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Abstracr. IE is shown Ehat for all odd v >.1565 there exists a skel^, Room

square of side v. Moreover, for 7 s v s 1565 Ehere are at most 31'odd

v for which no iuch squ3re exi-st.s.

1. Introduction.

Thus we assume Ehe definltions and terminology whlch occur in [3]

The following theorem appears there as well.

and t4l.

Theorem 1.I.. (i) if v=1mod6 and v>46017

(it)if v=3 or 5urod6 and v>17301

tlren Ehere exists a skew Room square of side v.

Our purpose here is twofold. We wish to lmprove the result above to

showthatif v>1565 and v oddthen vessrwhere SS={v:3 askew

square of side v), as in [3]. Further we wish Eo outline a meEhod of

obtaining thls result wichout employing a computer. We w111 assume the Eable

of v not knor,m to be ln oa(10) as obtained ln [4] to be given. Although

this table was constructed by computer, for the small values employed here

thaE paper is essentially consEructive. It is written so that for any

parEicular value of t claimed to be in oa(10), a method for producing B

mucually orthogonal latin squares of side t can be obtained readily by

using a sieving technique through the tables present,ed there. FurEher a
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rrcomputer-free" proof (relytng partlally on that, table for a few surall_ values)

of the following theorem is glven there

Theorem 1.2. If y is posltive and y : 1 mod B and {65,t29} e SS, then

v e SS.

Slnce Ehat Eime J. Dinirz [2] has shom thaE 65 e SS. ]lence lf 129 e SS,

then v e SS for all posltlve v = 1 uod g, v e SS. The result cLted as

Theorem 1.1 was proved wlthout employlng a computer except. to prove that for
poslEive v= lrnod 8 (wichthepossible exception of v= 129), v e SS.

(
Thus the exlstence of a skew Roorn square of side 129 is sufficient to yield a
Itconrputer-f ree" proof of Tlreorem 1.1.

In the present paper, aparE from obtaining members of oa(10) as

mentioned above, the results given do not rely on a computer.

2 uares of side v = I mod 6.

The followlng is shor^m in t3l.

&gq!gL_2._I. suppose m I 16, n 6 oa(IO) and {6m+1,6c+1} c SS. Then rhere

exists a skew square of side 56m + 6E + 1. (Ic is easily verifled that this
square has subsquares of side 6m*1 and 6t+1).

In view of the above, it ls clearly important to consicler whtch values
v:1 mod 6 belong Eo SS. To thi.s end, we lisE several results and

construcEions concerning the exis.tence of skew (Room) squares. The Lemmata

2,2 - 2.7 form an update of the results clted in [3], based. on the results
obtained there.

Lerrna 2.,2. For y an odd prlme power, y 13, 5, v e S.
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Lemma 2.3. Suppose there ls. a skew Roorn square of sJ-de u 
2

which contalns

a sker.r Room subsquare of stde Y3.

1) If vZ -.v3 I 6 and lf there is a skew Room square of slde ,1

then there is a skew Roon square of side vr(vr-vr) + v, whlch

contalns skew Room subsquares of slde" ,1, ,2 and v3. This

resulr also holds for v =0.
3

11) rf v, # 0 and uZ - u3 { t2, then there is a skew Room square

of slde 5(vr-vr) + v, which contalns skew Room subsquares of

sides uZ and v3.

If v ls an odd posltlve integer and v {
v = 75n, where (nr15) = 1.

(

SS, then v = 3n or

Lemma 2.5. If v lsodd,andlf 7<vs67, andLf v#55,then veSS.

Lcmma 2.7. If v = I urod 8 is posltive and v * tZg, rhen v e SS.

Lemma 2.8. If v = I mod 10 ls positive, t,hen v < SS.

The following is Proved in [ 5 ].

Lemma2.9. If v=7 mod24 and v>0rthen ve SS. I"Ioreoversuch

squares contain subsquares of order 7.

Other construcEions based on pairwise balanced designs are given below'

(For definitions, see t 4l).

Lemma 2.4.

