DETERMINATION OF A PACKING NUMBER

Douglas Stinson

ABSTRACT
The packing number D(2,4,19) is defined to be. the

maximum number of unordered quadruples of elements, chosen

from a set of 19 elements, such that no pair of elements

occurs in more than one quadruple. It is shown here that

D(2,4,19) = 25.
1. Introduction.

A (t,k) packing of a v-set V 1is a family F of k-subsets (blocks)
of V such that no t-subset of elements (varieties) occurs in more than
one block of F. The maximum number of blocks in a (t,k) packing is

often denoted by D(t,k,v).

In this paper we consider (2,4) packings, in particular, the (2,4)

_packing on 19 varieties.

Denote D(2,4,v) by D(v). It is well-known that D(v) < B(v),

.where B(v) = [%{Xgii], and [x] denotes the integer part of x.

For v = 0 (mod 3), v # 9, Brouwer has shown [1] that D(v) = B(v),

while D(9)

B(9) - 1=3. For v = 2 (mod 6), v # 8, Brouwer has
shown [1] that D(v) = B(v), while D(8) = B(8) - 2 = 2. Also, Brouwer

conjectures [1] that if v = 5 (mod 6), v # 11 or 17, then D(v) = B(v),

H

while D(11) = B(11) - 2 = 6, and D(17) = B(17) - 1

20.

1

1 (mod 3). For v = 1 or 4 (mod 12),

i

The remaining cases are v

]

Hanani has shown [3] that D(v) B(v). These packings are "perfect", in
that every pair of varieties occurs in exactly one block, and hence are

balanced incomplete block designs. For v = 7 or 10 (mod 12), Mullin

has shown [5] that D(v) < B(v) - 1, and that D(v) = B(v) - 1 for all
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but a finite number of possible exceptions. For v = 7 or 10 (mod 12),
v # 10 or 19, Brouwer has shown [1] that D(v) = B(v) - 1, while D(10) =
B(10) - 2 = 5. The only remaining case is v = 19. We will prove here
that D(19) = B(19) - 3 = 25.

Since D(19) < B(19) - 1, we have
THEOREM 1.1. No (2,4) packing on 19 varieties contains more than 27

blocks.

2. Non-Occurrence Graphs.

Let F be a (2,4) packing on 19 varieties. Construct a graph G,
with vertices 1 to 19 representing varieties, so that an edge ij ¢ G
if and only if the pair 1ij does not occur in F. We say that G is
the non-occurrence graph of F.

Let r, be the number of times a variety i occurs in F. The
number of pairs which involve i and do not occur in F is 18 - 3ri.
Thus the valency of each vertex of G is a multiple of 3.

THEOREM 2.1. No (2,4) packing on 19 varieties contains more than 26
blocks.
Proof. This can be shown from the corresponding covering problem. A
(t,k) covering of a v-set V is a family F of k-subsets (blocks) of
V such that every t-subset of elements (varieties) occurs in at least
one block of F. The minimum number of blocks in a (t,k) covering is
often denoted by N(t,k,v). Mills has shown [4] that N(2,4,19) = 31.
Now, assume D(19) = 27; thus we have a family F of 27 blocks,

1
with no pairs repeated. There are ( :) = 171 possible pairs of varieties,

and (3) + 27 = 162 pairs occur in F; so the pair-deficiency is 9. There
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are two possible non-isomorphic non-occurrence graphs, shown. in Figures

1(a) and 1(b).

y 7 6 “ 5 6
Figure 1(a) Figure 1(b)

CASE 1. To F, adjoin the blocks 1256, 2345, and 1346. Then we have
a (2,4) covering with 30 blocks; this is impossible, since N(2,4,19)=31.
CASE 2. Here, adjoin the blocks 1235, 1345, and 1356; again, we have an
impossibility.

