
DETERMINATION OF A PACKING NI]MBER

Douglas Stinson

ABSTRACT

The packing number D(2,4,19) 1s deflned to be the
maximum number of unordered quadruples of elemenEs, chosen
from a seE of 19 elements, such that no palr of elements
occurs in more than one quadruple. IL is shovm here that
D(2,4,19) = 25.

1. Introduction.

A (r,t<1 packing of a v-ser V ls a family F of k_subsets (blocks)

of V such Ehat no t-subset of elements (varietles) occurs ln more than

one block of F. The maximum number of blocks ln a (trk) packing is
often denoted by D(t,k,v).

In thls paper we conslder (2,4) packlngs, l_n partlcular, the (2,4)

packing on 19 varleties.

Denore D(2,4,v) by D(v). Ir 1s well-known thar D(v) s B(v),

where B(v) = flf$f l, and [x] denores the inreger parr of x.

For v = 0 (mod 3), v I 9, Brouwer has shown [1] that D(v) = B(v),

whileD(9) =B(9) - l= 3. For v= 2 (rnod 6),v* g, Brouwer has

shown [1] that D(v) - S(v), while D(8) = B(8) - 2 = 2. Also, Brouwer

conjectures [1] thar if v= 5 (mod6),v* 11or17, thenD(v) =B(v),
while D(11) = B(11) - 2 - 6, and D(17) = B(17) - 1 = 20.

The remaining cases are v = 1 (mod 3). For v = 1 or 4 (mod 12),

Hanani has shown [3] that D(v) = B(v). These packl_ngs are rperfect", in
that every pair of varieties occurs in exactly one block, and hence are

balanced i.ncomplete block deslgns. For v = 7 or 10 (mod 12) , Mullin
has shown [5] that D(v) < B(v) - 1, and rhar D(v) = B(v) - I for all
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but a finlte number of possible exceptions. For v = 7 or 10 (rnod 12) ,

v # 10 or 19, Brouwer has shown [1] that D(v) = B(v) - 1, whtle D(l-0) =

BC10) - Z = 5. The only remalnlng case ls v = 19. We wi.1l prove here

that DC19) = B(19) - 3 = 25.

Slnce D(19) < B(19) - 1, we have

THEORH{ 1.1. No (2"4) packing on L9 uarieties contains more thqn 27

blocks.

2. Non-)cew,rence Graphs.

Let F be a (2,4) packing on 19 varleties. Construct a graph G,

wj-th vertlces I to 19 representlng varieties, so that an edge ij e G

if and only if the palr lj does not occur in F. We say that G is

the non-occurrence graph of F.

Let rl be the number of tlmes a variety i occurs i-n F. The

number of pairs which involve i and do not occur in f is 18 - 3r, .

Thus the valency of each vertex of G is a multiple of 3.

THEOREM 2.1. No (2,4) packing on 19 uay,ieties contains more than 26

blocks.

Proof. This can be shown from the corresponding covering problem. A

(t,k) covering of a v-set V is a family F of k-subsets (blocks) of

V such that every t-subset of elements (varieties) occurs in at least

one block of F. The nj-ni-mum number of blocks in a (t,k) coverlng is

ofren denored by N(t,k,v). Mills has shom [4] that N(2,4,19) - 31.

Now, assume D(19) = 27i thus we have a family I' of 27 blocks,

with no pairs repeated. There... {1j) = L7! possible pairs of varieties,
L

and (,) . 27 = L62 pairs occur ln F; so the pair-deficiency is 9. There
z
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are two possible non-isomorphic non-occurrence graphs, shown in Figures

1(a) and 1(b).

2

Ll .t

Figure 1(a) Figure L(b)

CASE 1. To F, adjoin rhe blocks 1256, 2345, and 1346. Then we have

a (2,4) covering with 30 blocks; rhis is impossible, since N(214,19)=31.

CASE 2. Here, adjoin the blocks 1235, 1345, and l35G; again, we have an

irupossibiliry.

