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Section 1

Introduction and Motivation
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Basics

» K always denotes a field of characteristic zero. (most of the
results also applicable for finite fields)

» For n € N, we write n for the set {1,...,n}.

» We occasionally abbreviate a selection of variables vq,..., v,
by v.
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The Weyl Algebra

Definition
The nth Weyl algebra A, for n € N is defined as

Ap ::K<x1,...,x,,,81,...,8,,| for (i,j) €nxn:

P
g = |90 W17 ,,a,aj—aja,:x,-@—@x,-:o>.
xj0p+1, if i = j

Definition
If we allow the x; in A; to appear as rational arguments, we call
the resulting algebra the rational nth Weyl algebra.
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Factorization in Non-Commutative Rings

» Factors unique only up to a weak notion of similarity (a and b
in A, are similar : <= A,/A,a = A,/A,b; more in
[BGTV03]).

» There are infinitely many distinct factorizations possible
(example: 97 € Ay in the rational Weyl algebra).

» Decision needs to be made about which factorization is more
“useful” than another.

6
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Factorization in Non-Commutative Rings

» Factors unique only up to a weak notion of similarity (a and b
in A, are similar : <= A,/A,a = A,/A,b; more in
[BGTV03]).

» There are infinitely many distinct factorizations possible
(example: 97 € Ay in the rational Weyl algebra).

» Decision needs to be made about which factorization is more
“useful” than another.

Example
The polynomial

x2 98 +40x7 93 +-550x7 07 +3200x3 93 +7800x7 97 +-6720x1 01 +1200 € A;

has 3547 distinct factorizations.

6
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Section 2

Structuring the Weyl Algebras
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Structuring A,

Biggest problem: Structure needs to be congruent with the
non-commutative relations

0ix; = x;0; + 1.
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Structuring A,

Biggest problem: Structure needs to be congruent with the
non-commutative relations

0ix; = x;0; + 1.

Solution: Introduce Z"-grading on A, (weight vector [—v, v] for
v € Z"; for simplicity we choose v = [1,...,1]).

We view Z" as ordered monoid via the absolute graded
lexicographical ordering.



Structuring A,

Biggest problem: Structure needs to be congruent with the
non-commutative relations

0ix; = x;0; + 1.

Solution: Introduce Z"-grading on A, (weight vector [—v, v] for
v € Z"; for simplicity we choose v = [1,...,1]).

We view Z" as ordered monoid via the absolute graded
lexicographical ordering.

Remark: For n =1, the same grading lies behind the Kashiwara
and Malgrange V-filtration ([Kas83],[Mal83]).
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Gaining Intuition with the Z"-grading
Example
We have in Ay
deg(x101) = deg(d1x1 — 1) = 0.

In Az, the element x;x,0103 + x1x22X381828§ is homogeneous of
degree [0, —1,1].
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Gaining Intuition with the Z"-grading

Example
We have in Ay

deg(x101) = deg(d1x1 — 1) = 0.

In Az, the element x;x,0103 + x1x22X381828§ is homogeneous of
degree [0, —1,1].

Definition
We denote by AS,Z) for z € Z" the set of homogeneous
polynomials of degree z.

24



Gaining Intuition with the Z"-grading

Example
We have in Ay

deg(x101) = deg(d1x1 — 1) = 0.

In Az, the element x;x,0103 + x1x22X381828§ is homogeneous of
degree [0, —1,1].

Definition
We denote by AS,Z) for z € Z" the set of homogeneous
polynomials of degree z.

Definition

We define the so called ith Euler Operator for i € n by 0; := x;0;.

Clearly K[6s, ... ,0,] € A,
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And this is why we “(x?+y? — 1) — x?y3 = 0" Z"-grading

> Ag,g), where 0 :=[0,...,0], is a ring and isomorphic to
Kl[b1,...,6n]

» 0; and 0; + 1 for i € n are the only irreducible monic
polynomials in K[f], that are reducible in A,.

» A9 for 7 €7 is a cyclic A _pi module.
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And this is why we “(x?+y? — 1) — x?y3 = 0" Z"-grading

> AS,Q), where 0 :=[0,...,0], is a ring and isomorphic to
K[b1,...,04].

» 0; and 6; + 1 for i € n are the only irreducible monic
polynomials in K[f], that are reducible in A,.

> Ag,z) for z € Z" is a cyclic Ag,g)—bi—module.
This is why factorization of homogeneous polynomials can be

reduced to commutative factorization in K[f] and simple
combinatorics!!!
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And this is why we “(x?+y? — 1) — x?y3 = 0" Z"-grading
> Ag,g), where 0 :=[0,...,0], is a ring and isomorphic to
K[b1,...,04].
» 0; and 6; + 1 for i € n are the only irreducible monic
polynomials in K[f], that are reducible in A,.
> Agz) for z € Z" is a cyclic Ag,g)—bi—module.
This is why factorization of homogeneous polynomials can be

reduced to commutative factorization in K[f] and simple
combinatorics!!!