We now consider the possibilities for a packing of 19 varieties into
26 blocks. For a variety i, let di’ the deficiency of i, be 6 - ri'
LEMMA 2.2. No variety in a packing with 26 blocks has a deficiency
greater than 2.
Proof. Suppose the contrary. Then there exists a variety i with
r, < 3. Delete the blocks containing i from F. Then we have a

packing of 18 varieties into 23 or more blocks. However D(18) < B(18) = 22;

this is a contradiction.

IA
N

Let there be n, varieties with deficiency i, for 0 < i

19
Since ) d; = 19:6 - 26-4 = 10, we have n, + 2n, = 10. Also,
i=1

n, + ny + n2 = 19. We have the following solutions in non-negative integers.
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@D 14 0 5
(2) 13 2 4
(3 12 4 3
(4) 11 6 2
(5) 10 8 1
(6) 9 10 0

Each of the above cases will be considered in terms of possible
non-occurrence graphs. We note that, if a variety has deficiency 1,
then the corresponding vertex in G has valency 3i.

CASES (1),(2). Let 1 be a variety with deficiency 2. In G, vertex
1 has valency 6, but there are fewer than six other vertices with
positive valency in G. Therefore cases (1) and (2) are impossible.

We will eliminate the non-occurrence graphs of cases (3) to (5)
by either of the two following criteria.

(a) If G contains K4 as a subgraph, then a block containing the four

varieties corresponding to the vertices of K, may be added to F to

4
produce a packing with 27 blocks; this is impossible by Theorem 2.1.

(b) In many cases, G has the property that four blocks may be adjoined

to F to give a covering with 30 blocks; this is impossible (Theorem 2.1.).

CASE (3). G is shown in Figure 2. We note that the subgraph on vertices

1, 2, 3 and 4 is a 4-clique,

r-l

Figure 2.
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CASE (4).We have four non-isomorphic graphs G.

(a) Adjoin 1234, 1256, and 1278 to F.

(b) The subgraph on vertices

1,2,3 and 4 is a 4-clique.

. (¢) Adjoin 1234, 1235, 1268 and 1278 to F.

£ L
7 3
1
& %
5
(d) The subgraph on vertices \ 1
1, 2, 5 and 6 is a 4-clique.
e 3
1 |

o 5
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CASE (5).We have 12 non-isomorphic possibilities for G.

(a) Adjoin 2389, 4567, 1234 and 1567 to F.

(b) The subgraph on vertices

|
1,5,6 and 7 is a 4-clique. 9 )7$§::\\\x 2z

(c¢) Adjoin 1467, 1357, 3489 and 1289 to F. 9 9

(d) Adjoin 4589, 1456, 1237 and 2389 to F. q
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(e) Adjoin 1356, 1247, 2389, 4589 to

(£)

Adjoin 1459, 2389, 1367, 1267 to
(g) Adjoin 1567, 1478, 2359, 1238 to
(h) The subgraph on vertices

1, 5, 6 and 7 is a 4-clique.

-95-
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(1)

(3)

(k)

(L)

Adjoin 1567, 2569, 1238 and 1348 to F. I

Adjoin 1467, 1235, 2348 and 2569 to F.

Adjoin 1238, 1679, 1459 and 1458 to F.

Adjoin 1278, 1368, 1458

and 5679 to F.
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Case (6) is the only case remaining, and we have
THEOREM 2.3. If a packing with 26 blocks exists, there are ten varieties

with r» = 5, and nine varieties with r = 6.

3. Notation and Plan of Attack.
Set A = {1,2,...,9}, B = {10,11,...,19}. We will attempt to

construct a (2,4) packing with 26 blocks, where ri'='6 for 1 <41 <9,

andri=5forIOSiSl9.

Let a block of type i be a block containing i varieties from
A. Let there be n, blocks of type i in the packing. Then

standard counting arguments yield
T e
n, = 26, in, = 54, Z (J)n, = 36.
j=o 1 ij=g I 1=0 2 i

We have the following solutions in non-negative integers:

A T T )
(1) 0 8 12 6 0
(2) 1 5 15 5 1
(3) 2 2 18 4 0
(4) 0 7 15 3 1
(5) 1 4 18 2 1
(6) 2 1 21 1 1
(7) 0 6 18 0 2

Each of cases (1) to (7) will be considered in the remainder of the
paper.

