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Prove that if z € R @ such that 2° +72% < 9, then z < 1.1.
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How many years has it been since the Toronto Maple Leafs
have won the Stanley Cup?
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Example: Let n € Z such that n? is even. Show that 7 is
evern.

Direct Proof: As n? is even, there exists a k& € Z such
that
n-n=n’=2k.

Since the product of two integers is even if and only if at
least one of the integers is even, we conclude that n is even.

Proof By Contradiction: Suppose that n* is even. As-
sume towards a contradiction that n is odd. Then there
exists a k € Z such that n = 2k + 1. Now,

n? = (2k +1) = 4k* + 4k +1 = 2(2k> + 2k) + 1.

Hence. n? is odd. a contradiction since we assumed in the
b 7

statement that n? is even. Thus n is even.
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Example: Prove that /2 is irrational.

Proof: Assume towards a contradiction that /2 = ¢ ¢ Q with a,b # 0 and a,b € N (Think:
Why is it okay to use N instead of Z7).

Proof 1 (Well Ordering Principle): Let
S = {ne&N:n/2e€ N}

Since b € S, we have that S is nonempty. By the Well Ordering Principle, there must be a least
element of S, say k. Now, notice that

E(V2-1)=kv/2-keN
(positive since v/2 > /1 = 1). Further,
EV2—-1V2=2k—kvV2eN

and so k(v/2 — 1) € S. However, k(v/2 ~ 1) < k which contradicts the definition of k. Thus, V2
is not rational.

Proof 2 (Infinite Descent): Isolating from v/2 = £, we see that 26 = a®>. Thus a® is even
hence a is even. Write o = 2k for some integer k. Then 26% = a® = (2k)% = 4k®. Hence b* = 2k?
and so b is even. Write b = 2£ for some integer £. Then repeating the same argument shows that
k is even. So ¢ = 2k = 4m for some integer m. Since we can repeat this argument indefinitely
and no integer has infinitely many factors of 2, we will (eventually) reach a contradiction. Thus,
v/2 is not rational.

Proof 3 (Simplified proof 2): Assume further that a and b share no common factor (otherwise
simplify the fraction first). Then 2b° = a® Hence o is even. Write @ = 2k for some integer k.
Then 2b = a? = (2k)? = 4k? and canceling a 2 shows that b* = 2k®. Thus b® is even and hence b
is even. However, then a and b share a common factor, a contradiction.