LIe now consider the possibilities for a packlng of 19 varieties into
26 blocks. For a variety i, let dr, the deflciency of 1, be 6 _ ,r.
LEMMA 2.2. No uariety in a paeking uith 26 bloeks ?ns a d.efieiency

greater than 2.

Proof. Suppose the contrary. Then there exlsts a varlety i with
ti a 3. Delete the blocks containing 1 from F. Then we have a

packing of 18 varieries inro 23 or more blocks. However D(lg) s B(lg) = Z2i

this is a contradiction.

Let there be n- varieties wlth deficiency i, for 0 < i < 2.19 r-

since 
,lr_u, 

= 19'6 - 26.4 = 10, we have n, * 2n, = 10. Also,

,0 * 11 * t2 = 19. We have the following solutions Ln non_negatLve lntegers.

5
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Each of the above cases will be consi-dered in terrns of posslble

non-occurrence graphs. We note that, lf a variety has deficiency 1,

then the corresponding vertex in G has valency 3i.

CASES (1),(2). Let 1 be a variery with deficiency 2. In G, verrex

t has valency 6, but there are fewer than six other vertices with

posltive valency in G. Therefore cases (1) and (2) are impossible.

We will eliminate the non-occurrence graphs of cases (3) to (5)

by either of the two following criteria.

(a) If G contalns *4 as a subgraph, then a block contalnlng the four

varleties corresponding to the verti-ces of K+ may be added to F to

produce a packing with 27 blocks; this is impossible by Theorem 2.1.

(b) In many cases, G has the property that four blocks may be adjoined

to F to give a coverlng with 30 blocks; this is impossible (Theorem 2.1.).

CASE(3). G ls shown in Fi-gure 2. We note that the subgraph on vertices

L, 2, 3 and 4 is a 4-clique.

I

Figure 2.
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CASE (4). We have four non-isomorphic graphs

(a) Adjoin 1234, t256, and 1278 ro F

I

7

(b) The subgraph on vertices

L,2,3 and 4 is a 4-clique.

G

t

!t-

3

G 1

2-

L

5
I

7

b

J

6 ,t

t
(c) Adjoin 1234, L235, 1268 and L27B to F

3

7

(d) The subgraph on vertices

l, 2, 5 and 6 is a 4-c1ique.

I

3

t
5

t

e j
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CASE (5).We have 12 non-isonorphic posslbillties for G.

(a) Adjoin 2389, 4567, 1234 anil .1567 to F.

j

I

1

(b) The subgraph on verEices

1,5,6 and 7 ls a 4-clique.

i

1

(c) Adjoin L467, 1357, 3489 and 1289 ro F

7

(d) Adjoin 4589,1456, 1237 and 2389 to F

8
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(e) Adjoin 1356, 1247, 2389, 4589 to F

(f) AdJoln 1459, 2389, t367, L267 to F.

G) Adjoin 1567, 1478, 23s9, 1238 ro F

(h) The subgraph on vertices

1, 5, 6 and 7 is a 4-c1ique.
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(i) Adjoln L567, 2569, 1238 and 1348 to F

(j) Adjotn L467, L235,2348 and 2569 to F

(k) Adjoin 1238, L679, 1459 and 1458 to F

(S) Adjoin L278, 1368, 1458

and 5679 to F.

I
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Case (6) ls the only case rernalni"ng, and we have

THEOREM 2.3. If a packing urLth 26 blocks erists, there a?e 1sn uayieties

vLth r = 5, cnd nine uariettes uith r = 6.

3. Notatton and PLan of Attack.

set A = {1,2,...,9}, B = {10,11,...r19}. we will attempt to

construct a (2,4) packing wlth 26 blocks, where ri = 6 for 1 < i ( 9,

and r, = 5 for 10 s i s 19.

Let a block of type i be a block contalnlng i varletles from

A. Let there be ,i blocks of type I in the packing. Then

standard counting arguments yield
444
I n- = 26, I ir. = 54, Ii=0' 1=0 ^ i=0 i,( n = 36.

