CS 763 F22 Lecture 9: Voronoi Diagrams

Voronoi diagram

Given points P={p;, . ..

V(p:) = {z € R? : d(z, p;) < d(,p;)Vj # i}

p; is called a site. |

@ ®
\}-\
. : : 1
consists of all the Voronoi regions - e /7~

, p,} in the plane, the Voronoi region of p;is

The Voronoi diagram V(P )

o “::. i/’?/!'///// ,/\\‘-\_\
'..' v//é/__/._/.//\:
0 d
To see that the Voronoi diagram o

consists of straight line segments:

H (Vt - ?J):?Oll\f%

It V(i) (s bounded by a convexpobygen
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CS 763 F22

— also closest airfield for airplane in flight.

Recall
Application: Post Office Problem
Given n points in the plane (post offices) preprocess to handle query:

which post office is closest to query point p
® l"l °
. | . ".»"
® ° e - Ie .
o . ® + .’III o
/ ) ®
ey J
\ P05+ 0%666 Compute the Voronoi diagram.
Query becomes: which region contains p ?
This is Planar Point Location.

CS763-Lecture9

2 of 23



CS 763 F22 Lecture 9: Voronoi Diagrams A. Lubiw, U. Waterloo

H isto ry W https://en.wikipedia.org/wiki/VVoronoi_diagram

Georgy Voronoy, 1908, Russian/Ukrainian mathematician

but Voronoi diagrams were used before that:
- Descartes 1644
- Dirichlet 1850, “Dirichlet tessellation” - used to prove
unique reducibility of quadratic forms

also used in

- crystallography - crystals growing outward from “seeds”
form Voronoi regions

- epidemiology, 1854, mapping cholera by proximity to
infected water pump in London

- geography and meteorology - “Thiessen polygons” 1911

- condensed matter physics - “ Wigner—Seitz cells”

- natural sciences - “Blum’s transform” = medial axis of
polygon, used to describe shapes

- aviation, to identify nearest airfield

dual structure: Delaunay triangulation

Boris Delone (but used French transliteration “Delaunay”), 1934

CS763-Lecture9 3 of 23
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Descartes 1644
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Some nice illustrations, including Voronoi diagram of moving points

.;‘ o

o htip://datagenetics.com/blog/may12017/index.html
<
@ http://datagenetics.com/blog/may12017/anim2.gif — YW Q V\v Vl S WOV L V\%

@ https://www.youtube.com/watch?v=z3yy5aBvOug — _‘t <
ene L wWoue V\g
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Voronoi diagram of US Starbucks

Jim Davenport
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Voronoi diagram of capital cities

o of Qivpertts
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Voronoi vertex 7 - .
(>
oy //\

Voronoi edge

Terminology

Properties

- empty circle property

- degrees of Voronoi vertices?
- shape of Voronoi cells?

- when is a cell unbounded?

- number of vertices/edges/cells

CS763-Lecture9 11 of 23
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Terminology

Voronoi vertex

Voronoi edge

Properties

- empty circle property
- degrees of Voronoi vertices?
- shape of Voronoi cells?

- when is a cell unbounded?

- number of vertices/edges/cells
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Properties of Voronoi diagram

W(p,) is unbounded iff p; is on the convex hull of the sites

<: —7 — this ray =%
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¢
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Delaunay triangulation

The Voronoi diagram can be captured by a purely combinatorical structure
(versus computing coordinates of Voronoi vertices)

Given points P={p,, . .., p,}in the plane, the Delaunay triangulation D(P) is
a graph with vertices p,, . . ., p, and edge (p;, pj) iff V(p, ) and V(pj) share an edge.

D(P) is the planar dual of V(P)

Delaunay edges

Note: a Voronoi edge and
its corresponding
Delaunay edge do not
always cross.

site

CS763-Lecture9 14 of 23
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Delaunay triangulation D(P )

Delaunay edges

site

Properties
- it is a triangulation

- edge/face iff empty circle
through those sites

- what is the boundary ?