For a variety a € A, let a occur in a; blocks of type i. Then

4 4
a, = 0, .Z a, =6, 'Z (i-a, = 9.
i=1

i=1
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We have the following solutions in non-negative integers:

a a a a a

4 3 2 1 0
(@D 2 1 0 3 0
(2) 2 0 2 2 0
(3) 1 2 1 2 0
(4) 1 1 3 1 0
(5) 1 0 5 0 0
(6) 0 4 0 2 0
(7) 0 3 2 1 0
(8) 0 2 4 0 0

If a variety a € A corresponds to solution (i) above, we say that
a 1is a variety of type Ai.

Similarly, for b € B, let b occur in bi blocks of type 1.

Then 3 3
b, = 0, 2b=5’z

(3-i)b, = 6.
i=0 1

We have the following solutions in non-negative integers:

b b b b b

4 3 2 1 0
(L 0 3 0 0 2
(2) 0 2 1 1 1
(3) 0 1 3 0 1
(4) 0 2 0 3 0
(5) 0 1 2 2 0
(6) 0 0 4 1 0

If a variety b € B corresponds to solution (i) above, we say that b
is a variety of type Bi'

Let there be X, varieties of type Ai’ A varieties of type Bi.
The values of x; and vy will depend on which of cases (1) to (7) is

being considered.
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We will deal with many of the cases in the following manner. The
varieties from A are placed in the design. Without loss of generality,
we may place the varieties from B into the design one time each, so
that each variety from B occurs with some particular variety, say 1,
from A. Then a computer programme attempts to complete the design by
adding each variety from B to the design 4 more ‘times. The programme
is basically an exhaustive search, with a few refinements. Each run
requires only a few seconds of CPU time. Thus, the task is to determine
all possible ways of placing the varieties from A into the design.
However, all that is really necessary is to place the varieties from A
into the blocks of type 3 and type 4. Then the pairs of varieties from
A which do not occur in blocks of type 3 or type 4 can be adjoined as
blocks of type 2, and the blocks of type 1 are also determined, since
each variety from A occurs 6 times in the design. Other methods, such
as considering the possible occurrences of the varieties from B in the

blocks of type 0 and type 1 will also be used.

4. Packings with 26 Blocks.

LEMMA 4.1. Case (6) (n4 =2,n,=1,n, =21, n, =1, n

= 6, n

= 1) and

Case (7) (n, = 0, n = 18, n, =0, n, = 2) are impossible.

4

Proof. We note that there does not exist a variety b € B with

2

bo = bl = 0. Now, there are no more than 3nl + 4n0 distinct varieties
from B which occur in blocks of type 0 or type 1. In cases (7) and
), 3nl + 4n0 < 10; thus, some variety from B has b0 = bl = 0, which

is not allowed.
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CASE (5). Here 3nl + 4n, = 10, so that every variety b ¢ B occurs

0
exactly once in a block of type O or type 1. We may let these blocks be

10 11 12 13
14 15 16
17 18 19

Then varieties 10 - 13 are of type B3, and varieties 14 - 19 are

of type B6.

Consider the varieties from A which occur in the two blocks of
type 1. We have tyo subcases: (1) some variety, say 1, occurs in both
blocks of type 1; (2) two different varieties, say 1 and 2, occur in
one block of type 1 each.

Subcase (1). 1 is either (i) a variety of type A, or (ii) a variety

6
of type A3.
(1) We may let the block of type 4 be 2345. We note that varieties

10 - 13 occur in one block of type 1 each. Also, variety 1 occurs in each.

block of type 3. Then the blocks of type 0, 1, 3, 4 are

10 11 12 13

14 15 16

17 18 19

10
11
12
13
2

W e

Then varieties 6 - 9 are varieties of type A8, and each appears in at
least two blocks of type 3. Since 1 occurs in each block of type 3, this
is not allowed.

