CS 763 F22 Lecture 14: Arrangements A. Lubiw, U. Waterloo

Recall a problem we considered before: given n points, are there 3 (or more) collinear

By duality (points <—> lines) this becomes:
given n lines, do 3 of them intersect at a point.

To get an O(n?) algorithm, we study line arrangements.

A set of n lines in the plane partitions the plane into faces (cells), edges, vertices,
called the arrangement.

face

vertex
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CS 763 F22 Lecture 14: Arrangements A. Lubiw, U. Waterloo

How many vertices, edges, faces
for n lines?

j@/\%@g Cose
vertex jC A <‘A+ I}

A degeneracy is parallel lines or >2 lines through one point.

Exact bounds if there are no degeneracies (these decrease in case of degeneracy):

n Lines
4 NhﬁCe% = (2) becanse M 2 Diaes ixlersect.
sononsl Cate S (%)
4 aolﬁ@g — enth fine oS by w1 RS = W\ edges

= n= gl case &0 fen Line
4 faces £, Fo P —new fiae cuds n old faces m—uyo
A%l ,F ] \/\-l—l>+\
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CS 763 F22 Lecture 14: Arrangements A. Lubiw, U. Waterloo

Constructing arrangements
input: n lines
output: list of faces, edges, vertices and all incidence relationships
(note: size is Theta(n?))

Plane sweep would take O(n? log n) (because n? events, and log n per update)

There is an O(n?) time algorithm  ( Aelkrumiaishic, Wt Aandrmiz=e d >

Thoa : nsed Lines ene by e
MVMTQ oach —Hme -

Nafarain %(ﬂo pden of @gé thsumd ventices
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CS 763 F22 Lecture 14: Arrangements A. Lubiw, U. Waterloo

2 linds of updales

How to update after adding line ¢; to the line arrangement: - Rit £y -0k faces
inct ot 4o curhent
] \Q./\ok [rGetdon 1 ¢, —RH verdes - WSe_ F«?&QL&
of £; and £, - - % '
e
—amd 209 & ol / : @/ \ %
Ak &“FO\CQ)C [ ' OC A -
Csﬂ/\“fd‘ivw\s o \ ? \ - -

\ <
"NJ[Q MOW -F T - \<//,

o j¢+ nest SR wott AL
~Rop b0 akjacent fhce cao Covhne _.. Clef e
AQ&QR ol incfo abeut -Hie Aarfeaens as Wé\ggﬂw\ “Go ¢
Tyl ni-halize (fnd e, £) O ()

- walling and mwtaeh%g constamt Hme o edge visried

O(# ohgs m faces cut by L )
e will ghovs O(L)
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CS 763 F22

Lecture 14: Arrangements

A. Lubiw, U. Waterloo

How to update after adding line #; to the line arrangement:

To bound the run time we need the Zone Theorem

AT

Definitions. Let A be an arrangment, and £ be a line not in A.

the zone of the blue line

i\\ ’\
LA
Dy« A
S
AN

David Dumas

The zone of £ in arrangement Ais Z,(£ ) = {faces of Acut byf } .
The size of the zone is z,(f ) = 3 {# edgesinfacef: fe Z,(f)

z, = max{z (¢ ): over all possible ¢, A of n lines }

Zone Theorem. z_ is O(n).

CS763-Lecture14
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Zone o £ Aes © Hfuces

2(L) =243 +4 +34+2.43
=18

(ignore dashed arrows)

(&nore mc-h/v%p/ bounuta@
: = cincle &t oo
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CS 763 F22

Lecture 14: Arrangements

A. Lubiw, U. Waterloo

— lOU\=Fg)‘7_,

Zone Theorem. z_is O(n). (For non-degenerate case, z, < 6n.)

O\QJM@_@ o2

[Chazelle, Guibas, Lee, 85, Edelsbrunner, O’'Rourke, Seidel, ‘86,
correct proof for dimensions = 3, Edelsbrunner, Seidel, Sharir, 93]

Consequence: the incremental algorithm takes time O(n?).

Proof
We will bound zA(K) = Y {#edgesinfacef: fe ZA(K) }

Rotate so £ is horizontal. Perturb so no other line is
horizontal (this only increases the zone size).

Any face fin ZA(K) has left and right boundary edges.

[£\
&ﬁ@ /rfjﬁ\t
z,0) = z(0) = 2-(f) + Z"(L)

Claim. z(f) =5n [ <3n for non-degenerate case]

This will prove the Zone Theorem.

CS763-Lecture14
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CS 763 F22 Lecture 14: Arrangements A. Lubiw, U. Waterloo

Claim. z~(f) =<5n [ < 3n for non-degenerate case]

Proof oY nduchont on N . Dasis / 7 V‘:(z-
V\QTQ Q£ «a% ‘('9@*;;@ / “ @' l
£ £, fas,— Slope. n=|
\ /= i (et ‘2 [trwost = W=o
2 = "l
v/ A i«%és@a%“w WA L
) o) Wi Ly
i Fin) fref inlersestion o & &%w@/ be by
A4,

Howr MRY NEW loft zdkgz% anNe. NCaed Ly @9\0\550 £
dainn - L okt w‘ga sw £ Cnene abie £y o below £b>
~ leff 2dge o L splits w 2 gr\oﬁﬁ@)}(@n@%@@
" left e on L, Spls w2 s ot by A4
ThoreaSe. 1 # Z&ﬁw’gzs s = me—okégbﬂwﬁea@
So £ 20 Lo 24905 " m vam-degenenale. case.
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CS 763 F22 Lecture 14: Arrangements A. Lubiw, U. Waterloo

Claim. z~(f) =<5n [ < 3n for non-degenerate case]

Proof

2y
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CS 763 F22 Lecture 14: Arrangements A. Lubiw, U. Waterloo

What happens in case there is degeneracy?

4,
ow £; Ser<huro new L@w@dggé +2

@V\KJ e [@%ng@ 9?@% mtwo

S@%C@#é@é £ L +5
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CS 763 F22 Lecture 14: Arrangements A. Lubiw, U. Waterloo
Arrangements in higher dimensions

For an arrangement of n hyperplanes in R
- the number of cells is O(n9)

- Zone Theorem. The zone of a hyperplane has complexity O(n%")

In 3D, for n planes, there are O(n3) cells, and a zone has complexity O(n?).
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Next lecture:
- applications of arrangements

- testing collinearity and the 3-SUM problem.
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Summary
- arrangements

- size of parts of arrangements and the zone theorem

References
- [CGAA] Chapter 8

- [Zurich notes] Chapter 8
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