rt
(V' ,llt) is ir Steiner triltle system in its or^m r:ight. It is easily
shown that lv'l '' Q-l-)/'2. rf equality ho1ds, Lhe sub-syst-en is
srrirl to 1.:tc t nt.ur:'tttn.i/4 srrlrrlosig,n.

A l(ir:ltm;,rr-r triplc systern oI or:cler v is;r Steiner triplc system of
ortlerr v whosc: trlples can be p;rrtitionecl into classrrs (r:esolution
c1:rss;r:s) suclr tl-rat eaclr member ol the underlying v-set V occurs

pr:ecis;eIy once in each class It i.s knornrn It, ] fhat such a system

e x.i st::; i1- ancl only i1' v is ;r positive integier congruent to 3 moclulo

6. .Lf a Ki rknuln triple systenr crf 'rrrcler v, when viewed as a Stej-ner

rr.ipLc system, cont:rins:r nraxi.mum sr-rbclesign, we refer to the subdosi.gn

.rs a lnilxirnum s;ubc1csi.1,,n of t[rc Kirkrnan system, rlespite the fact that it
rn.ly not be a Kir:hmarr system. If vr is congr:ucnt to 3 modulo 6, then
2vt+1 is cclngruent Lo I modulo 6, so any maximum subdesign of a

K.irlcnran tr:i.ple systeln must be of order vt congruent to 1 modulo 6,
and trence is never tr K-ir:ltman system. This also shows that if v is
thc orcler of :r Kir:kman systern wlrich contains a nraximum subclesign,

tiren v is cong,ruent to 3 urodulo 12. [^/e show here that that
conclition is also sufficient, with 19 possible exceptions, for the

U'l'ILTTAS MA'l'ttirMA'I'TCA Vol-. 2J.C (1982), pp. 283-300.



existence of such a system.

A Kirkman system con[aining a naxintum subclr,r;ign was constructed by
Kirknran L 2I in _1850, and irgain l,y Cayley L1 I in Ig63. llotlr of tlresc:
constructions usecl a conf igr-ri:ation now known as a lloon sqr-iar:e l 3 J.
Mul-lin and Vanstone Irr ] lr:rvc: s;hown tlitrt rt Kirknrirn tr.i111cr systt:nr of
order v with a naxinrum subclesign ;rlways gives rise to a I{oonr squ:rre
of side (v-L) /2, and conversel-y a Roonl srluare wittr certain incidence
properties can be used to construcf a Klrkman system containing a
m.rximum subdesign.

For convenience, we will denote a Kirkman system of order v wirich
contains a maxjmum subdc,sign by the syrnbol MK(v).

2. Constt uct.i.c.ryLs .

A nrlmber of consrructj-ons are requirecl in orcler to establish
results on ttre spectrum of I"lK(v)s. We f irst state several clir:ect
cons Lructions .

THEORITI'{ 2.1. ff r is a pri,rne poaerl congruen.t to I rnoclttl.o 6 tlten
there erLrits an lfl((2r+I. ) .

Thi-s class of Kirkmzrn triple systems \,ras constructed by ltay_
Chaudhur:i and l.Jilson and can be founcl in l_51.

Suppose v is a positive integer, and K is a set of positive
integers. A (v,K)-painsi.se bal.ancecl design (or pI3D) i-s a pair
(X,Q) of sets where lXl = v, B e Q implies B c X ancl lrl e K,
and for any distinct *1,*2 in X, there is a unique I3 e Q with
{*1 ,*2}. . B. A set of positive integers A is s:rid to be pfJD_closecl
if v e A wheuever there.exists a (v,A) _ pBD.

Define RMK = {r : there exists an MK(2rr,l)}.

THEOREM 2.2. RMK is pBD _cl.osed..

Pt'oof . Let (x,Q) be a (v, RMK) pBD. Let * {. X, ancl let
z. = {-} u X x {1,2}. For any B e Q, we can construcr an llK(2lf l + f)
on {-} u Il , {1,2} which contains bJ-ocks i-, xr, x, ) , f or each
x e B, and also contains a sub-design on B, {1.} Do this for: every
block B e Q, kerepr'.ng exactly one copy of each block {_,xr,xr},
foreach xeX.