Theorem 2.10. Suppose that there exlsts lntegers

0 s t ( D, r e oa(18), and {6nrrfr6t+1} c SS. Then

m and t such that

lL2ur*6t*1eS.
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Proof . The prooi Is based on the fact Ehat tl6,17lc oa(7) as is that of
the slmilar theorem In [3], mutatls mutandls. 0

Theorem 2.11. Suppose Ehat. there exisE lntegers u and t, such Ehat

0stsm andthar m€oa(18). Then 176n+10r+1eSS.

Proof. The proof Ls based on rhe fact Ehar {16117} c oa(11) and ls that

of the slnilar theorem in [3J, muEatls mutandis. D

Theor 2.L2 . Suppose thac there exlst lntegers n and t such that

0 < t 3 m, and that m € oa(14). If (6rn-rt,6r+1) c SS, rhen

Proof. Thls ls as based on the fact that {l2,l3} c oa(7).

above. 0

84m*6t+1eSS.
1'

Proceed as

Lenuna 2.I3. If m and t are integers such that 0 < c S E, m e oa(43)

then 43m * 6c e SS.and if tm,rnf6ri e SS

Proof. Employing EG(7,2) one obraLns a group dlvisible design of rype

42{I} + {7} by trslng a flar of order 7. Moreover, since 43 e SS there
ls a group divisible design consisting of one block of size 43 and group type

43{1}. This gives rise as above :o a group divisible design $rith blocks of
size 43 and 7 and groups of size m and m + 6t. I

The following is exrremely useful for construcEing skew Room squares of
smaller orders which are multiples of three.

Lemma 2.I4. If m and t are lntegers such that 0 < t S m, m e oa(!),

51m*6t€SS.and m*6teSSrthen

Proof. There is a group divislble design of group rype {f} + gt7}

blocks sizes 7 and 9 obtainable from a resolvable orthogonal array

and

oA(8,7)
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to whlch a new potnc has been added. Moreover since 7 e oa(10) ,there is a

group dlvlsible design wlth grouP EyPe 9{7} and block slzes 7 and 9.

As before thts yields a design wlth block slzes 7 and 9 and group sizes 7rn

and 7rn f 5t. However if 7m + 6E e SS, then m is odd, and iE was shown

ln [ 4 ] that 7rn e SS for alL odd positive m. 0

The following theorem is proved 1n [5].

Theorem 2.15. Let K be a PBD closed seE. Suppose that there exists a

PBD (v,{r}) which contalns a flat of order }r. Suppose that a is an

lnteger such that 0 S a <w, and thar there exists r--2 nut,ually o'rthogonal

latin squares of side v - a whlch eontain n - 2 common subsquares of order

w-a for'some ne K. If n(w-a)+a€Krthen n(v-a)*aeK.

Lemma 2.L6. {695,2165,2995,3695,4435} c SS.

Proof. Note thar 695 = 7(113-16) + 16. Since 16 e oa(7) there is a PBD

of order 7.16 + 1 wirh block sizes 7 and 17. Let F be a flat (block') of

size 17. Let a = 16 as in the above theorem. Since 97 e oa(5) the

required latin squares exist.

For the remaining cases except 2L65 we presenE the required data in

numerical form.

v

209=11x19

533=9.56+6.3+t

405 = 1s.27

w a n v-awith
sub w-a

It 10 15 199 e oa(15)

7 6 7 527 eoa(7)

15 2 17 403 = f3.3f

Order of design
consEruct.ed

2995

3695

4435

For 2165, wc proceed as follows. Scart with EG(7,2) taking a flaL of

orcler 7. Applying the theorem once, we- obtain 307 = 7(49'6) + 6 (since
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Since

43 e oa(l)). Thls PBD can be shown to have all blocks of size 7 excepc for
one of slze 13. Using a wel1 known consEructlon for latin squares., we can

obtaln 5 mutually orrhogonal latin squares of slde 307 with common subsquares

of side 7.