Some more secrets:
» Any irreducible homogeneous polynomial in A, stays
irreducible in the rational Weyl algebra.
» The number of different factorizations of homogeneous
)
number of factors of the AS,Q
norm of z.

polynomials in AS,Z can be bounded with respect to the

)

-coefficients and the euclidean
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Another Example: The Weyl Hydra

(10x¢03 + 26x303 + 47x¢ — 117x301 — 78x202 + 117x% + 156x10, — 156) x1
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Another Example: The Weyl Hydra

Let
f = 10x7 03 +26x3 03 +-47x¢ — 1175301 — 78X 03 +117x2 +156x,0; —156 € A;.

It is irreducible as element in A;j (this also holds for the rational
Weyl algebra).
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Another Example: The Weyl Hydra

Let
f = 10x7 3 +26x3 03 +47x¢ — 1175301 — 78X 07 +117x2 +156x, 0, —156 € A;.

It is irreducible as element in A; (this also holds for the rational
Wey!l algebra). We have the following surprising identity:

foxg=x1 X1 X1-X1" (10x1(9% + 268? + 308% +47x1 — 11781)

227WHY?7?
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Another Example: The Weyl Hydra

Let
f = 10x] 03 +26x7 03 +4Tx7 — 11757 01 — 78X 07 +117x7 +156x,0; — 156 € A;.

It is irreducible as element in A; (this also holds for the rational

Weyl algebra).
We can rewrite f with respect to its homogeneous summands:

f= 26x307 — 78x707 + 156x101 — 156 (degree 0)
+10x}03 (degree —1)
+117x% — 117x30, (degree —2)
+47x7 (degree —4)
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Another Example: The Weyl Hydra

Let
f = 10x] 03 +26x7 03 +4Tx7 — 11757 01 — 78X 07 +117x7 +156x,0; — 156 € A;.

It is irreducible as element in A; (this also holds for the rational

Weyl algebra).
We can rewrite f with respect to its homogeneous summands:

f= 26(01 — 1)(01 — 2)(61 — 3) (degree 0)
+10(61 — 1)(61 —2)(01 — 3) - x1 (degree —1)
—117(61 — 3) - x2 (degree —2)
+47 - x} (degree —4)
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Another Example: The Weyl Hydra

Let
f = 10x] 03 +26x7 03 +4Tx7 — 11757 01 — 78X 07 +117x7 +156x,0; — 156 € A;.

It is irreducible as element in A; (this also holds for the rational
Weyl algebra).
And now multiplying x; from the right:

fexg= 26(01 —1)(61 —2)(61 —3)-x1 (degree —1)
+10(f1 — 1)(01 — 2)(#1 — 3) - x? (degree —2)

—117(61 — 3) - 3 (degree —3)

+47 - X7 (degree —5)
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Another Example: The Weyl Hydra

Let
f = 10x] 03 +26x7 03 +4Tx7 — 11757 01 — 78X 07 +117x7 +156x,0; — 156 € A;.

It is irreducible as element in A; (this also holds for the rational
Weyl algebra).
Switching the positions of x; to the left:

f-x1= x1-26(01)(01—1)(01—2) (degree —1)
+x2-10(01 +1)(01)(61 — 1) (degree —2)

+x3 - (—11767) (degree —3)

+x7 - 47 (degree —5)
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Another Example: The Weyl Hydra

Let
f = 10x] 03 +26x7 03 +4Tx7 — 11757 01 — 78X 07 +117x7 +156x,0; — 156 € A;.

It is irreducible as element in A; (this also holds for the rational
Weyl algebra).
Rewriting the 61 and 61 + 1 plus switching:

f-xg= 26x}03 (degree —1
+x2 - 10(x303 + 3x202)  (degree —2

+x3 - (—=117x01) (degree —3

+x7 - 47 (degree —5

)
)
)
)
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Another Example: The Weyl Hydra

Let
f = 10x7 3 +26x3 03 +-47x¢ — 1175301 —78x2 07 +117x2 +156x,0; —156 € A;.

It is irreducible as element in A; (this also holds for the rational
Weyl algebra).
Rewriting the 61 and 6; + 1 plus switching:

foxg = xi - 2603 (degree —1)
+x7 - 10(x103 + 302) (degree —2)

+xi - (=11701)

+x1 - 47x (

degree —3)
degree —5)
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Section 3

Factoring Elements in the Weyl Algebras

13/24



Example

Let

+ + + +

010> + (91 + 3)92 + x

N — ~~

=P[o,1] =P[o,0] =Pp,-1]

(01 +8)x10o+ x1 +(01+ 1)x1x2 € Ay and
7 S~~~ ————

=q[_1,1] =d[—1,0] =dq[-1,-1]

pg = 01(601 + 4)X18§

01 — 1)92 + 860160, + 01 + 1292)X182

01 — 1)02 + 07 — 01 + 40160, + 261 + T62)x;
01 — 1)92 + 5601605 + 360> + 1)X1X2

>
[y
—~~ ~
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Continuing Example

» Knowledge:
p[O,l] = p771 — 9182 s p[07_1] = p773 = Xo,
-1 = G = (1 +4)x102 , 1,1 = qus = (01 + L)xix

We set k :=/:= 3, and it remains to solve for g|_; o] and
Pro,0]-
» Degree-bounds for pjg o) and qjg,0j in 61 and 6 via h: 2.
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Continuing Example

The product of (p;, + Py, + Py3)(Guy + G + qus) with known
values inserted is

Pq

+ o+ 4

_|_

01(61 + 4)X13§

01Gy,(61,62 + 1) + Py, (61 + 4))x102

01(01 + 1)(02 + 1) + (61 + 4)02 + P, G, )x1
(01,602 — 1) + pp, (61 + 1))x1x2

01 + 1)x1x3.