It is easy to check that we have a Steiner triple syst-em, and
that we have a subsystem on X, {t}. Associated wittr each B e Q
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we have c1asses R, _., X, B, which form a resolution of the
DIA

I'{K(2llll + 1) on {",} u R x 1L,2}. We m:ry sripulare rhar
{-,x1 ,xr} c O,,,*, for each x c ll . Define It* = , Rr, *. It is easy

lJrx DrA

to cltc:ck LlraL Llre ll*tr; for:r1 ;r rcsolr-rLiorr ol. our dgsign.
1lhus we hove cors f ructed an Mlt(2v+1) , &s r:equir:ed. I J

lle f ore proceecl j ng to f lrc ner:t cons truction, we require several
clefinitions:. An incomplctc: tr:ansver:sal array, denotccl ITA(m,k,s)
is irn rn x rn arriry A, ;rncl a tr:iple (X, {a,,, ll} ,B), such tliat

(r) lxl = nrli;

(2) r,vr,ry cc Ll i.:; c i tlrcr ernpt.y or c()ntit lns a k-subseL of X.
(l) Llrer e rrrptS, ccI1.s f'orrn an s x s subarray S;

(4) r; = {Ca,C2,...,CkJ is a pilr:[irion ol' X into k subsets of
size nl;

(5) tl = {Ltl,II?,...,Hk}, where

1 i i -.: k;
(6) i f 1l is thc s;et of [-srrbr;t'r s in Ll-re c.e_l_ls of the array , ttre

tlre,rr lt: , r, ltl r t ;rrl,l lff, ,, Bl I l.or ;1 11 lJ r Ir antl I . i k;' t I "- ,--1 -r
(1 ) forevery i ;rncl j (il j) an<1 ever:y x,ye X(xly)

such Ll]at x I l{. or y I t1.,, the pair X,y is contained jn al-J
trniclue block of ti.

(6) every r-:tll umn of A which is not a column of S contains
eacl.r element ol X precisely once ancl ever:y colr.rmn of A which is a

k
column of S contains each c:lcrment ol- (G . \il. ) preci sely once.

re-L
As an example, :rn I1'A (6 ,3,2) is displayed.

3 ccr 4do 5eq 6f cr

6d[] . 3e[] 4f lr 5cB

3dv 6eY lfv 5bv 2c\ 4ay

4ed 3f6 5ad lcd 6b6 2d6

5fe 4cc 2ee 6ae lde 3be

6 cur 5clt i 4bt^,r 2.f u 3aui leur

Il. t Q.I_ I lH.l' r'
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G1 = {7,2,3,415,6},

C2 = {a,brcrd,erf },

C-, = {or[1 ry,tl ,r,o],

,rt

Hz

t{

= {t,z}.

= {a,b}.
_ ( ,, r
- 1 (J, li J .3

It is e;rsi1y seen that the ex.istence cf k_l rnutually orthogoni.rl
latin sguares (UOI_S; of orderr m which contain k_1 F1OLS of orcler
s implies the existence of an TTA(m,k,s). llhe converse is not true of
course.

Let K be an MK(v). Let r _ (v_l)12.. Defjne a Kirkman array
KA(r:) to be an n x r .rrray, wlrere n - (2r+I) /3, such tirat crvely
cel"l contains 1;r:ecis;el.y onc bl.ock of K, t:acl: block ol- K j-s containe:d
in a cell-, and che triples of any colunrn form a resolution c:lass of l(.
Ttre arrny shor^m below is a KA(7).

ab c: ade :lfg bdf b1ier cdg r:. e'f

d35 b26 b13 ilt7 a58 al-2 a36

e1-7 c1r B c5l c16 c23 b78 b45

f28 f15 d68 c38 cll 4 e56 d2.l

l\1+(t y,37 (., j.+ ,A2 5 f67 I .Jtt til 8

ll'lie subdesig5n is defined on Ihe syurbol set {ti,b,c,cl ,e,f ,g}.
A KA(r) is sar<l to be nctrrnal,i;zecl jl
(f ) an e.l ement @ of K whictr is not in ttre nraximum subclesign

i.s contai.necl in t:nch ccl I of tlie f i r:sr ro,,, o{- the it rri)y;
(2) KA is rlef inccl on ther symbo1 set V = I. * {x,y} u {_}, where

xly; '
(3) the enrry in ce11 (1,i) 1s {*, (i,x), (i,y) };
(4) the maximum subclesign is definecl on the symbol set I , {v}.

A

exis ts

KA(r), A, is said to contain an n, x rr subarray if there
nt = (2r'+7.) / 3 rows and rr columns cif A such that this
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Fjubarr:il),is itself a KA(r:t) defj,necl on;r subset of the symbol set of
A

[,rrt K = (l.ij) bc an

k- r up I c o l- sorrrt, ..: yrnbo L sc t.

(.,.,,,...,,,, ). l)i'lirrr,
t)l(

;rrrry in wlricl: U, 
i

l. be an orde rccl

is ;rn orclered

k- t up le:

a

INXNI

V. Li.lt

N () l, -
(a )rl

wherc:

rl

9,..
1J

= { (t,r,oa) , (h, c,r) ,.. . , (lrk,ou) }

,.rj = (1r,,lrr,...,1r0)

t f l, = ,j, , tlrerr ili: l- ine I( o L tr-r bcr atr nl x rl eurp ty arr:ly ,

I,rlc novr s tii tc anrl provcr a recursi ve cons tr:uct ion f or l(i r:kman

arrays. The cons truction is c.iillecl a r:i-ngular indirect procluct .