Now 323 = 2L.23. Thus rhere is a pBD of order 323 wlth a flat of order

23, Since 2L65 = 7 (323-16) + 16 rhere is a pBD of order 2165 wirh block

slzes from SS. tl

Lemma 2.17. Suppose Ehat v = 6p * l. e SS for all prines p satisfying
7sp s1931 exceprpossiblyfor p€{19,59,199}. If v=Imod6 and

1Sv<11593, rhen ve SS, exceprpossiblyfor v€ {tt5,355,1195}.

Proof. By lemma 2.6, ve need only consider i-ntegers of the form 6E + 1

t is odd. Moreover by lemrna 2.8, we may assume that (t,51 = 1.

3o e SS for s = 213,4,..., and since 6.3 + 1 € SS, we have

!,ihere

v = 3o(6.3r+1-I) * I = v = 6.3o+l * 1 e SS for u > 2. But 6.9 + 1 e SS,

therefore v=6.3o+1*1eSS forall otI. Moreoverif s>0 and

(s,15)=1,Ehen v=6.3os+1eSS for o21 since seSS. Thuswe

may assume Ehat (3,c) = 1. If t = 1, Ehen 6E + 1 e SS. Let

P= {p: pprime, lsp<1931, pd {19,59,199}}. Suppose r lsdivisible
by a prlme p e p. Then v = 6r + l- = (t/p)(6p+I_I) * 1 e SS. Thus if
1 s 6E + 1 s 8389 and v d SS, rhen r is a product of primes in
{19,59,199} and t s 1931. By Lemma 2.9, we may assume that the number of
primes (counting mulripliciries) is odC. BuE tg3 a 1931. D

Lenma 2.17. Suppose rhat v = 6p * 1 where p is a prime saEisfying

7 < p < 1931. Then 6p + 1 e SS excepr possibly for p e {19,59,199}.
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Proof. In vlew of the prevlous lenunata we need only conslder those cases

where 6p + I = 0 mod 5 and both conditions 6p + L = 7 mod, 24 and

6p + I = 0 mod 25 fall to hold. ThaE is we need only consider prime-s

p = 9 nod 10 where p + 4 mod 25 and p + 1 urod 4. These cases are rreared

below.

P

139

239

359

4t9

43e

499

599

619

6s9

7L9

739

839

859

919

1019

1039

L259

1319

1399

1439

L499

6p+t.

83s

1435

2L55

25t5

2635

2995

3s95

37l-5

3955

4315

4435

5035

5155

551s

6115

6235

7555

7 915

8395

8695

8995

constructlon

9(99-7) + 7, 99 = 7(15-1) + 1

35. 41

84.25+6.9+1

5(547-55) + 55, 547 = 56.9 + 6.7 + L

85.31, 85 = 7(13-1) + 1

lemrna 2.16

39(99-7) 1- 7, 99 = 7(15-1) + 1

LL2.32 + 6.25 + 1

35. 113

84.49+6.33+1

lemua 2.16

L9.265, 265 = 33(9-1) + I

5(1051-25) + 25, l-051 = 25(43-1) + 1

27(2Lt-7) + 7, 27t = 7(31-1) + I

7(BB3-11) + 11, BB3 = 9(99-1) + 1, 99 = 9.11

43.145, l-45 = 9(17-1) + I

51(155-7) + 7, 155 = 7(23-L) + 1, 51 = 5(11-1) + I

67(L21-9) + 9, 127 = 9(15-1) + 1

23.365, 365 = 13(29-1) + 1

7 (1243-1) + 1

35.257
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1619

1699

1759

Lenna 2.19.

veSS.

97L5

10195

10555

67.L45, 145 = 9(17-t) + 1

171.56+I03.6+1

17r.56+163.6+1

Thls completes the proof. I

Corollary. If v = l urod 6, 1S v < 1593, and v€ { tt5 ,355 , 1195 } then

veSS.

Lemma 2.18. Suppose EhaE rhere exists an increasing sequence of. integers
*

M = (mr,mr,... ,mn) such Ehat

(i) m- < oa(lO), i = 1,2,...,ni1

(1i) 6m- * 1e SS, i = L,2,...,ni
t-

(lii) 56m, t 1 < 62mr_1 + 1 for i = 1,2,...,oi
(iv) 6m_*1>8389;and

n

(v) m- = 0 mod 3, i = 1,2,...,n.].