CS763-Lecture9 15 of 23
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Delaunay triangulation D(P )

Delaunay edges

site

Properties

- it is a triangulation
5oL pest slides
- edge/face iff empty circle

through those sites

- what is the boundary ? — Hhe Convex Al (o LQ_—FAOMA>
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Properties of Delaunay triangulations

(p; pj) is an edge iff there is an empty circle through p; P

no cS nside
Proof

Giy ) 15 on 2% of PO(F)
U Vp) endV () shane

Ay pnd sV Wit point
bo b /LQ;\LQ:%Q 7

i cirde conlered at 4
(S 2N cindle. %@% Pioad A

P\
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CS 763 F22 Lecture 9: Voronoi Diagrams A. Lubiw, U. Waterloo

Properties of Delaunay triangulations

No two Delaunay edges cross

Note that this must be proved — it is not true for general planar maps

Proof g‘(qQFOSQ ‘l’ujo P@@&L&V\&y zé%zﬁ (‘4, \)‘7
And  (%9) Chess

Tlge »cy Cfwsses w
Ind > awd Y ohe satside C
Then A owpH cindle HnougA = avd y
Cif X and y ane on C then 4 #Hs en cinde — NO.
eloe’cincle Hnangh < § Cordaing won v
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CS 763 F22 Lecture 9: Voronoi Diagrams A. Lubiw, U. Waterloo

Properties of Delaunay triangulations

Sites form a face iff there is an empty circle through them

i.e., (since we assumed no 4 sites on a circle)
P; P; Pk form a face iff there is an empty circle through them

by previews, jd’ S 2dges £

W n va W\%ZO{E Since. g2

C S
= ¥ hke decegthondl B Ty T
s G How be a s 4 Tn C
& +Ren ﬁmyﬂ (/E/w@%@%
T Pl (Horn dhis 1)
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CS 763 F22 Lecture 9: Voronoi Diagrams A. Lubiw, U. Waterloo

Properties of Delaunay triangulations
The boundary of the Delaunay triangulation is the convex hull of the sites

Proof

e, @ ’Vejalma\y w%@ Ass no %!Mg@ on ews SioO
i the eMe (S on CHof sctes.

ST L en CH

(i = nf nay and ANy IO en ray
15 w/z% of Q/quig cinde
0 LA m@‘% WV
T = V\QT\(W on. Rat side
(H-vondd Keve o go +hnougl
anedfon 50 te)

= follow sume pr00f backwanys
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CS 763 F22 Lecture 9: Voronoi Diagrams A. Lubiw, U. Waterloo

An alternative definition of Delaunay triangulation:

for each empty circle through 3 points, add a triangle

o o
o o
o ° o
o
o
A collection of points A Delaunay triangle

Delaunay triangulation
(part of)

A non-Delaunay triangle A Delaunay triangulation W ‘ﬁ/m “]’K/Q,
'Pefauu\aj N wgmﬁa&f@%

we_ Cam Conshuct \Jargvo ¢
dc’&gy\a/W\ .
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CS 763 F22 Lecture 9: Voronoi Diagrams A. Lubiw, U. Waterloo

Application of Delaunay triangulations: finding all nearest neighbours

Given n points in the plane find, for each point, its nearest neighbour — gives
nearest neighbour graph, a directed graph of out-degree 1.

number of points J 164
nearest neighbors to join | 1 . !
- Many applications, e.g.
e arvoves ¥ in statistical analysis:
» oo find hierarchical clusters using
- » . . .
{ }' ‘Z\ / ,./\"‘/ nearest neighbour chain algorithm
e
pv ]
1/0
.\
BE R g } ,:tf\
Lt More on this in the next lecture.
N i
o 14
\. o o >/ :
e
P e -

- \/

>~ PL\- X L? ‘ ‘§ { = % https://demonstrations.wolfram.com/NearestNeighborNetworks/
Wolfram ¥ strations Project demonstrations wolfram.com
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CS 763 F22 Lecture 9: Voronoi Diagrams A. Lubiw, U. Waterloo

Summary
- Voronoi diagram and Delaunay triangulation
definitions, relationships, properties
References
- [CGAA] Chapters 7, 9
- [Zurich notes] Chapters 5, 7 (they start with Delaunay)
- [O’Rourke] Chapter 5

- [Devadoss-O’Rourke] Chapter 4.

CS763-Lecture9 23 of 23



	definition
	application - post office problem
	history
	history
	pictures
	pictures
	pictures
	pictures
	pictures
	pictures
	terminology and properties
	terminology and properties
	terminology and properties
	Delaunay triangulations
	properties
	properties
	properties
	properties
	properties
	properties
	alternative definition
	application: all nearest neighbours
	Summary