TllEo[ilil'I 2.3. St..t';;po::,e theru,: e.rit:'ts a KA(ra), dn.(l theye eri.sts a
rA(rr) L"shi.ch cctr.tct'i.ns n KA(rr) a$ a $ubqrraA. IJ' for, o llonnegatiDe

'[.nteger, o a .3 LLtert' eJ:[.s1:s ctn IIIA(rr-a,3,rr-a) ctrLd there eri.sts
a 1(/.(ra (rr-a)+a) l.ltr:n tl'Lev,e eu:l.t:ts a pl(rt(rr-:r)+;i) .

Proof'. Let Kl ,K2,K3 denote XA(r:r),KA(rr), ancl XA(rr) respectively.
Wlthout los:s of gcnerality, assurne that *[,*2, ;lnd *3 are nor:malized.

KZ. tias ttie f o1lowi ng f o rm:

Let a be a nonnegative integer, 0 { a '1 13. Select the first
colunns of KZ arrd par:titlon the array ;rs fol-lorn,s

K.
.1

B

', !t 7 -



a

ra Ir

IT

C D

t:t

Let V Z and U: be the symbol sets on whlch *, ;rnc[ O3 arewrittcln, resPectiveJy. CJczrr:1.y, V3 l.- V2. Dcf jr]e 
\ a.] O" rhe arrayKZ wrirren on rhe symbol, ser (v?/V3), {(i,x),(i,v)} , vr. Of corrrse,

Al ,Fi,Di,lii, _ and ,,, .:ire clc.f jned ;rc.c:orcl ir_rg1y. l,Lrr tllc nrirximrrnr sub_
clr.s ilirr irr ,('; Ire w r I L L t.rr orr t lrc I

(r- , {y.} ) u -. 
wtrLLe. oII rlre synrbol strt (v2/ vl ' {(r'y)J u

'3

Le t i- be an IT'A (r
Form the fo1 lowing al:rav

2-&' 3'
\T.

,2.3-*) written on a symbo_1 seL /v
3

,1

1
'1',

2

L o t.2l I- o !.
22 L o .c.

2 tr.

L o a"

R, l- Lo!.
n 12' 9.

trrr

Tt1
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wl).rre *t (t, , ) ancl '11., ,ls the ,.,)rJ.L- (r: -a) ilrrir)i consisting of

-a) x (rr-a) crnpry

x

I.j,Ai, antl ,r, o[ K; . I-er ,rj
:;ulrtrrrry conLlirrccl in L o !i. ..

'2

br, tlrr, ( r
3

Let
, (I

t

r

l,t,t l'1 lrr. ;r KA(r,, (r-.,-:r)-l-;r) writ tt'n ,rrr tlt(' siyltl)()l :ir.I

{l \l.r) , 1x,yll , (vl\-,) ,, (t,, , lx,y}) r,,, .t3
ht m:rxinrrrm strbi.lesign bc clr-, l-inc'cl on the synlrol se,t L(I \1 )

,, {yJ),-,., ArlriLr;trily parti.Lion M :rs lol-Iows: 3 ;i

,l

x i*,yi ]

where F: is an .3 , (r,-a) array (l :: i . .1) ancl ti: is an

(rr-a) , (.3-.) array (2. i. 11, 1 < j l. rr).

Form the array N* from N by replacing the subarray O, in N

by ttre subarray f : of M for: al-l i, 1 r: i .t 11, .ncl r:eplirce the
empty sub;rrray tr-j ol- N by Llte. subarray tl: ol- M for al_,1-

i, j, ?. . i ,, .1 , 1 :i j ., .1.. Irina1.ly, f orm the l-ollowirrg, array A*

-1
llIi

T I tr

S 2,r., -1

I

S ),t 
L

tzt

,tl

11 ., r r1

I

S.) ilr, r-, -i
I

C''rr 
rJ
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U

N/,

,,t

C
2

("
r

LL is ii t.r:d jour; but str:a.ig,lrLl.orwirrcl f ask to show Llr;rt A* is :r
p,t(rt(r:r-:r) + a) clel-incrcl on tlle symbol_ set

{V2-(r1 " {x,y})} " (VI--,) u (ro , {x,y}) u,,.
The niilxj-murn subclesign is r,rritten on the synrbol sc.t

{vr-{t-, " {x,yl)l {r , yJ u ('r., , {v}) u,,,.tr
C()liOl,t.AItY 2.1r. i.)t.ryt1t1:111, t.itt:t,i: arit;l_s a l(A(rr) ctrttl L.-lt,.tt,e r::t:.i.;;f.s 61

ttA(r:r) uh'i.r;iL c,ctn.La.i.rt:t a KA(rr) at; a:;tLlxtr\acrlJ. fJ,tltert: eri;:ts a

7.,a i.r' oJ' rtr. LlroqorLctl. 'l.a 
l..t.rr sqlt:.erei o!' t;.i.Je , 2 

_ , 3, I / L.,n Lltet,e er.i t:ts
iz l(A(r, (rr-r,r) + rr).