If v:1mod6 and v sarisfles 56rnr+13v<62mrr*1,then ve SS

with thepossi.ble exceptlonof v € {56m*w: r. M*,w€[,]= {1t5r355r1195i,
ws6m*1 and m=0mod5).

Proof. This ts a direct application of theoren 2.1 and the corollary of
Iemna 2.17 except for the condltion that m = O mod 5 in the definition of
exceptional cases. But if v = 1 nrod 6 is positive and v { SS, then

v = 0 nod 5. Since all uembers of qr 
= 0 mod 5, v = 56m * w i 0 nod 5

*for weM inpllesEhat n=0mod5. I

Suppose rhar v = 1 mod 6. If for 11593 < v s 50593, then
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Proof. Conslder the following table.

m

207

225

243

267

288

297

32L

351

387

423

465

513

549

606

669

738

816

56El-1

11593

12601

r.3609

14953

L6t29

16633

t7 977

L9657

2L673

23688

26A4L

287 29

307 45

33937

37 465

4L329

4s697

62xo+1

12835

13951

15057

16495

L7 8s7

18415

r_9903

2L7 63

23995

26227

28831

31807

34039

37573

4L47 9

457 47

505 93

This covers all cases wlth the posslble exceptlon of v ( i12955,13795126395,

2723s1.

But

129s5 = 127(103-1) + 1, 26395 = 83(319-1) + 1,

l-3795 = 11.19(67-r) + L, 27235 = 17.89(19-1) + 1.

The lemma follows. n
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Theorem 2.20 If v=1mod 6,v) 0, and v{ {L15,355,I195}, then ve SS.

The proof is lmmediaEe from Theorem 1.1 and lemmata 2.17 and 2.18. I

3. Squares of slde v=5mod6.

If v lsposirive,v=5mod6,and v{SSrEhen v=0nod5 by

lemma 2.4. Wj.th thls fact 1n mi.nd we examlne Ehe spectrum of skew Room

squares of slde = 5 mod 6.

Lemma 3.1. Suppose that there exlsts an increasing sequence of incegers
*M = (ml ,o2 , . ,*r) such ttr:rt

(i) ml € oa(10), 1= 1,2,,..,ai
(ii) 6m. * 1e SS, i = L,2,...rni

(11i) 56m. * i < 62mr_1 + 1 for i = 2r3r...,ri
(1v) 6m,. * 1 < 2094;

tt

(v) *r = 2 mod 3, 1= L,z,...,n.

If v=5mod6 and v saElsfies 56mr+1<v362mrr*lrthen
ve SS wlrtrEhepossible exceptlonof v€ [56m+rlr: m.Mo,m=Omod5,

v e {t15,355,1195}, w s 6m + L}.

Proof. This is the proof of lemma 2.18, muEat.is mutandis. I

Lcruna3.2. Ler p beaprlmesuchrhar 7<psZ3g. Then 5peSS
except for p € Q where Q = {tg,23,43,67,7l,7g,L03r223r23g}.

Proof For 7 < p.13, this is covered ln 52. By lemma 2,7, we need not

P=5mod8.consider
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P

LI

31

47

59

73

83

89

97

107

L09

113

]27

131

5p

85

15s

235

295

365

415

445

4Bs

535

545

565

63s

655

p5p

= 7 (13-1) + 1 137 685 =

= l-1(15-1) + 1 139 695 =

= 13(19-1) + 1 151 755 =

= 21(15-1) + f 163 815 =

= 13(29-1) + I L67 835 -

= 23(19-1) + 1 Ll3 865 =

= 37(13-1) + f L79 895 =

= 11(45-1) + f 191 955 =

= 56.9 + 6.5 + I 193 965 -

= 5(121-15)+15 , LZL = 15(9-1) + I

= 47 (13-I) + 1 199 995 =

= 56.11 + 6.3 + I zLJ- 1055 =

= 27(3L-7 )+7, 31 = 5(7-1) + 1

221 1135 -
233 1165 =

r.9(37-1) + 1

lemna 2.16

29(27-L) + L

37(23-1) + 1

9(99-7)+7, 99 = 7(15-1) + 1

19(47-1) + 1

37(31-7)+7, 3L = 5(7-1) + L

s3(19-1) + I
56.17 + 6.2 + 1'