(
(
(Gu
(

It must be equal to:

h

+ o+ + +

01(61 + 4)x103

(01(61 — 1)02 + 86105 + 61 + 1205)x,.05

(01(01 — 1)02 + 0F — 01 + 46105 + 201 + T02)x
(01(61 — 1)85 + 56162 + 3602 + 1)x1x2

(61 + 1)x3.

16
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Continuing Example

The equations that we are looking at:

01(61 +4)

(glaiq (61,62 +1) + ﬁn2(91 + 4))

(01(01 + 1)(02 + 1) + (61 + 4)02 + Prypdmy)
(Gpy (01,02 — 1) + pry (61 + 1))

(61 +1)

01(01 + 4),

(61(61 — 1)62 + 86162 + 61 + 1263),

(01(61 — 1)02 + 63 — 01 + 461602 + 201 + 762),
(01(01 — 1)02 + 560105 + 302 + 1),

(601 +1).

At the top and at the bottom, we can transform the equations
such that p,, is on the left hand side. This leads to two identities

of py,:

B 61(01 — 1)62 + 86165 + 01 + 120, — 618, (61, 62 + 1)
0, +4
61(01 — 1)62 + 560107 + 362 + 1 — Gy, (61,62 — 1)
61 +1 '

The polynomial g, has to fulfill both identities.

The solution in this case is unique: g,, = 1.
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Section 4

Implementation
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About the Implementation in SINGULAR

» Library ncfactor.lib
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About the Implementation in SINGULAR

> Library ncfactor.lib
> For the
> first Weyl,
» the first Shift
» and homogeneous polynomials in the first g-Weyl algebra,
factorization algorithms are implemented and distributed with
SINGULAR since version 3-1-3 (major changes in 3-1-6).
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About the Implementation in SINGULAR

> Library ncfactor.lib
» For the
> first Weyl,
» the first Shift
» and homogeneous polynomials in the first g-Weyl algebra,
factorization algorithms are implemented and distributed with
SINGULAR since version 3-1-3 (major changes in 3-1-6).
> For the
» nth Weyl,
» the nth Shift
» and homogeneous polynomials in the nth g-Weyl algebra,
an implementation is submitted to the SINGULAR team and
will appear with the next version (>3-1-6).

Remark: The implementation is experimental; there is lots of
room to increase the performance.
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About the Implementation in SINGULAR

> Library ncfactor.lib
» For the
> first Weyl,
> the first Shift
» and homogeneous polynomials in the first g-Weyl algebra,
factorization algorithms are implemented and distributed with
SINGULAR since version 3-1-3 (major changes in 3-1-6).
» For the
» nth Weyl,
» the nth Shift
» and homogeneous polynomials in the nth g-Weyl algebra,

an implementation is submitted to the SINGULAR team and
will appear with the next version (>3-1-6).

Remark: The implementation is experimental; there is lots of
room to increase the performance.

DEMO
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Section 5

Conclusion /Future Work /Summary
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Z"-grading seems useful... What else can we do?

Directly related to the factorization problem:

» Finding (better?) bounds for numbers of different
factorizations.

» Proving finite factorization property for several
non-commutative algebras.
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factorizations.
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non-commutative algebras. Properties of homogeneous
polynomials play a central role.
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Z"-grading seems useful... What else can we do?

Directly related to the factorization problem:

» Finding (better?) bounds for numbers of different
factorizations.

» Proving finite factorization property for several
non-commutative algebras. Properties of homogeneous
polynomials play a central role.

Unrelated to the factorization problem:
» Generating syzygy elements for a set of polynomials.

» Finding bounds for the sizes of the generators of a syzygy
module.

» Finding necessary conditions for two polynomials to be similar.
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Message To Take Home




Summary, Conclusions and Future Work

» Utilization of Z"-graded structure on A,.
» Factoring homogeneous elements in A, simple.

» Factoring arbitrary elements in A, via an ansatz using
factorization of the highest and the lowest homogeneous
summand works well.

» Implementation in SINGULAR available.

» Factoring non-commutative polynomial rings is still a hard
problem. Utilize it for cryptography?

» For more details on the factorization technique, publication in
ISSAC'14 proceedings.

» Future Work: Adapting technique for factoring in rational
Weyl algebra.

» Future Work: Utilizing Z" grading when approaching other
algorithmic problems.
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