(1i) We may let the block of type 4 be 1234; we may let variety 1 occur
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with varieties 10 and 11 in the blocks of type 3. We have

10 11 12 13
14 15 16 1
17 18 19 1

10 1
11 1
12
13

1 2 3 4

Then varieties 2 - 4 are varieties of type A_, and varieties

5

varieties of type A8.

The blocks of type 3 may be completed
10 1

11 1

12 5

6

5 6
7 8
7 9
13 8 9

The computer shows that the design cannot be completed.

Subcase (2). We have three possibilities.
(i) 1 and 2 are both type A4 varieties,
(ii) 1 is a type A4 variety, 2 1is a type A7 variety,

(iii) 1 and 2 are both type A7 varieties.

(i): We may let the block of type 4 be 1234, and we may let 1 occur

with 10, 2 occur with 11. Then the blocks of types 0, 1, 3, 4 may be

completed
10 11 12 13 11 2
14 15 16 1 12 5
17 18 19 2 13 6
10 1 5 6 1 2

-101-~
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A computer search sShows that the design cannot be completed.

(;il: We may let the block of type 4 be 1345. Then 3 -~ 5 are varieties
of type AS’ 6 - 9 are varieties of type A8' We may let 1 occur with
10; then there are two possibilities:

(a) 2 occurs with 10, 11, 12; or

(b) 2 occurs with 11, 12, 13.

(a) Here, 2 must occur with 5 more varieties in blocks of type 3.
However, these varieties must be chosen from varieties 6 - 9; so some
pair occurs twice. This is impossible.

(b) Here 2 must occur with six more varieties in blocks of type 3;

this is impossible, since some pair would occur twice.
(iii): Here 1 and 2 each occur in three blocks of type 3. Since there are
only four blocks of type 3, the pair 12 occurs twice. This is impossible.

Thus we have

LEMMA 4.2. Case (5) (n4 =1, n, = 4, n, = 18, n, = 24 n, = 1) <s
impossible.
8
CASE (4). Here X, = 0 for 1 £ i £ 6. Also, we have 2 X, = 9, and
i=1
2x6 + X, = 3. We have the following solutions in non-negative integers:
Xg Xy Xg

Subcase (1): Let 1 be the variety of type A,, 2 be the variety of

6’

type A_, 3 - 9 be the varieties of type A We may let the blocks of

7’ 8"
type 1 be 10 11 12 1, 13 14 15 1. Variety 1 also occurs in four blocks

of type 3. Now, the only varieties from B with which 1 has not occurred

are 16, 17, 18, 19; so each of 16, 17, 18, 19, occurs in a block of
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type 3. Hence, the block of type 0 must be 16 17 18 19, and we may
let the remaining block of type 1 be 10 13 16 2.

Thus we have a skeleton
16 17 18 19
10 11 12 1
13 14 15 1
10 13 16 2
16
17
18
19
10
13
16

e i

Variety 2 occurs in three blocks of type 3. Since 2 has already
occurred with 10, 13, and 16, 2 must occur with 17, 18 and 19; but

then the pair 12 occurs three times. This is impossible.

Subcase (2); Let the varieties of type A7 be 1 - 3; let the varieties
of type A8 be 4 - 9. We have the following possibilities:
(i) 1, 2,and 3 occur in some block of type 3;

(ii) Pairs 12, 13, 23, occur separately in three blocks of type 3;
(iii) Pairs 12, 13, occur separately in two blocks of type 3.

Since 1,2, 3, appear a total of nine times in seven blocks of type 3,
at least two pairs from these numbers occur, and the three cases listed
are the only pessibilities.

(1) We have three non-isomorphic ways of constructing the blocks of

type 3, namely,
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W W NN N
N OO
O 0 W o N U W

W W NN R
L O N & O &~ N
O o W 0 N U W
W W NN N ==
N oo Ao BN
O 00 VW O N N W

None of these partial designs can be completed.