71(1s-r.) + I
31(3s-1) + I

81(15-1) + 1

97 (13-1) + I

This cstablishes the leuuna. I

Leruua 3. 3. LeE v be an odd inceger such that v = 0 mod 5, (v,3) = 1,

If v 4 SS, rhen v € {95,tt5 ,2J,5,335,355,395,515 ,695,1115,and 7sv <1200.

119s ).

Proof. Clearly if 5n is odd and satlsfies (i) (n,3) = 1 and (1i)

7 s v < 1200, then r is a product of primes in Ehe set Q of the previous

lemma and n < 240. The above values correspond to the niembers of a itself,

therefore rue need only consider proper products of these. However

!92 = 361 > 240. I
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Lemnra 3.4 . Suppose v = 5 nod 6, and 1L95 < v s 4625. If. v / SS, Ehen

v = 1565.

Proof. Conslder the following tables.

m

23

29

32

4L

47

53

7t

1205=43(29-1)+l

1235 = 19.65

L265 = 23.55

1415=101(15-1)+l

1445=17.85=7(13-1)+1

1595 = 55.29

2015 = 31.65

2045=73(29-1.)+1

21050

2135 = 35 .61

2165 = lemma 2.16

2195 = 5(451-15)+15, 451 = 15(13-1) + r
2255 = 41.55

2285 = 17(141-7)+7, L L = 7(21_1) + I
2555 = 35.73

2585 = 55.47

2615=43.59+6.13

29450

56rnl-1

1289

L525

1793

2297

2633

2969

3977

62m+1

1400

L799

1985

2543

29L5

3287

44A3

m

13

31

112e+1

t457

3473

118ffl.1

1535

3659

In vlew of the above we need only conslder the followlng values (nultlpJ.es

of 25 are omitred)in vi.ew of lemna 2.4 ( denotes a value = 1 mod g).
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33050

3335 =

3365 =

3395 =

3455 =

36650

3695 =

3755 =

37850

3815 =

23.L45, 145 = 9(17-1) + 1

29(117-f) + 1, 117 = 9.13

L5.97

157 (23-1) + 1

lermra 2.l-6

83.43 + 6.31

15. 109

31(r.2s-1) + I
55.71

281(15-1) + I
61. 65

L9(239-7) + 7, 239 = 7(35-1) + I
35.L27

53.85, 85 = 7(13-1) + 1

101.43 + 6.3?

101.43 + 6.39

r01.43 + 6.42

(Again

3845

3905

3935

3965

44t5

444s

4505

453s

4565

4595

-

Thls conrpletes the lemma. I

l,.n*C*:..l. If v=5mod6 and 4625< v<9353,then ve SS.

Prro!. Consider the following Eables:

m 56url1 62mt1

83 4649 5L47

89 4985 5s19

101 5657 6263

107 5993 6335

113 6329 7007

r25 70or 775L

L37 7673 8495

149 8345 9239

In view of the above we need only conslder the following cases.

nultlples of 25 are omitred).
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For 9245< vs 9335, and v = 5nod 6, wrl.te v= 191.43*6w, where

v = L72, L77, 182, 187. 0

Lemma 3.6. If v=5mod6 and 9353svsL74Z3,rhen veSS.

Proof . Consider the following t.able:

5555 = 55.r01

5585=349(17-1)+1

5615=401(15-1)+1

m

L67

L79

191

L97

209

22L

239

263

281

5645 = 17(333-1) + 1, 333 = L3.27

7115=112.61+6.47+L

7355=56.1.31 +6.3+1

56ml-1

9353

10025

10697

11033

11705

L2377

13385

L4729

L5737

62ml-1

1035s

L0799

1r843

t22L5

L2703

137 03

14819

16307

17403

Thls compleEes the lemma. I

The foregoing can be summarized as follows.