1'lre pr:ooI f o1]_ows f r:onr 1.heorem 2.3 with a = 0.
l'l:rving, cs till;lishecl tlrer IlilD_closure of I{MI( it is usef u1 to have

sone c:ollstruc,:t_iotrs f or I)llll r s. lllhcrse constructi.ons nralte use of
ortliogonaL arrays (Onts). For zr def initi_on see | 31. Recal1
OAlt) = tn: tirere exists an OA(n,t)].

TtlFlORliM 2.5. Supytose A ts a pBD_c|.oseil se.t, rn e 0A(11+), 0 < r < m,
ctncl {6nrft,12m*l ,6t+1 ,7,L3} . A.

'l'/'Lerl B4m*(rt*1 e A.

PtooJ'. See l3l.
ifllliol{EM 2.6. Suppo:ie A i:; a pRD_cL.oserl :;e.t, rn e 0A(4:;, g a a 1mr
and {m,nrl-6t,43} .- A.

'l'LLett 4 3nrF6 t ,. A.

f'roof. See l3l.
We will use ttre following we1l--known result concerning the
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existence of orthog()na1 arrays.
1'HIIOI{LI'I 2 . 7 . Let t rn lLa u,: y,r,i.rnc poDe r J.nc:1.ori.zat ion
nr, OA(k) i1' I< : rrrin{1.,.'' + Ll.

nri

We wj-11 also rnake us;c of the fo.l.lowing st'_nip1e r.ruurber-tlieoretic
resul-t.
l,llMMA 2. B. f f n,0 i:: ctn i ttte,tler, l.lten I.ht:ye er.i.t:l.tt rn r;t.Lc:LL l;?ml,

nr, - 1,3'., m . nr, etLt:l (rrr ,2.3.5.7.1.1) = 1.

1)r,oof . We show thaI tlrcr nrax Lmum distancc betwecn units nrodu]_o

2..3.5.7.11 is L4. Any unir 1s of rhe [or:m 6r + 1 or 6r + 5.
lf u = 6t +1 , corrs.iclcr {uru-2,u-6ru-8}. These four numbers

are eactr relatlvely prime to 6, and at most one is clivisible by 5,
by 7,. or by L1. Tlrere niust be aL least one elemerrt ]-cf E over, which
is relatively prirne to 2.f .5.7 .11 .

If u = 6t -1, consiclr:r {u,u-4,u-6,u-10,u-12}. Tliese five
numbers arc each relatively prirne to 6, at most two o1- tiierm are
divisible by 5, and at nrost 1 is clivisi_ble by 7 , or by 11. u

In/e also nered some construc-tions f or inc_onrltlete transversal arrays.
LIltvtMA 2.9. (J) IJ'tlLere ari::t k - 1 \4OLS oj,ctyclers m and m * 1,
k M)LS oJ' orr-ler t, arLd 0 < u < t, tlLen lJLere e:rL:;l.t: qn

ITA (rnt -l- u , lt, r-r ) .

(lt1 tJ' llrere eyi.:;t k - 1 MOLS oJ' orders m, nr * I and
m * 2, k+l M01,5 of order t, k MOLS ctf orcler v, crrLcl 0 < u, v { t,

then theyc eri.sts ctrt lllA(mt * n * v, l<, u).
Pt"oof. See [51.

3. CLc,si.ng t,!Ltt,1r'r.,r.t,r,wn.

:l'HIiORllM 3.1. Supl)osr: v t, I{MI( .i.J' iB25 < v < /+4905 arLcl v ,, l. mod 6.
ll'lte-rt V .: S'LJ' 1825 < v and v : I mod 6.

Pt'ctof . Let v > 1825, v I 1 mocl 6. irle proceecl by incluction. Suppose

that ue RMK if 1825,.:. u<v and u-1mod6. If v.i/r1r905
tlren v r. lll"fl( by assumption, so suppose v . 449t1. Let v = 6n * l,
so n:: 1485.

rr = 14nr0 * a0, witlr 3O4 :: t0 . llt7. Us Lng I-enima 2 .8,
such tlrat rn, - 13 :, n) r, nr, ar-rcl (rn,2.3..>.7.1.1 ; = 1. Then

1, where t0+182>r:t0.
ow th;rt m :. t. Wr: have nr = (n-t)/14, So m > t 11.

llLLen

trlri te

choose n

n=l4m*

We sh
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n t. 15t.

Now

t '- l-0 + I tJ2 499, anrl n .: J t1g.s = l5 . 499 .
')O4 , :j() (r L * I I t]2l. .l,lrL.r:,; wt lulvr-:

v = 84m f (rt * .1. ., 12nr + _l > (rm 1_ I ): (it * 1 :: 11325.