(ii) We have the following six non-isomorphic ways of constructing the

blocks of type 3:

1 2 4112 4] 12 47712 4112412 4
1351135013 5)] 135|135/} 135
2 3 6123 61| 2 361[236| 2361 23°%
16 7116 8} 16 9|16 8| 1629|178
2 5 8259 | 25 81|27 8| 2728|2709
349 (37 8|37 8|37 9| 37933809
789 147 9147 9459|4581 45 6

None of these partial designs can be completed.

(iii) We have the following three non-isomorphic ways of constructing

the blocks of type 3:

W W NN R
NUR Y. NENT T NI TCR XY
© o OV o N W»
W W NN R e
N N O U oW N
© o OV ® N v o
TUCIIN UURNY \CRNE \CRR S QPR
N MU O WN
© ® OOV N U

None of these partial designs can be completed.

Thus we have
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LEMMA 4.3. Case (4) (n4 =0, n, =17, n, = 15, n, = 3, n, = 1) is

3
tmpossible.

CASE (3). We have two possibilities for the blocks of type 4.

(1) 1234 and 567 8 (2) 1234 and 156 7.

Subcase (1): We may let the blocks of type 3 be 159 and 269. The
partial design cannot be completed.

Subcase (2): Since 8, 9, do not appear in a block of type 4, they
both must appear in at least two blocks of type 3. Since there are only
two blocks of type 3, the pair 89 occurs twice; this is impossible.

Thus we have

LEMMA 4.4. Case (3) (n, = 2, n =18, n, = 4, n_ = 0) <s
impossible.

CASE (2). We may take the blocks of type 4 as 1 2 3 4; then we also have

X; = %X, = 0, Xq + x4 + x5 = 4. We have the following solutions in non-

negative integers:

X3 X4 XS X3 X4 X5
(1) 4 0 0 9) 1 0 3
(2) 0 4 0 (10) 0 2 2
(3) 0 0 4 (11) 2 0 2
(4) 3 0 1 (12) 2 2 0
(5) 3 1 0 (13) 1 1 2
(6) 0 3 1 (14) 1 2 1
(7) 1 3 0 (15) 2 1 1
(8) 0 1 3

Varieties 1 - 4 occur in 2x3 + X, blocks of type 1; so we must have
2x3 + X, £ 5. This eliminates subcases (1), (4), (5), and (12). Also,

varieties 1 - 4 occur in X3 + 3x4 + 5x5 blocks of type 2. Since none
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of 1 - 4 can occur together again, we must have x3 + 3x4 + Sx5 < 15.

This eliminates subcases (3), (8), (9), and (10).
Subcase (2): Varieties 1 - 4 each occur in one block of type 1. Let
5 be the other variety from A occurring in a block of type 1. Then

5 is a variety of type A7, 6 - 9 are varieties of type A We have two

g
possibilities for the blocks of type 3:

N &S LN
oo O L L oG
O© O 0 N &
b &~ W N =
o N O U,
O W 0 N O

Neither partial design can be completed.

Subcase (6): Varieties 1 - 3 each occur in one block of type 1. We
have two possibilities: (i) two varieties, say 5 and 6, each occur
in one block of type 1, (ii) one variety, say 5, occurs in two blocks

of type 1.

(i) Here 5 and 6 are varieties of type A 6 - 9 are varieties of

7°
type A8. The blocks of type A3 are

1 5 6

2 5 7

3 6 8

5 8 9

6 7 9

This design cannot be completed.

(ii) Here 5 1is a variety of type A 6 - 9 are varieties of type A

6’ 8"
Variety 5 occurs in four blocks of type 3 along with eight other
varieties, which must be chosen from 1 - 3, 6 - 9. Then a pair occurs

twice (impossible).
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Subcase (7): Varieties 5 - 9 are varieties of type A_. The blocks

- 8

of type 3 are
156
178
2509
379
4 6 8

The design cannot be completed.