Lemma 3.7. If v > 5 and v = 5 nod 6, then v e SS with the posslble

exception of v € {95,2I5,335,395,515,1115,1565}.
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4. Squares of slde v = 0 mod 3.

In this section we lnvestigate the remal,nlng case of v odd and

v = 0 rnod 3, that is, v = 3 nod 6.

Leuuua 4.1-. Suppose that there exlsts an lncreaslng sequence of integers
*

M- = (r1rr2r... rrn) such EhaE

(i) m, e oa(10), i = L,2,...rri

(11) n, { {16,19,199}, i = L,2,... 'n;
(11f) 56.1 + I s 62ur-t + 1 for L = 2,3,...,n;

(tv) ra = L d 3r t' 1r2r...,n.

If v=3d6 rd v rGlsfles 56rnr+1svt62\*1,then ve SS,

ulththcpoealble exccptlonof v e t56rn+w: r.u*r w€ {U5,355,II-95},

w i 6ri'1,, f r uod 10).

Proof. See Eheoren 2.18, nutatis mutandLs. (The condition , + 1 rnod 10

arises from lemma 2.8). 0

LeNtra 4.2. Suppose there exlsts a sequence of lncreasing odd inEegers
*tl = (mLrr2r...,*.) such Ehat

(1) u € oa(9), i = L,2,...,n;

(1i) 57rn. s 63*r_r_ for L = 2,3,... ,oi

(ili) ,, * O mod 3, i = 1,2,...,n.

If v=3mod6 and v satisfies 57mr<vS63mr,then vesSrwlththe

possible exception of v e i57m + 6r: m * 6t e {95,115,2L5,335,355,395,515,

1115 ,1195 ,1565 ) .

Proof See Eheorem 2.18, mutatis mutandis.
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Lemma 4 .3. Suppose that there exist,s a sequence of odd Lntegers
*l{ = (mrrnrr...rmn) such that.

(1) n, e oa(10), 1 = L,2,...,n;

(11) mi { {16,19,199};

(ill) 57n, < 62nr_, + 1 for L = 2,3,...,n;

(fv1 u, = l nod 3, i = L,2,...,n.

If v=3urod6 and v satisfies 57m<vSo2n,

Proof. As ahove, wlth the following extension. The constructions of lenmrata

4.1 and 4.2 can only fail ln the simultaneous application above if 6t + L

and 6t * m are simultaneously 1n i[5r1195). This requires that n = 1801

and t = 19, that is, v = 60651. However 60651 e SS by theorern 1.I. n

Lemrni 4.4. If v = 3 mod 6 and v>6777 then veSS.

Proof. Consider the following table.

+ 1, then v e SS.

possible exceptlons

7227

7 899

14283

L5627

m

121

L27

139

151

163

169

181

193

211

229

253

277

283

56rl-1

6777

7113

77 85

11817

L4t69

15513

57n

6897

7239

7923

8607

929t

9633

10317

11001

13053

L442L

15789

16131

62rrrFl

7503

781 5

8619

9363

10107

LO47 9

ttz23

11967

13083

14119

15687

LTLI 5

L77 5L
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Thus ln vlew of theorem 1.1, once we show that {7277 17899,14283 rL5627 } c SS,

the theorem fo1lows. But 7227 = 9.803, 7899 = 359(23-1) + 1'

L4823 = 243.6L, L5627 = 601(27-1) + 1. 0

Leuua 4.1 can be strengthened as follows.

Lemma 4.5. Suppose there exists a sequence of odd integers U*

v

satl-sfylng

satisfies thethe hypothesis of lenuna 4.1. If rn, s I15, v i 3 rood 6 and

l-nequalitles 56rn, + 1 s v 3 62nr, + 1, then v e SS.

Proof. Slnce m
n

squares of sides

s 115 any excepEions arislng to Ehe lack of skew Room

= I mod 6 are compensated for by lerma 4.3. n

Lernma4.6. If v=3nod6 andif v>2073,then ve SS.

Lroof. We must treat approprlate v satisfying 2073 s v S 6771. For v

satlsfylng 2073 <v<2103, ve {5537+6t+1,03 ts 6}.