S ince_. ltl"tK is IrlJIl r:losccl , tlie result f o1-l-ows by .inrluction, f rom
'1.'lrcrcrrem 2.5 (noLc that rn r- OA(11+) by Theorem 2.7) .

l.n or-rler t.o aplily 'flreorem 3.1 we must show tlrat v r. RMK if
1825 ' v . {z,r)1;'1 arrcl v L nlod 6. It .is clcsir:rble f lrst to show that
excclpI tor a few possib.Lt: cxccrlttions, j-f V:: L rnocl 6 irncl v.1 1gl9
tlien v e lLl\,lK.

I-EM}'1A3.2. IJ'v-1mocl 6 end v<1819 l.lLen v{RMK LLnl.ess
v ,.. X = { 55, 115 , 11+5 ,IBl ,205 ,2(t5 ,35it ,415 ,593,(t49 ,655 ,(t97 ,g43,g55 ,glg ,
1003, 1243,12U5 ,1819 l .

I'r'octJ'. l^,lc 1ist, c()r)structions Ln T:rb1e l. For l.rrevity, we onlit prime
l)()wer orrlrrrs (whcre 'l.he orcrl 2. I or ,l'lteorem 2.2 upp L.ie s) and ortlers
wl rich. arc L.lre p roduct oI two pr imer pcwe rs, both o I wlt.ic:tr are congruent
tci l nrocl 6. ll
Nott::,; fr:;t, 'l'ct/,7.t,: 1 .

No tt: 1. B ,, OA(8) , so thc,r:e is a group-clivisible clesign wlth eigtrt
groups of s lze 8, ancl l> locks of size B. T:rke 6 copies of each
poir.rt. Ilclr [:rce r:ach bloc:lc by tlrc b-locks of a grourp_d lvislbfe cles:ign
It;rving e Lght grouJ)s of s Lze 6, and trlocks oL size 7 (iln af f ine
p-l.ane of order 7 with .i point dcleted). Ileplace ench group by an
af llne plane of orcier 7 on tlre 4g points existinli plus on ne:w

Point 6.

To strow 1531 e 8(7,193) srart wirh 32 e OA(g) and proceed as
abotze.

Note: i). K. Heinrich has shom that an IilA(n,3,2) exists for all
n .: 5.

llu I
t- fl
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'fArl r-11 I
Or:der u VW a w-a u (w-a)+a Iiemarlcs

us

275

253

295

319

385

391

445

451

505

- 571

J-) )

)OJ

583

667

685

715

745

7r,t

7 L)9

805

OJJ

865

895

901

913

985

1015

1"04it

10 81

1lu5

r111

l1 35

11b5

L17 7

31

13

19

t3

85

B5

B5

B5

19

'37

103

'25

61

43

13

l't7
t27

133

11

49

85

l()

rJ5

t57

15

tJ0

L54

l
t-)

1

7

1

13

29

7

7

l
1

1

37

19

1

13

13

L9

67

7

7

25

19

13

13

r,3

7

1l
19

'lf

t] )

/+L)

I
t
I
-l

1

1

1

L

I
l3
13

t-J

1

l

1

1

.l

I
1

I
19

1

1

l
I

1_l

L

1

13

10

445 3

2

r-0

15

80

83

31

61

)t

11tr

123

t27

79

25

13

3

8

)

/+9=l .7 ,45=15 .',)

see note (l), 3B5c B(7)

85=7 (13-r)+1

85=7 (l 3-r)*1,75=25.3
85=7(13-1)+1,8C=8.10

85=7 (1.1-1)+1, B3= 3.26+5

t21= / (19-.1 )+1,116=3. 35+10+1

t21=1 ( I 9-1)+1,123=4L. 3

113=7.19

49 85=7 (r3_1) +L,75=25.3

2lt

37

13

)

,l

9

tl

6

10

310

J

I

)

.l

u5= 7 ( l 3- r)+1. r{ore (2)

l'tJ =1 3 (13-l )+1, 1:r4=3. 1+B+10

fllr.I3+6.2+l

81+. 1J+8. 3+1

84.13+6.12+l

l r63 l

llo9l
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'l'Alll,li 1 (<:ont inucc[)Crdcr u iI v-a w-;l tr (w-a )ra I{t.rrna rk s
II89

r 195

1?07

l2l9
I255

1 309

1315

t345

135 7

I 361

r)15

I 405

1411

1zr 35

I 44L

t46 5

) 1t9l>

I50 7

151 3

1537

1555

L5 85

16 15

,1633

1639

L645

1 705

1 711

LttT
tt 29

) 1'35

t7 65

17 /l
1 /95

I '2)l

1 2tr
7 211

7 211

7 217

I '217

1 1)1, aL_t

7 221)

7 247

7 24:t

I 2t+l

1 2.41

7 '247

7 241

7 247

7 241

7 259

7 259

7 259

13 139

7

7

1

/

L9

109

73

7

t/ )

115

I t':
l/lt

67

1l

l9

193

r69

_l 70

I -l')

.13

19

Ir

l
2

4

6

ir

l

7

7

I
I

I

I

I
I

l7 !>-1 . )-5

I 7 !>=7 . 2'>,7 / O=3. 56+?