Subcase (11): Varieties 1 and 2 each occur in two blocks of type 1.

We may let the other variety occuring in a block of type 1 be 5. Then

5 is a variety of type A7, 6 - 9 are varieties of type A8. The
blocks of type 3 are
156
178
257
269
589
The design cannot be completed.
Subcase (13): As in subcase (6), we have two possibilities: (i) two

varieties, say 5 and 6, each occur in one block of type 1, (ii) one
variety, say 5, occurs in two blocks of type 1.

(i) Here 5 and 6 are varieties of type A 7 - 9 are varieties of

7°
type A8. The blocks of type 3 are

1 5 7

l1 6 8

2 5 6

5 8 9

6 7 9

The design cannot be completed.
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(ii) This subcase can be eliminated in the same way as subcase (6) - (ii).
Subcase (14): Let 5 be the other variety from A which occurs in a
block of type 1. Then 5 is a variety of type A7, 6 - 9 are varieties

of type A_. We have three possibilities for the blocks of type 3:

8
156 156 167
179 178 189
257 257 257
358 369 359
6 89 589 568

None of the partial designs can be completed.

The

Subcase (15): Here, varieties 5 9 are varieties of type A

8"
blocks of type 3 are

w N N =
o O U N W,
O N O oo &

The partial design cannot be completed.
Thus we have

LEMMA 4.5. Case (2) (n, =1, n,=5,n, =15, n, =5, n, = 1) <s

4 3 2 1 0
tmpossible.
CASE (1). We have X, = 0, for 1 £1i <5, Also, X, + X, + Xg = 9
and 2x6 + x, = 6. We have the following solutions in non-negative
integers.
* %7 *g

(1) 3 0 6

(2) 2 2 5

(3) 1 4 4

(4) 0 6 3
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Subcase (1): Let 1,2,3, be the varieties of type A

6" Each of 1,2,3,
occurs in four blocks of type 3. Since there are eight blocks of type 3,
there must be four pairs formed from these varieties. Since there are
only three distinct pairs possible, some pair must be repeated (impossible).

Subcase (2): Let 1,2, be varieties of type A 3,4, be varieties of type

6;
A7. We have two possibilities: (i) 1 occurs with 2 in a block of
type 3; (ii) 1 does not occur with 2 in a block of type 3.

(1) We have two non-isomorphic ways of constructing the blocks of

type 3.
125 125
136 136
147 147
189 189
238 237
249 249
267 268
345 345

Neither of these partial designs can be completed.

(1i) Varieties 1 and 2 each occur in four of the eight blocks of

type 3. Variety 3 occurs in three blocks of type 3, and so must occur
twice with 1 or 2 (impossible).

Subcase (3): Let 1 be the variety of type A,, 2 - 5 be varieties of

6’

type A7, 6 - 9 be varieties of type A There are three ways of

8
distributing varieties 2 - 5 in the block of type 3 which contain

variety 1 (1 occurs with all of varieties 2 - 9 in the blocks of type

3):
(i) 123 (ii) 12 3 (iii) 1 2
145 14 13
1 15 14
1 1 15
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(1) We have the type 3 blocks:

123,145,167,189,246,257,348, 3509.
The design cannot be completed.

(ii) We have four non-isomorphic ways of constructing the blocks of

P At 123 123|123 123
146 | 146 | 146 | 146
157 | 157 | 157 | 157
189 | 189 | 189 | 189
248 | 248 | 245 | 245
256 | 259 | 267 | 267
347 | 347 | 348 348
3591 356 1 356 1| 3509

None of the designs can be completed.

(iii) We have four non-isomorphic ways of constructing the blocks of

type 3:
126 126 126 126
137 137 137 137
148 148 148 148
159 159 159 159
2 47 2 49 2 45 2 45
258 257 278 279
349 346 349 346
356 358 356 358

None of these designs can be completed.

Subcase (4): Let 1 - 6 be varieties of type A7, 7 - 9 be varieties

of type A8.