Now consider the following table.

m

*
37

57m

2L09

2337

245L

267 9

2793

3621

63m

2331

2583

2709

296L

3087

3329

possible

exceptions

239r. 2511

2727 2847

excePtions

covered

2511

2847

41

43

47

49

53

*

*

3063 ,3183 ,3303

(* Since these numbers are congruent to I nod 6, Lemma 4.5 applles).

This shows thaE the result is valid for 2109 < v s 3339 with the possible

excepcion of v e t2391,2727,3063,3183,3303). But 2391 = L mod 10 and

-429-



2727 and 3303 are nultiplles of 9, hence lermata 2.4, 2.8 appJ.y. I,Ioreover,

3063 = L76.L7 + 10.7 + 1 and 3183 - 51.61 + 6.12 (cf lema 2.L4).

For 3299 < v < 3417, v + 3363, v is covered by tLL2.Zg+ 6r + L,

16 < t s 29, t # 19). tloreover 3363 = 57.59.

m

61

67

73

79

*82 4593 5085 4707, 4947.

(* Since m i" "r.., leuna 4.5 does noc apply).

Slnce 4707 = 0 rnod 9 and 4947 = 5L.97, we need only consider v > 5091.

However for 5091 s v 3 5229, consider {g3.57 + 6r : 60 s r < g3}. This

covers all cases excepr 5133 = 29.L77, but l-7l = 1f(17-1) + 1. Note Ehat

5235 = 15.349,524L = 131(4I-1) * 1, and 5247 = 0mod 9 and 5235= 51.103.

For v=3mod6 and 5256svs5441,vI5379, norerhac

ve {1:-2.47 + 6t+1,0 s ts47, r= 19}. Moreover 5379= 33.163.

Retui.nJ ilg to tables we have the following.

56tr+1

34L7

3753

4089

4425

m

97

103

109

62nrt1

3 783

4155

4527

4899

posslble exceptlons

56nrl-1

5433

57 69

6105

62m+I

6051

6387

67 s9

Slnc.l: 6765 = 15.451 and 6771 = 61.111 where 11I can be wrltten as

11(Ir-1) * 1, the result folIows.

The foregoing can be surnmarlzed as follows. If v is an odd integer

arrd t'l2069, then there exists a skers Room square of side v.
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5. More s eclal ses.

Lemma 5.1. If v = 0 mod 15 and v ls an odd positlve integer, then v e SS

v = 75.wlth Ehe posslble exceptlon of

Proof. It suffices to prove Ehat 75p e :)S for all priues satlsfylng

7 < p < 23 ln view of the foregoing. Bui lf 5p e SS, Ehen 15 x 5p e SS.

Hence rJe need only consider those p 5 23 such thaE 5p has not been shoum

ro belong ro SS, i.e., p € {19,23}. Buu 75,L9 = 57.25 and

75.23 = 57.26 + 6.12. n

Leroma 5.2 . Suppose v=3nod6 and v>l3LLrthen veSS.

L{ooI-. For 2015 < v < 2067, we considerr.ll cases. (Multiples of 5 and 9

are oml-tted, as are v = 1 mod 10) .

2013 = 33.61 2A49 = 1 mod 8

2019 = 17(I3r-I3) + 13, 131 = 13(11-L) + 1

2037 = 2I.97 20il7 = 39.53

For L737 < v s 2007, consider the followlng tables

m 56111 62mt1

31 t737 7923

m 112m*1 1t Bnrl'l

L7 1905 2007

Iror 1695 s v s 1731, there is only one case not ruled out by the criteria

ofdlvisibilityby5 and 9 ancl v= lmod 10, nanely I7I3 = lmod 8.

For 1653sv<1689, v€ [57.29 +6E,0<ts6]. For 1581<vs1647,we

consider all 'cases, with the u*ual exceptiorrs.
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1587 = 61(27-1) + 1, 1599 = 39.41, 1617 = 33.49, For 131L s v S 1575,

consider the followlng.

m

25

23

56nrl-L

140L

57n

L3LL

62xo+l

1551

63n

1575

L449

possible exceptlons

1383

Also 1383 = 5(287-13) + 13, 287 = 13(23-1) + L.

