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A Ceneral i zirtion of llowel1 Designs
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University of Waterloo

l. Introduction

A Howel1 design of illde s and order 2n, or, more briefly,
an tl(s,2n), is an s by s ;rrray H, ln which each cel1 either is emPty

or contains an unordered pair of elements (calIed svmbols), chosen from

some set S of size 2n, which satisfies:

(1) every symbol occurs in exactly one ce1l of e.ach row and

column of H (i.e. each row and column is Latin).

(2) no unordered pair of symbols occurs in more than one cell of
H. The spectrum oll tlowell designs has recently been

determined.

Theorem 1.1. An H(s,2n) exists if and only if n < s < 2n-1 and

(s ,2n) I

Proof .

(2,4), (3,4), (5,6) or (5,8).

For s odd the result \^/as established by Stinson [3]; for
even, by Anderson, Schellenberg, and Stinson [1]. n

Property (2) may be rephrased as "every unordered pair of

symbols occurs in either zero or one cell of Hrt. Thls suggests the

following more general definition for Howell designs: replace property

(2) by

(2') every unordered pair of symbols occurs in either tr or ).+1

cells of H, for some non-negative inEeger I .

We refer to such an array as a llowell design (of index I ) .

We shall see that I is determined by the values of s and 2t. If
we wish to emphasize the value of I we will use the notation H(s'2n;l ).
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A symbol occurs s times in an H(sr2n), and it occurs with
every other symbol either ), or l*1 times. Thus we obtain

), (2n-1) < s < (), +t) (2n-t) .

If I = 0 we have the additional constraint n ( s, since at most 2s
symbols can occur in a row of I{.

In the boundary cases s = l, (2n_1), every pair occurs exactly
). times. Such a design may be denoted either H(s,2n;tr_l) or H(s,2n;tr).

In this paper we establish precisely for which ordered pairs
(s,2n) a Howell design (s,2n) exists (of the appropriate index ).).

2 . Cons tr:uct ions

Our: main recursive construction is a simple ',direct sum,,

construction. Let Hi, for i = l,Z, be an H(sr,2n;lr) on symbol set
tZ.,= {1,...,2n}. The direcr suq H = }tl 0 I{2 (of H, and Hr) will denote
the ar:ray

Under certaln circumstances Ha 0 H, will be a Howell design. It is
clear ttrat this array is Latin, and that every pair of sumbols occurs
in either lt*lZ , ),l+li*1, or tr1+12+2 ce1ls.

I-or any H(s,2ni ) on symbol set lrr.,, 1et G = G(H,l ) be the
graph defined on vertex sert ,2r, b, joining two vertices i and j
by an edge if and only if {i, j } occurs .}. times in H. (We say that
c is the ),-g3'e]]h of H). Clearly, G(H, l+l) is rhe complement of
c(H, r ).

There are t\,ro ways in which Ht 0 HZ can be a Howell design:
no pairs occur lt*lZ times, or no pairs occur 

^l+XZ+2 
tirues. The

).- and ( I+l)-graphs of H, and lI, determine when these situations can
arise . tr^le have the f ollowing obvious result.

tt
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Lemma 2.1. For i = 1,2, let H. be an l{(sr,2n; trr).

(1) If C(Hl , I a) ancl G(H2, trr) contain no coilrmon edge, then

Hl 0 H2 is an ll(sl + sr,2n; It*I2 + 1).

(2) If G(H1, Il+l) and G(Hr, tr2+1) contain no common edge, then

H1 0 H, is an l{(sa+sr,2n; trr+tr^ ).

Corol Lary 2.2. Tf [l r-s an H(r(2n-1),2n) for some t > I

, is an H(s+L(2n-l),2n; tr+t).
, and HZ

1

is an ll (s,2n; tr ) then H., 0 H

Proof. H, is an H(r(2n-1),2n;t), and G(III,t*1) contains no edges. I

Lemma 2.3.

an I1 (s,2n),
If ther:e exists an

then there exists an

H(r(2n-1),2n) for some t > 1, and

I{(s+tj (2n-1) ,2n) for all j > 0.

Lert H

ccLls; ol

(1)

(2)

Our seconcl recursive construction uses the idea of "projections".
ber an li(s,2n; l) A transver:sal of H is a set T of n

L[, no two in L]re s:lrne row or column, such that

every syrnbol occurs in c'xac[ly onc cel-l of T, and

a p:rir of symbols in any cell of T occurs exactly l, times

in H.

We prclject T as follows. Index the rows and columns of H

by Io, and tiren construct H' with r:ows and columns indexed by I
by de L in i.ng

s*l t

Lfg-ql . 1lake the <1 Lrect sum of an 11 (s,2n)

1l(t(2rr-L),2n). ll
and j copies of an

Il(i,j) if (i,j) ,/ T

H(k,j) if i = s*l and (k,j) e T

H(i,k) if j = s+1 and (i,k) e T

empty, otherwise

H1(i,j)
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Leruua 2.4. If H is an H(s,2n; l) and T is a transversal, then
is an II(s+1,2n; tr ) .H, descrlbed above,

Proof. The properties of T are precisely those that ensure that
Ht w111 be a Howell design. I

Example 2.5. An H(6,6;1) is shown in Figure 1 be1ow. The cells
The H(7,6;1)contai.ning {4,6} , {2,5}, and {1r3} form a transversal T

obtained by projecring T is shown in Figure 2.

Figure 1. An H(6,6;1).
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Figure 2. An H(7,6;1)
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TVo transversals T and Tr of an H(s,2n; )') are said to
bo €qjgl"t_ provi.ded there does not exist a cell C, of T, and a cell

Cr, of 'f r, such thar C and Ct contai.n the same pair (in particular,

C I C'). Several tr:rnsversals ar:e disjoint provided each pair is.