1

We have the following solutions in non-negative integers:

'4 t3 t2 o1 'o
(1)08L260
(2)1s1s51
(3)221840
(4)07ls31
(s)t4182r
(6)2L2Lt1
(7)061802

Each of cases (1) to (7) will be considered in Ehe remainder of the

paper.

For a variety a e A, 1et a oceur in a. blocks of type i.

'o = o'

Then

6

4

F "- =
1a=r

4

I fi-rl a. = 9.
L

l-= r
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We have the following solutions in non-negative integers:

u4 u3 uZ

10
02
2t
13

"1

3

2

2

1

0

2.

I
0

,0

(1)

(2)

(3)

(4)

(s)

(6)

(7)

(B)

0

0

0

0

0

0

0

0

E)

0

2

4

0

4

3

2

2

2

I
1

1

0

0

0

If a variety a e A corresponds to solution (i) above, we say that.

a j-s a variety of type A..

Similarly, for b e B, let b occur in bt blocks of type i.

Then 3

I
=0

b.=5, I(3-i)b,=6.tiroa
3

b 0 ,4
1

We have the following solutions in non-negative integers:

bb

Ifavariety b€B

is a variety of type

Let rhere be *i

The values of *j_ and yi

being cons j-dered.

b b

b

varieties of type Al, yL varieties of type 8..
l_

will depend on which of cases (1) to (7) is

(1)

(2)

(3)

(4)

(s)

(6)

3

J

2

I
2

1

0

4

0

0

0

0

0

0

1

0

1

0

3

2

1

2

0

1

3

0

2

4
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2

1

1

0

0

0

corresponds to solution (i) above, we say that

8..
1
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We will deal with many of rhe cases in the following manner. The

varieties from A are placed in the design. Without loss of generality,

lre may place the vari_eti-es from B into the design one time each, so

that each variety from B oceurs with some particular varietyr say 1,

from A. Then a computer progranme attempts to complete the design by

adding each variety from B to the design 4 more .times. The prograflune

i.s basically an exhaustive search, wlth a few refinements. Each run

requires only a few seconds of CPU time. Thus, Ehe task is to determine

all possible ways of placing the varieties from A into Ehe design.

However, all that is really necessary is to place the varieties from A

into the blocks of type 3 and type 4. Then the pairs of varieties from

A which do not occur in blocks of type 3 or type 4 can be arljoined as

blocks of type 2, and the blocks of type 1 are also determined, since

each variety from A occurs 6 times in the design. 0ther meEhods, such

as considering the possible occurrences of the varieties from B in the

blocks of type 0 and type 1 will also be used.

4. Packtngs uLth 26 Blocks.

LEMMA 4.1. Case (6) (.4 = 2, t3: 1, n2 = Zl, rl = 1, n0 = 1) and

Case (7) (n+ 0, 13 - 6, t2 = 18,.1 = 0, n0 = 2) aoe tnrpossible.

Ptoof. We note that there cloes not exisE a variety b e B wifh

bO = ba = 0. Now, there are no more than 3n, + 4nO distinct varieties

from B which occur in blocks of type 0 or: type 1. In cases (7) and

(7), 3n, * 4nO < 10; thus, some variety from B has b0 = bl = 0, which

is not allowed.

-99-



CASE (5). Here 3n, * 4.0 = 10, so that every variety b e B occurs

exactly onee tn a block of type 0 or type 1. We may let these blocks be

10 11 L2

t4 15 16

t7 18 19

10 - 13 are of type

13

Then varieties

of type 86.

Consider the varieties from A whlch occur ln the two blocks of

type 1. We have gp6 subcases: (1) some varletyr soy 1, oceurs in both

blocks of type 1; (2) two different varietles, say I and 2, occur ln

one block of type I each.

Subcase (1). I ls either (1) a vari.ety of type AU or (11) a variery

of type A3.

(i) We may 1et the block of type 4 be 2345. We note that varieties

10 - 13 occur in one block of type I each. Also, varlety I occurs ln each

block of type 3. Then the blocks of type 0, 1, 3,4 are

10 11 L2 13

]-415161
7718191
10 1

11 1

L2 I
13 I
2345

Then varieties 6 - 9 are varieties of type AU, and each appears ln at

least two blocks of type 3. Slnce 1 occurs ln each block of type 3, thls

ls not allowed.