175=7.):,l72=3.56+1t

84. 16+6 .2+1

B/+. 16+6. 3+l

84. I b+6.5+l

84. t6+6. 10+1

u4. 16+6. 11+t
'27 r=l (31-1)+1

2tt=7 (31-1)+1

2Ll=7. 31, 20lJ=3. 6/++11+5

2) 7=1. 31 ,213=3. 70+3

211=1. 31,2-t5=1+1.5

1537e 1\(7,1.93),Nore (1)

229=19 (1 3-1)+r, 226=f . I 2+tO

241=73. 19

247=13.19,231=3.76+3

241=13.19 ,232=2.16+4
2.47=13.19, 233=3 . 7 6+5

249=13. 19, 243-3. 7B+9

241 =13. 19, 244=3. 78+t0

247=13. 19,2 1t1+=J. 7B+11

2l>9=1 . 37 ,2 46= J .7 4+2.4

259=7 . J7,2.51=3. 7 1++29

259=7.31

7

l
31

7

7

.t

205

208

213

'2.L5

13

163
,)c
L)

11

1_)

)l

q.)

49

67

t)

t9

6

9

1+

2

1

2',2

l
5

1

rl
19

l9
l9

19

I',l

1l
13

0
,\1

JI

7

.l

3

ItJ

l6
t5

t4
tl

3

2

13

B

!. zt)

229

2.31

232

233

1.t.)

244

21+'>

10

I
3

t+

5

9

10

11

246

251

181

2IL

LL+

29
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From Lermma 3.2 rr/e can obtain tlre following.
COROI-LAI{Y3.3. If u<v11819, v-u=0mo<1,25 1, u,V ,:1mocl 6r
arld {u,v} n If}o( = 0 'tl.Len (r,v) . { (55,1U19), (11+5 ,649),(187,g43)}.

Corollary 3.3 is; of uscr in the fol1.owiri1,, lcnura.
l,l,lMlLAl.1+. St.t7;1tcsr: x=1+3m*6t=1r3rnl+6tl , DlLet,e n qru,l ,,1 are
pt,ttne f)oDer,:i t:orLt1rtrnr,,. r.u l nrod 6, und m < ml , t i: n), t1 :, nll .

If {nr + 6t, n,l. * 6rr} rr ltMK = 0 ctncl m * 6t, ma * 6ra < l_819, thert
on.e of tlrc J-o7. l.orsi.rLq /.tol.c.l:; :

(1) m, '. 55 and ml - m = 42i
(:l) ma :. 11+5 ctncl rn, - m = 1r2 ot: 12;
(:i ) rna I 18 7 drxl nt - rn = 42. ,LB, or lZ .

Pt"oof, Since /r3m * 6r = 43nll + 6t, we have nr * 6t - (rnl + 6f) =

42(m, - m). Thus ml : m mocl 6, so m * 6t ., m, * 6ta niod 252.
Also m * 6t I rn, * 6tr, ernd both are congruent to 1 rnod 6. l-et
nr * 6t - (mt + 6tl) = )ISZU.. Then *1 - *2 = 6k. Corollar:y 3.3
irnplies the result. I I

LIIMMA 3.5. fiuTtytot:e nr, < nil . n,2 .r,.r, 1tircre ea.ch nr. i.s a pyime
poDer ctrtttJru.c:nt t.ct I nrotl 6. ,,h.LStytot.;c n,i/,,,i*2 -, 43/49 foy,
0 a i :1 n-2. I'l'terL 'i.f 1+3nra . x { /r9nrr.,_r-r u)e cdn ur.tte
x=43m.+6t=4,*j*a+6Ll foTsorne j, 0i j<n-l , and t<m.,

Jtl t '3*r'
l'jtoof . I-et n = x|43, ancl let *j be the lartr3est *i not e>..ceredi.ng

m. Now, * t or*-j*1 ancl 1+9mi-l a or,n,,*, so x i /+9nr-._a < 1r9m..

Also x ) /+2m. '' 1r3mj+1 . Ler r = (x - 43rn.)/6 ancl aa - 1x - 1r3nr-,_,)le .

Rottr t and al are ir)tegers, and 0 ., t .t r. , 0 -.. t, r, ,nj*r, os

r:equired. l l

LIll'1MA3.6. Swpyto:;e ve RMK if lB25<v<6559, cryLd v:lmocl 6.
'lhen v e RMI( 'Lf 11911 < v < 1+5031 and v ,. .l mocl 6.