Lemma 2 . (r If there exists an H(s,2n; tr ) containing t disjoint
thcrn ther:e existsj iin ll (s+1,2n;l) for 0 < i < t.trilrltiverslir l s ,

1'roof . 't'hc L transvt,'rsa l s lnlly bc projected one lly one. [J

3. Ihe. spe-ctrum

Lemlna 3.1 . An ll(s,2) exists for all- s > 1

Proof. ir is an Il(1,2). Apply Lemm;r 2.3 with s = t = n = I. u

Lenuna 3.2. An H(s,4) exists if and only if s > 6-

-Plg-gl. There are only four symbols, say {L,2,3,4}, so if {1,2}, saY,

occurs in a cell of some II(s,4), then {3,4} occurs in both the row

and the column containing {1,2}. It follows that every pair occurs

either not at all or at least t\^rice; in,r" s > 6.

34

An H(6,4) is shown in Figure 3. Replace

al.J{

by to construct an H(7,4). A similar operation

t2 34
I

13 23

on the blocks I

t-- and then produces
13 23 L4

H(8,4) and H(9,4). The H(9,4;3) thus produced has two disjoinL
Eransversals (it has three, but we only need two of them). Thus H(10,4)
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and H(11,4) can be produced, so we have H(s,4) for 6 < s < 11.
Now apply l_emma 2.3 with t = 2r [ = 2 for each s, 6 ! s s 1.1,

to obtain all 1.1 (s,/a) r+i11", s : 6. !

rleUg_].An Il(6,4)

r----r-
I ro I
I LL I

f ----f -
I .,t It J4 r

34
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I 13

zt+ 13
----r----

I --r-
I
Ir
I
I

I

L4 23
f-
I

I

L-
23 l4

Lenuna 3. 3. An ll(s,6) exisrs if and only if s.) 3, s * 5.

-tl-g_"t. ll(3,6) and H(4,6) exisr, and H(5,6) does nor exisr, by
'l'lreorem 1.1. An H(6,6) is giver.r in Ex:rmple 2.5. This H(6,6) has four
dis-joirrt transversals, for:nrcd by the ce11s containin g {4,6} , {2,5} and
tl,li; tl,l;I, {l,t+1, irnrl 12,{,J; tI,(r}, 12,3},;rncl {/+,5}; and {2,4}, {1,5},
anrl 13,6]. 'l'[rus; wc niry c()rlsitrlrcL ]l(s, 6) for (r :- 5 .. 10.

',./e neecl rhr:ee. more. smal 1 H(s,6): I{(11 ,6), fi(12,6), and
H(15,6). I'le construcr these by dir:ect sum. An H(3,6) is given by

25
1-

I
Jlt ancl its; 0-gr::rph is rwo dis-j clint triangles.

l:s I6 24

36

l5
I

r-- --

Any H(4,6) has an 0-gr:aplr which consists of three <lisjoint edges (i. e.
;r l-factor of I(U). It is easily seen that *6 may be partitioned lnto
two triangles and ttrree 1-factor:s. Applying the direct sum construction
(arrcl suit..rbly rclabell j.ng cles Lgns) , we construct 11 (s,6) f or s = 1I, 12,
and 15 (note: 1l = 3+1+*4, 12 = 4+4+4, and 15 = 3+4+4+4).
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Now:rpp1y Lcrnrnut 2,3 with t = ), D = 3, ;ind s = 314,6,7r8,9,
10,11,12 ancl 15, Lo construcI the desir:crcl U(s,6). []

In ordcr: to show the existence of H(s,2n) with n ) 4, we

milhe essential use of Iloom ci-rbes. I ]!irf:.g_Sg!g of side s is a rhree-
dimensjonal ar:ray r:I side s, each ce11 of which is either empty or
conta.ins an unordcr:ed paj.r oi- symbols, sucli that cach two-dimensional
pr:ojr.lction is an tl(s,s+I). Thc following is establislied in Dinitz and

Stinson l 2 l.

!Src_L-l_. There exists a Room cube of side s if and only
is an odd posltive integer other than 3 or 5.

Room cubes are of use in constructing Howe11 designs,
now demonstrate.

ifs

as we

Lemrna 3.5. There exists a Room cube of side s if and only if there
exists an H(s,s+1) containing s disjoint transversals.

Proof. Take a two-dimensional projection of a Room cube of side s,
to obtain an H(s,s+l;I). The filled cel1s in any "level" of the Room

cube become a transversal of the resulting H(s,s+1), and the s

transversals resr"rlting from the s levels of the Room cube are disjoint.
The process can be reversed. D

Lemma 3. 6.

if s t rr,

Let
(s,2n) I

n > 4. Then there exists an H(s,2n) if and only
(5 ,8) .

Proof. For s < 2n-1., the result is obtained from Theorem 1.1, so

assume s > 2n-1. By lemmata 3.4 and 3.5, we have an H(2n-1,2n) with
2n-1 disjoint transversals. Using lennna 2.6, we can constr:uct
II(s,2n) for 2n-1 ( s < 4n-2. Now apply lennna 2.3 with t = l and

2n-1 ,.. s < 4n-2, to construct the remaining designs. [.]

Combining lennnata 3.1, 3.2r 3.3, and 3.6, we have our main

result.
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Theorem 3. 7.

(s,2n) * (2,4) ,

I-et s > n. Then an H(s,2n) exists if and only if
(3,4), (4,4), (5,/+), (5,6) or (5,8).
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