(fi) We may let the block of type 4 be L234; rre may let varlety I occur

u3' and varletles L4 - L9 are

-r00-



with varieties 10 and 11 in the blocks of type 3. We have

10 11 L2 13

L415161
L718191
10 1

11 1

12

13

L234

Then varieties 2 - 4 are varieties of type Ar, and varieties

varieties of type Ag.

The blocks of type 3 may be completed

10 1

5-9 are

11 1

5

7

8

6

a

9

9

L25
136

The computer shows Ehat the design cannot be completed.

Subcase (2). We have rhree possibilities.

(i) 1 and 2 are both type A4 vari-eti-es,

(ii) 1 is a type A4 variety, 2 is a type \ variety,

(ii-j-) 1 and 2 are both type L7 varietles.

(j-) : We rnay let the block of type 4 be 1234, and we may 1et 1 occur

with 10, 2 occur with 11. Then the blocks of types 0, 1,3,4 may be

completed

1011t21311278
L41s16112578
t7r8192L3689
10 156 1234
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A computer search shows that the design cannot be completed.

(ii): We may 1er rhe block of type 4 be 1345. Then 3 - 5 are varj.eties

of type A5, 6 - g are varj-eties of type Ag. We may 1et 1 occur with

10; then Ehere are two possibilities:

(a) 2 occurs with 10, 11, L2; or

(b) 2 occurs with 11, 12, 13.

(a) Here, 2 must occur with 5 more varieties in blocks of type 3.

However, these varieties must be chosen from varieties 6 - 9; so some

pair occurs twice. This is impossible.

(b) Here 2 must occur wlth six more varieties in blocks of type 3;

this is impossible, since some pair would occur twice.

(iii) : Here 1 and 2 each occur in three blocks of type 3. Since there are

only four blocks of type 3, the pair 12 occurs twice. This is impossible.

Thus we have

LEMMA 4.2. Case (5) (n, = 1, n^ = 4, f,^ = 18, 11 = 2, r0 = 1) zls

i.rnpossible.
8

CASE (4). Here *i=0 forl< i<6. Also,wehave.l.*r= !, and
r-=I

ZxU * *7 = 3. We have the following solutions in non-negative integers:

*6 *7 *B

(1)117
(2) 0 3 6

Subcase (1): Let 1 be the variety of type A6, 2 be the variety of

type A7, 3 - 9 be the varieties of type Ag. We may let the blocks of

type 1 be 10 11 12 1, f3 14 15 1. Variety 1 also occurs in four blocks

of type 3. Now, the only varieties from B with which t has not occurred

are 16, 17, 18, 19; so each of l-6, L7, 18, 19, occurs in a block of
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type 3. Hence, the block of type 0 must be 16 17 18 19, and we may

1et the remaining block of type 1. be 10 13 L6 2.

Thus we have a skeleton
16 L7 18 19

1011t21
1314151
1013162
16 I
L7 1

18 1

19 I
10

13

r6

Variety 2 occurs in three blocks of type 3. Since 2 has already
occurred wich 10, 13, and 16, 2 must occur with 17, 18 and 19; but
then the pair 12 occurs three times. This is i-mpossible.

!"!Sg.g-g. (Z); Let the varieties of type Ol be 1 - 3; let rhe varieries

of type Ag be 4 - 9. We have the following possibilltles:

(i) 1, 2,and 3 occur in some block of type 3;

(ii; Pairs 1-2, 1.3,23, occur separately in three blocks of type 3;

(iii) Pairs L2, 1-3, occur separately in two blocks of type 3.

Since 1r2, 3, appear a total of nine times in seven blocks of type 3,

aE least two palrs from these numbers occur, and the three cases listed

are the only pessibilities.

(i) We have three non-isomorphic ways of constructing the blocks of

type 3, namely,
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7

23

None of these partial designs can be completed.