Proof . Let M = {211,217,...,9.1 9,937} be rhe ser of al] prime pord/ers

between 21 I and 937 wlrich are cong,rucnf to 1 modulo (r. l.et the
eleurents of M be orclerecl rl, . nrl ..... ,ra,. It c11 bc c:ireckecl that
,ni/r.l_a2 .-' 43/ 49 t or 0 .. i :: n-1. Let v ., I rnocl 6 antl

11911 ': v < 45031. Ily Lennra 3.5 we can wr:ire v = /+3m. * 6t = r,r*j*,
+ 6t, with 0 { t . *j, 0 -, r, a ,j*r. lrre need on1.y strow thar
{*j * 6r, nri+1 + 6t1} r IIMK 10. rf one of' m. * 6[, nrr*a * (rr, is
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at lcast L825, [lrL,n it is in li]"fi by the assurlption Lhat v ri lllvlK

il 1825 v ()559 ancl v lrnocl 6. Since nr.*6t=v_42.m. and
Itr -l- {rl -- rr - 1,),,, ,,.. }-^,, J 'i"'i*1 ' '"] - v - 

"2"\,*1-, 
we havc nr-]na * ,ra n, j*, -t 6ar, a ,u,r*, s 7m,

= 6559. Ifinrrlly, iI lrotlr ni., * (rr.,--nr,+1 + 6tl rrre less than 1825,
l,t'U,rn.'r'1 ./r l,,tr;rritrtt.(,1,s: fll.i t liL ]r;r:;t ol1(,ol tligrn is.irr lurll(. l

l,l,lf1l!14 J.7. V , tiMI( i1 g299 v .- jl2ll i.trttl v I rrrod (r.

'! 
't'r,'i'. l-t.t rn,, = Jf3J, nr, = 193, rn2 = f99, *4 = 2ll, ,5 = 2:- )_,

utr, = ? ).'), fiJ : '>).(), nrl, =. 14l. ,l'lrc 1;roof is Iliat ol- Lc:nrm:l 3. fi,
lnLrtiitis nrutarrclis. j

l-lil'IMA l.B. v, Iil'It( i1' 61t9J :' v . UZB1 ctru.l v . 1 mod 6.
I'r't.toJ'. l,eL nll = i39, rn, = I51, m, = 157, nr_, = 163, nrr* = 169. Tlie
lrrcroI is tirat ol'l,clrrnll J.6, tnllfitt,is rnut;rndis. (Notc that ,1. _ nr, = L2,
buE ,,,_l- l1r5 , :;o [_lrcrc i.s no prol: lt,rn r.riLIr L,ctnrrn;r ]. 4. ) I 1

trJe s umnrrrri ze tlre above .

I-l'llll''IA 3.9. i'ttyty,c-,;:1t v r liMK .i.f v - l_ rnocl 6 ctr.cj e:Ltlu:r
182.5 i v .. 6481, fl287 -' v :, 8293, oy, )1227 : v i 11905 .,!he:rt
v ( ltMK 'i.1' 1825 v ttLtl v 1 mocl 6.
I't,c.tcJ'. lnunotl i:rLe, in vic,w of l_onrnrat:r 3.6, 3.J, ancl 3.8, and Theor:em
3.1. ll

ll'tir-rs we need to strow v r. IIMK for the abov.r vaf ues of v. The
l'o11owing wif I be use f u1 .

l,lll'OIA 3.10. i-)upytp5i62 nt.., ).Jl i.s u pr"ime poaer, congrlLent to l mod 6.
TLLert i.j' 43nr :. v :, 49m, v ,,, I mocl 6, .tnd v / ttt"tX, tr)€ rnust haUe
m * 6t r. X, uhere: v = 43m + 6t.
Pt,ctoJ'. 'llher rcrsult f ol,lows Ironr Tl-reorem 2.6 anc] Lemma 3.2. Note tirat
m*61r7mr1819. l

Sini1,ar1y, we have the l-o1lowing.
LEI'll'tA 3.11. Suppo:;e m r. OA(11+), {6m * 1, l2rn * 1} c RMK, and
nr .1 1+9. fJ' 8/+m f 1 : y : 90m * 1, v . l mod 6, an(1. v y' RI"IK, De
mt.tst ltcme 6t + 1 c RMK, Dltere v = B4m + 6t + 1.

hte now nrake numerous irpplications of Lemrnata 3.1.0 and 3.11 in
Table 2 berlow. Iiach value o[ m usecl in Lermra 3.11 is in 0A(14)
by Theorem 2.7, ancl 6m * 1 ancl 12m * I are in IiMK by Lemma 3.2.
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'l'ab1e 2

l.nt erv.,r lT,enuna

3. L0

3. 10

1 r1

3.11

3. r0

3. 10

3.10

3. 10

3.11

3.10

3. 10

3. 10

3. 10

3. r0

3. l0
3.10

3.r0

nl

4J

49

2l
29

61

67

1'3

19

41

97

r03

109

121

t27
1 ',l(r

241.

