Please fill out your Teaching Evaluation Survey!

Once done, what is the proof rule for Array Assignment?
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Array assignment:

(Q[A{e; < ey}/A]D Aley]

where

e, (Q)

Afi e}l = {i{m e

ifj£i .
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(Array assignment)
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= Program Verification: Array rule

under partial correctness.

= Using the array assignment rule to prove A Hoare triple is satisfied
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correctness.

= Complete the example of reversing an array and prove partial

= Show that reversing an array is totally correct.
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Last time, you annotated the code for reversing an array.
Input is R[1], ..., R[n]
For each 1 < j < | %], we swapped R[j] with R[n + 1 — j].

Note throughout, we will implicitly assume that (n > 0). This is so
that our array actually has elements.
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(Y2 (AL <o) Az <n) = (Rlz] =7,))) )
while ( 2xj <=n ) {
t = R[j] ;

R[j] = RIn+1-j1 ;
Rln+1-j1 =t ;
j=j+1;

(Yo (1<) A (@<n) = (Rla] =1 4))) D

The annotation for this code can be found on the next two pages.



Before, let Inv’(j) be the formula

(o (((1£2) A @ <) > (Blal = ria ) A (Rl + 1= 2] = 7,))
A< 0) A (@< 258) = ((Rla) =) A (Rln+ 1=l =10 0)))
and further, let

R =R{j < R[((n+1) = )IH((n+1) —j) < R[]}
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Annotation

( va(((l <a) Az <n) = (Rlz]=r,))))
((Inv' () A (1< (F+1))D
j=1;

(v’ () AG<(F+1)))
while (2 x j <= n) {

(Inv IAGS (1)) A2 ) <=n)))
(v’ (5 ’/R] ((G+1) < (Z+1)))

= R[J] R[J] = R[n+1-j]; R[n+1-j] = t;

(
t

(v ((G+ D) A ((G+1) < (3 +1))
S

(
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Remains To Show

It remains to prove all of the implied conditions on the previous slide
are true (including the lemma).

We also should complete the prof of total correctness by showing that
the while loop terminates.

We prove the latter first.
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Proof that the While Loop Terminates

Consider the loop variant
V=13l+1-

This variant is non-negative and on each iteration of the loop, n remains
unchanged while j increments by one. Hence the variant above decrements
by 1 each time. Thus, V' > 0 at the beginning since j = 1 [note n > 0
could be added as well; without this, there would be no elements in the
array] and decreases by one during each loop. Our loop guard is 25 < n or
reworded j < [%|. When V' =0, we have that j = [§|+ 1> | %] and
thus the while loop terminates. Hence, our code must terminate.
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Why is the lemma true? Hint: Think back to Thursday.
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Proof of Lemma

Why is the lemma true? Hint: Think back to Thursday. The justification
for the Lemma is that the three assignment lines simply swap the entries
R[j] and R[n + 1 — j] (by the earlier “baby” example of verifying a single
swap), and the usual approach to constructing a correct precondition from
a given post-condition, with an assignment between.

Arrays and Loops, Together 12/17



Proof of Implied (a)

Implied (a) is

z<1) = (Rlz] = n+1 ) N (Bn+1—a]=r,)))
< 25) > (Bla] = 70) A (Bl + 1= 2] =7400))).
Since no x can satisfy (1 < x < 1), there is nothing to check in the first

implication. The second implication is simply the given precondition
re-written, and so the required implication holds.
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Proof of Implied (c)
Implied (c) is( ((Inv'(j) A (G < (3 + 1)) A (2+5) <= m))

- (hw’((j +D)[R'/BIA((G+1) < <g * D)))

By construction, R’ and R are identical, except at indices j and n+ 1 — j.
So Inv’(§) will imply Inv’ (j + 1)[R’/R], provided everything is correct in
R’ at these indices. Everything is clear from the definitions, except
possibly the entriesz =jand z=n+1— .

= For (z = j) hypothesis is ((R[j] =7;) AN (Rln+1—j]=7,,1 ;)
= For (z = j) conclusion is (R[] = 7,1 ;) A (R [n+1—j]=7)))
= By the definition for R’, we have
R'[j] = Rn+1-jl=r,1_j and
R'[n+1-j] = R[j]=r

which completes the proof.
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Recall that Implied (b) is
(' n (5= 3+1)
<

Recall that Inv’(j) reads

even and odd.

Ni<z<m o (Rl =ry ARIn+1—1] = 1oy ,)).

We must analyze ((] <5+ 1) N2> n)) for the cases where n is
«O> «F>r «=)r « =) = o>
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Case n is even.

If n is even, then % is an integer, so that ((] <5+ 1) A(2-7> n))

gives j = 5 + 1. Now Inv/(% + 1) reads

(Ve(1<z<Z41—=(Rlz]=7,1 o ARR+1—2]=1,))
ANE2+1<a<2E 5 (Ral=r, ARn+1—2] =7, ,)).

Clearly, no x can satisfy the hypothesis of the second implication, so there
is nothing to check there. We may rewrite the first implication as

(1§1‘§%—>(R[x]:rn+l_m /\R[n—i—l—x]zrm)).

This asserts that all the required swaps have been performed, and so the
required program post-condition holds, and we are done in this case.
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Case n is odd.

If n is odd, then "T“ is an integer, so that ((j <3+ ) (2-7> n))

eqUiValently ((] S TLTH + %) A (2 ] > n)) g|ves ] — L Now

Inv’ (”%“1) reads

(Ve (1< 2 < %51 (Rla] = oy ARl +H1 =] =1,)
A(E <o < B (Rla] =y AR L= 2] = 1)),

Only z = can satisfy the hypothesis of the second implication. Both
halves of the A-formula in the conclusion of the implication then assert
that the middle element was not changed, because n + 1 — ntl _ ntl

2 2
We may rewrite the first implication as

n+1
2

(1§xSn;1—>(R[x]:rn+1xAR[n—i—l—x]:rw)).

This asserts that all the required swaps have been performed, and so the
required program post-condition holds, and so we are done in this case.
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