(ii) We have the following six non-lsomorphic ways of constructing the

bloeks of type 3:

L23
L45
16 7

248
259

4

6

4

1

1

I
2

5

7

8

L23
L45
16 7

246
289
358
379

368
37 9

27 9

368
3s9

L2 4

t35
L24
135

L2 4

135
r2 4

135
236
169
27 8

37 9

458

L24
135
236
168
27 8

37 9

459

L24
135
236
L7 8

27 9

389
4s6

2

1

2

3

7

36
67
58
49
B9

236
168
259
37 B

47 9

236

None of these partial designs can be completed.

(iii) We have the following Ehree non-isomorphlc ways of constructlng

the blocks of type 3:

None of these partial designs can be completed.

Thus we have

169
258
37 8

47 9

L2 4

r35
16 7

258
269
348
37 9

L24
135
167
2 89
256
3 4 8

37 9

L2 4

135
167
258
269
37 8

349
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LEI'{MA 4.3. Case (4) (n, - g, n,1 = 7, \2 = 15r.1 = 3, r0 = 1) is

tnrpossible.

CASE (3). We have two possibillrles for rhe blocks of type 4.

(1) L23 4 and 567 B (2) L23 4 and t567.

Subcase (1): We may 1et the blocks of type 3 be 159 and 269. The

partial design cannot be completed.

Subcase (2): Since 8, 9, do not appear in a block of type 4, they

both must appear in at least two blocks of type 3. Since there are only

two blocks of type 3, the pair 89 occurs twice; this is lmposslble.

Thus we have

LEUMA 4.4. Case (3) (n, = 2, fr. = 2, tn = 18, ,1 = 4, n0 = 0) is

inrpossibLe.

CASE (2). We may take the blocks of rype 4 as 1 2 3 4; then we also have

*l = *2 = 0, x3 * xO * *5 = 4. We have the following solutlons ln non-

negative integers:

*3 *4 '5 *3 *4 *5

(1)400(e)103
(2)040(10)022
(3)004(11)202
(4)301(12)220
(s)310(13)112
(6)031(14)L21
(7)130(1s)2L1
(8)013

Varletles L - 4 occur i.n 2x, * xO blocks of type 1; so we must have

2xr* *4 = 5. Thls elimlnates subcases (1), (4), (5), and (L21. Al-so,

varietles L - 4 occur in x, * 3xO * ,*, blocks of type 2. Since none
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of I - 4 can occur together again, we must have x

This eliminates subcases (3) , (B), (9) , and (10).
3 5

< 15.

Sub-case (2): Vari-eties L - 4 each occur ln one block of type 1. Let

5 be the other variety from A occurrlng ln a block of type 1. Then

5 is a variety of type A7, 6 - 9 are varletles of type Ar. We have two

possibilities for the blocks of type 3:

Neither partial design can be completed.

Subcase (6): Varieties 1 - 3 each occur i.n one block of type 1. We

have two posslbilities: (i) two varieties, say 5 and 6, each occur

in one block of type 1, (ii) one vari-ety, say 5, occurs i.n Ewo blocks

of type 1.

5x4+3x+

(i)

type

Here 5 and 6 are varieties of type A 6 - 9 are vari.eties of7'

156
2s7
368
47 9

589

15 6

257
358
469
7 89

56
57
68
89
79

AB. The blocks of type

I
A: are

2

3

5

6

This deslgn cannot be completed.

(ii) ttere 5 is a variety of type A6, 6 - 9 are varietles of type Ag.

Variety 5 occurs in four blocks of type 3 along with eight other

varieties, which must be chosen from 1 - 3, 6 - 9. Then a pair occurs

twice (inpossible).
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Subcase (7): Varieties 5 - 9 are varletles of type Ag. The blocks

of type 3 are
156
178
2s9
379
468

The design cannot be completed.

Subcase _(1-1)_, Vari-eties l and 2 each occur in two blocks of type 1.

We may 1et the other variety occuring 1n a block of type 1 be 5. Then

5 is a variety of type A7, 6 - g are varieties of type Ag. The

blocks of type 3 are
156
178
257
269
589

The design cannot be completed.