277

) t\49 - 2107

?107 - 24OL

2.269 - ?/+31

2t+37 - 26Il
2623 - 2989

2B(r1 - 3281

3139 - 3571

3397 - 3871

3949 - 4231

4t1L - 4753

4/+29 - 5047

4687 - 5341

5203 - it929

51+6I - 6223

59lt - 6487

1t2.27 - 11809

116')l - 1f905

llcmarl<.s

orders abovc 6487 covere,cl

orde.rs below LI22l covcrrr:cl

orders above 11905 covered

I{e now cons;ider possible exceltiors in the above intervals, and

orders bc.tween lfll9 and fl905 whiclr are i-nc[i(.atecl in tlrer staten:c:nt of
Lemma 3.9 ancl nat contai.necl in any interval :lbove.

First, we noLe that, in fhc ov.rrlapplng portion c,f two consecutive
intervals, both of which ar:e applicaLions of Lenma 3.10, tliere c:ln be

no possible exceptions otticr tlran 5227 ancl 5983. Tlris follows from
Lemma 3.4. 'l'he on.l y possibllity is th;rt ttre trn.o values of m cllffer
by 12, and the two va1,uers of ur * 6t are 145 ancl 649. These

orders irre 5'221 = 43.109 + 6. 90 = 43.L2I + 6.4 an(l

5983 = 1;3,127 + 6.81 = 43.139 + 6.1. l^ie lisr rhe r:ernainj,ng orders in
Tabl.e 3 below and llive constructions f or: thcm.
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m

43

43

h')

4i
43

/+9

1+9

49

49

O rder:

1.861

19?.1

1951

19 91

201 I

2)1'\

211 3

220.)

l-/.+ I

u v-i1 w-a

.13 85 13 t2 73 1

r8l 13 1

1325135320u

43 61 1

l-ltT 19 1

llable 3

w a u (w-a)*a

25

61

91

61

Remarks

Prime

85=7 (13-1)+1

['rimc

Pr:ime

Prime

Prime

Prime

325=13.25 ,
320=8.40

317=l (49-1)+1

cover:erd (m=49)

3(rl=J 9.19,
lii5=3. 1 14+13

Primc

Prime

Prlme

Prime

Prime

Pr:ime

Prime

Prime

Prime

Prime

Prime

Prime

Prime

Prime

5.59=13.43,
546=3.181+8+5

Prime

49

4r) ,27

27

')1

29

?."t61

') )')')

2383

'24I3

249 I

11

337

121

_161

31

7

19

0

1363311

l9 6 3't\ l.]

0

l

29

29

61

61

61

61

61

61

67

(tl
11

79

l9

79

79

25'tl
115til

2 617

26tl
21 07

2,149

2/ 67

2.827

3001

3019

3079

3331

3 583

367 3

37 33

3811

387 7

388 3

37 103

755913s5s48

3B89
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m

'l'ablc 3 (cont inued)

a10rder

389ir

3901

3901

39 l3
391 9

39 2.')

39 31

3931

3943

1+003

406 3

1109l

413ir

/r15 3

41 89

4?.1',)

42 L9

4? 6L

427 9

7

325 13 1

43 91

25 157

31 127

u

31

5?.L

2.tl

ll

691

9 1+l

v-a w-i,l

559 13 3 556 10

u (w-a) +a

7',3

I{crma rhs

5'r9=13.43,
i't46= L 181+10+5

241

2.4t

27L

7 589 19

s3 19 1

169 13 1

10 519 9 73

79

I'r: ime

Pr imc:

Prime

Prime

I) rime

589=19. 31,
ltl9=-1.190+9

P r inie

Prime

covered (m=4 7 )

coverc,d (rn=97)

covcrod (m=1+7 )

I) r ine

625=2.5.25,
600=3 .L97+9

Pr1me

Prime

l) r.imcr

Primcr

Pr.imc:

8/+.131*6 .67+l

47

4J

4/

97

ltJ

97

91

L)l

97

109

109 , 1.21

121

121

127 ,l-3g

139

139

139

I 625 Zlt 16 fi00 9

43 39

'tOJl

5?.27

\')47

)L+ -) /

59 83

625')

6331

6487

Q')!rf

829 3

I 1365

1140 7

11fl7ir

19

13

31.

499

30

1

1

0

13

13

I

1

19 625 0
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As a result of the atrove, and Lemmata 3.2 and 3.9, we have shown
tlrc f oJ,1 ow irrlt .

'llliIoRlaM 3. 12 . l J' v ,l urocl 6 i:; ct Sto.:.t L-i:ur,: .i.nte.,1er,, then. v r It],lK
u.r'./.esi v c. X.

Tl-re authors wish to Ll-rank the referee for his he lpf ul comments.

Addenr.hnt. A.Le>: Ilos:ir (priva te conmun ica tion) has recently cons tructed
an I"{K(l.l 1), so 55 ._ IWK. Il, we now apply Theorem 2.3 wirh ,L = 7,
r, = ?95, r, = 1t3, and a = /+1, wc. obtain lB19 c llllK (Note tllat
295 = 7(43*l) + f). 1'hus; v t. IWK it V.. l nrod 6 ancl v > 12g5.
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