Lemua 5.3. Suppose there exists a group dl'risible design of order v with

block sizcs from SS and wlth group sizes from L. Suppose also that for each

L e L there exists a skew Room square of order l, + k which cont.ains a

skew subsquare of side k. Then v * k e SS.

Proof. Thls ls obtalned by using the standard PBD constructlon of Lawless,

on which this work ls based, with a straighEforr^rard modificerion. D

Lemma 5.4. Suppose 7 s p < 461.If 3p t SS, rhen p € {23,29,31,41,43,53,71,

73,7 9,101,151,199, 233,239,293,311,349,359,409,421\ .

Proof. lleconsiderallcases. Clearly p=7mod10 and p=3modB can

be omitted, anC by lernma 2.5, we need not consider prirces p < 23. 0

Corollary. {447,843} c Ss.

Proof. By deletlng a point from EC(7,2), one obtains a group divistble

design with blocks of size 7 and group type 8{6}. Moreover sinee 8 e oa(7)

there is a PBD of blocks of size 9 and 7 from which one can obtain a group

divisible design with blocks of size 7 and 9 and group rype {8} + 8{6}.

Since B e oa(9), one can construct a group divislble deslgn of order 440 with

block sizes 7 and 9 and group type B{48} + {56}. By lernma 2.9 there is a

skew Roon square of slde 48+7 with a subsquare of side 7. Also 56 + 7 = 9.7 .
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Hence 440 + 7 e SS. Slmilarly rhere are grouP divisible designs from

Pc(8,2) and EG(9,2) wiEh block sizes 9 and grouP cypes 9{B} and 10{B}

respectively. Slnce 11 coa(10), tltere exists a grouP dlvlsible design with

blocks of size 9 and grouP tyPe 9{88} + {10}. But 88-t 11 = 9-11 and

40 + 11 = 5(11-1) + 1. n

P

61

89

r03

109

113

149

tl3

181

191

193

223

229

24L

339 =

447 =

519 =

543 =

573 =

579 =

669 =

687 =

723 =

353

373

379

383

389

401

43L

433

439

3p

807

813

843

939

1059

1119

1137

1r.49

LL67

1203

L293

L299

r-317

3pP
183=13(15-r)+i 269

267= 19(r5-I)+r 27L

309 = 11(29-1) + 1 281

327 = 5(7r-7)+7,7L=l (1r-1)+1 3r3

31(27-1) + 1 ,

29(29-L) + L

lemma 5.3

67 (1s-1) + I
23(47-L) + L

43(27-1) + r

71(17-1) + I
41(29-1) + I

53(23-1) + I

L3 (99 -7 )+7,99=7 ( 15-1)+1

L7(77-L) + |
s9(23-1) + 1

47 (29-L) + L

13 (27-1) + 1

lemna 5.3

37 (15-1) + 1

57.9 + 6.5

13 (45-r) + 1

17 (3s-1) + r

57.11 + 6.7

49(15-1) + I

19(39-1) + 1

Lemm"a5.5. SupposeLhat v=3mod6,(v,5)=I and 73v <1305.

If v e SS, then v € {69,87,93,123,729,159r213,2L9,237,303,453,597 1699,

717 ,879,933,L047 ,L077 ,1,22i ,1263i.

Proof. This is immediate from lenuna 5.4 and the facE that 232 r 46t. 0
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We conclude wlth our maln result, uhtch sunmarlzes the foregoing.

Theorem 5.6. ff. v ls an odd lnteger > 7, then there exlsts a skew Room

v with the posslble exceptlon of those given in the followlngaquare of slde

t8ble.

Corollary.

of slde v

69

l-15

2t5

35s

699

L077

ls65

75

L21

219

395

717

1115

87

L29

237

453

879

1195

93

159

303

5r.5

933

L227

9s

2L3

335

597

L047

L263

There are at mosr 31 odd v > 7 such Ehat no skew Room square

exists.

1
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