Subcase (13): As in subcase (6), we have rwo posslbilirtes: (i) two

varieties, say 5 and 6, each occur in one block of type 1, (i1) one

varietyr say 5, occurs in two blocks of type 1.

(i) Here 5 and 6 are varieti.es of type A7, 7 - g are varleties of

type Ag. The blocks of type 3 are

ls7
168
256

9

9

8

7

5

6

The design cannot be completed.
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(ii) Thi-s subcase can be ellminared in the same !/ay as subcase (6) - (ii).

Subcase lU)r Let 5 be the other variety from A which occurs ln a

block of type 1. Then 5 is a variety of type A7, 6 - 9 are varieties

of type Ag. We have three possiblllttes for the blocks of type 3:

156
L7 9

257
3sB
689

156
178
257
369
589

l-67
189
2s7
3s9
568

None of the partial designs can be completed.

Subcase (15) : Here, varieties 5 - 9 are varieties

blocks of type 3 are

1s6
178
259
267
389

TI're partial design cannot be completed.

Thus we h;rve

LEI'OIA 4.5. Case (2) (n, = 1, tr^ = 5, n^ = 15, n,

inrpossible.

CASE (1). trle have *i = 0, for I < i < 5. A1so,

irnd 2x. * x- = 6. We have the following soluti-onsbt
integers.

*6 *7 *B

(1) 3 o 6

(2)22s
(3)L44
(4)063

of type Ag. The

= 5, nO = 1) is

*6**7*xU=9

in non-negarlve
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Subcase (l): Let 1,2,3, be the varietj-es of type A6. Each of 1,2,3,

occurs in four blocks of type 3. Since there are eight blocks of type 3,

tircre rnusE be f our pairs f ornrcd f ronr Elrese varieties. Slnce there are

only three distincE pairs possible, some pair must be repeated (impossible).

Subcase (2): Let 1,2, be varj-eties of type AU; 3,4, be varieties of type

Al. We have two possibilities: (i) 1 occurs with 2 in a block of

type 3; (ii) l. does not occur with 2 1n a block of type 3.

(i) We have two non-isomorphic ways of constructing the blocks of

type 3.

(i) t23
14s
I
1

125
136
L47
189
238
249
267
345

(ii) Lz3
74
15
I

(111) L 2

l_3
L4
15

L25
136
147
189
237
249
268
345

Neither of these parrlal designs can be completed.

(1i) Varieti.es 1 and 2 each occur ln four of the eight blocks of

type 3. Vari-ety 3 occurs in three blocks of type 3, and so must occur

twice with 1 or 2 (impossible).

Subcase (3): Let 1 be rhe variety of type A6, 2 - 5 be varieries of

type A7, 6 - 9 be varieties of type Ag. There are three ways of

distributing varletles 2 - 5 ln the block of type 3 which contaln

variety 1 (1 occurs with all of varieties 2 - 9 in the blocks of type

3):
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(i) We have the type 3 blocks:

L 2 3, L 4 5, 1 6 7, 1 B g, 2 4 6, 2 5 7, 3 4 g, 3 5 g.

The design cannot be completed.

(ii) We have four non-isomorphic ways of constructing the blocks of

type 3:

None of the designs can be completed.

(iii) We have four non-isomorphic ways of constructing the blocks of

type 3:

r23
L46
L57
189
248
256
341
359

723
L46
rs7
189
248
2s9
347
356

L23
146
157
189
245
267
348
356

L23
L46
L57
189
245
267
348
359

L26
L37
L48
159
245
27 9

346
358

L26
L37
148
159
247
2sB
349
3s6

L26
r37
148
159
249
257
346
358

L26
L37
148
159
245
218
349
356

None of these designs can be completed.

Subcase (4): Let 1 - 6 be varieties of type L7, 7 - 9 be varieties

of type Ag.