We now define a block of type i' to be a block of type 3 which

contains i varieties of type A7. Let there be ni' type 1' blocks,
3 3
for 0 < i < 3. Then ) ni' =8, and ) i ni' = 18. We have the

i=0 i=0
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following solutions in non-negative integers:

n, n, n, n,
(i) 2 0 0 6
(ii) 1 1 1 5
(iii) o 3 0 5
(iv) 1 0 3 4
(v) 0 2 2 4
(vi) 0 1 4 3
(vii) 0 0 6 2

Since there are only (g) = 15 pairs possible from varieties 1 - 6, we
must have n2' + 3n3' < 15. Hence, (i) and (ii) are not possible.

(iii): Here n2' + 3n2' = 15; so there are no missing pairs formed

from varieties of type A However, any variety which occurs in a block

7

of type 1' cannot occur with the five other varieties of type A_;

73 8O

not every pair can occur (impossible).

(iv): Here we have a block of type 0', and it must be 789. Then each
of 7,8,9 occurs four times in a block of type 4, no two in the same
block. Thus each of the twelve blocks of type 2 contains 7, 8 or 9.
Now there are only eight blocks of type 3; so there exists a variety

b € B which does not occur in a block of type 3. Then b is a variety
of type B6’ and b occurs in four blocks of type 2. But then b occurs
twice with one of 7, 8, or 9 (impossible).

(v): We have twelve varieties of type A7 in the four blocks of type 3'.
No variety may occur three times; so each variety of type A_ must

7
occur twice in blocks of type 3'. Then the blocks of type 3 are:

123 , 145 , 246 , 356 , 167 » 258 , 379 , 4809,
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The design cannot be completed.
(vi): We have three blocks of type 3', and they contain nine varieties

of type A2. No more than three varieties can occur twice in blocks of

type 3'. If fewer than three varieties occur twice in blocks of type 3°',

then there are no more than eight varieties of type A7 in the blocks

of type 3' (contradiction). Thus we have three varieties of type A7,
say 1, 2, 3, each of which occurs in two blocks of type 3', and three

varieties of type A7, say 4, 5, 6, each of which occurs in one block

of type 3'. We have four non-isomorphic ways of constructing the blocks
of type 3:

124 124 124 124

135 135 135 135

236 236 236 236

178 178 167 167

257 259 257 258

349 349 348 349

4 6 8 4 6 7 459 4 57

569 568 1 689 6 89

None of the designs can be completed.
(vii): We have two possibilities. The two blocks of type 3' contain
either (a) six distinct varieties of type A7 or

(b) five distinct varieties of type A7.
(a) The blocks of type 3 are:
123, 456, 147, 158, 248, 269, 359, 367.

The design cannot be completed.
(b) We have three non-isomorphic ways of constructing the blocks of

type 3:
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123 123 123
145 145 145
169 169 1609
2 47 248 249
259 257 257
348 349 348
367 367 367
568 568 5638

None of the designs can be completed.

Thus we have

LEMMA 4.6. Case (1) (n4 =0, n, = 8, n, = 12, n
tmpossible.

Then, combining Theorem 2.3 and Lemmas 4.1 - 4.6, we have

THEOREM 4.7. No (2,4) packing on 19 varieties contains more than 25

blocks.

5. Concluston.
We have the following packing with 25 blocks, which was obtained

from one of the partial designs of case (2) = (1):

12 3 4 26 11 15 6 7 13 16
15 610 2 8 12 16 6 9 14 17
25 717 351319 7 810 19
36 818 371415 117 18 19
47 9 18 3910 12 2 10 14 18
58 911 4 5 14 16 311 16 17
1711 12 46 12 19 4 10 11 13
1813 14 4 8 15 17 512 15 18
191516

This packing, with Theorem 4.7, gives
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THEOREM 5.1. The maximum number of blocks in a (2,4) packing on 19

varieties is 25, and thus the packing number D(2, 4, 19) = 25.
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