We now deflne a block of type 1r to be a block of type 3 which

cont.ains i varieties of type A,. Let there be D*t type 1r blocks,
3"/3r'

for 0 < i < 3. Then .l^r,r' = 8, and I i rr. I = 18. We have the
1=u i]o 1
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following solutions in non-negative integers:

(i) 2

(ii) 1

(1ii) o

(iv) I
(v) o

(vr) 0

(vii) 0

Since there are only ,r, = 15 palrs possible from vari-eries 1 - 6, we

must have ,2'* 3nrr < 15. Hence, (i) and (1i) are not possible.

(iii): Here nrr + 3nrr = 15; so there are no rnissing pairs formed

from vari.eties of type A7. However, any variety which occurs in a block

of type 1f cannot occur with the five other varieties of type Ali so

not every pair can occur (lmposslble).

(iv) : Here we have a block of type 0' , and it must be 7g9. Then each

of 7 r8r9 occurs four times in a block of type 4, no two in the same

block. Thus each of the twelve blocks of type 2 contains 7, B or 9.

Now there are only eight blocks of type 3; so there exlsts a varlety
b e B which does not occur in a block of type 3. Then b is a varlety
of type BU, andb occurs in four blocks of type 2. But then b occurs

twice with one of 7, 8, or 9 (impossible).

(v): We have twelve varieties of type Ar ln the four blocks of type 3f.
No variety may occur three tj.mes; so each varlety of type Al must

occur twice in blocks of type 3t. Then the blocks of type 3 are:

L23 , !45 ,246, 356 , L67 ,25g ,37g ,4gg.

tI,0 nz '3'
6

5

5

4

4

3

2

0

1

0

3

2

4

6

0

1

3

0

2

1

0
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The design cannot be complered.

(vi) : We have three blocks of type 3 t , and they contaln nine varieties

of type A2. No more than three varletl()s can occur twice ln blocks of

type 3r. If fewer than three varleties occur twlce in blocks of type 3r,

then there are no more than eight varietles of type Al ln the blocks

of type 3r (contradlctlon). Thus we have three varietles of type A7,

say 1 , 2, 3, each of which occurs ln t\./o blocks of type 3 r , and three

varieties of type Ar, saY 4, 5, 6, each of which occurs ln one block

of t-ype 3r. We have four non-isomorphic ways of constructing the blocks

of type 3:
L24
135
236
178
257
349
468
569

L24
135
236
178
259
349
467
568

L24
135
236
L67
257
348
4s9
689

L24
r35
236
L67
258
349
457
689

None of the designs can be completed.

(vii): We have two possibillties. The two blocks of type 3f contain

either (a) six distinct varieties of type \ or

(b) five dlstinct varletles of type A7.

(a) The blocks of type 3 are:
L23, 456, L47, 158, 248,269,359,367.

The design cannot be completed.

(b) We have three non-lsomorphlc ways of constructing the blocks of

type 3:
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None of the designs can be completed.

Thus we have

LEMMA 4.6. Case (L) (n4 0, n3 - 8, n2 - L2r rl = 6, n0 = 0) is

itnpossible.

Then, combinlng Theorem 2.3 and Lemnas 4.L - 4.6, we have

THEOREM 4.7. No (2,4) packing on 19 uay"teties eontatns more thsrt ZS

blocks.

5. Conclusion.

I,Ie have the following packing wlth 25 blocks, whlch was obtained

from one of the partlal designs of case (2) - (f):

L23
14s
L69
247
259
348
367
568

123
L4s
169
248
257
349
367
s68

11 15

L2 L6

13 19

14 15

I0 12

14 16

L2 19

15 17

L23
145
L69
249
257
348
367
s6B

t2
15
25
36
47
58
L7
18
19

34
610
7L7
818
918
911

IL L2

13 14

15 15

26
28
35
37
39
45
46
4B

67
69
78
LL7
2LO

311
410
5t2

13 16

L4 L7

10 19

18 19

14 18

L6 L7

11 13

15 18

Thls packlng, with Theorem /+.7, gives
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THEORil,I 5.1. The marLrrun nutnberof bloeks in a (2,4) paeking on 1g

ouieties is 25, and. thus the paeking nwnber D(2, 4, Lg) = 25,
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