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ABSTRACT

In this thesis we give a method of simplifying the Einstein field equations with re-
strictions of a geometric nature. We shall be concerned mainly with the cosmological
applications of this approach but the techniques may be used to advantage in other
areas. First a method of systematically imposing constraints to specialize a class of
space-times is described. Then the method of “intrinsic symmetries”, in which restric-
tions are placed on submanifolds of a space-time, is introduced and it is shown how
the second fundamental form and the intrinsic Ricci tensor for one or more families
of surfaces may be used to give an algebraic classification of solutions. We use these
methods to investigate a class of locally rotationally symmetric space-times, examining
intrinsic symmetries of geometrically well defined families of surfaces and investigating
a restriction that the equation of state be of a particular general form. Finally, the
general procedure for examining classes of solutions is discussed from the point of view
of computer programming.
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EDITORIAL NOTE TO THE 2026 CORRECTED EDITION

This edition incorporates the corrections established by an August 2026 audit of the
1981 thesis. Typographical and sign errors are corrected in place. In particular, a sign
error in the Lorentz-force term in (BI2) led to the incorrect conclusion € = 0 for some
symmetries. The downstream consequences in Chapters IV and V have been corrected.
Some former charge-factor branches have become identities, and the corrected propaga-
tion equations retain the electromagnetic terms displayed there. The equation-of-state
case structure has also been recalculated. Appendices E and F were originally traces
of MACSYMA runs on MIT-MC ITS. They now contain new Maxima runs using the
corrected Appendix D initialization. The original MIT-MC ITS file names have been
changed to Unix file-name syntax in the new runs. This work has been carried out with
the assistance of ChatGPT 5.6 Sol. Aside from these in-place corrections, the thesis
has not been revised or modernized. In particular, it has not been altered to reflect
subsequent advances in cosmology or differential elimination theory.
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NOTATION AND CONVENTIONS

Notation

(w,v)

uRxv

[u, v]

k
V" or Vy

kU or Oy

a...bR

(c)a...be

definition

component-free notation for a geometric object
scalar product of one-form and vector: w,v®
inner product with respect to metric: u%v’gq,
tensor product

commutator: V,v — V,u

covariant derivative

covariant derivative along a vector — V, := Vg,
partial derivative

partial derivative along a vector — 0, := 0Ok,

Lie derivative

m-parameter family of surfaces generated by the set of vector
fields V

member of the family .%,,({eq,...,e})
Ricci tensor intrinsically defined in .%

expansion tensor for the surface . with respect to normal
vector field n.

R(a...by)

9<aA..b~'y7 ec)

)



Conventions

indices:

units:

signature:

orientation:

Riemann tensor:

Ricci tensor:

Equation Labels

Latin 0-3, Greek 1-3 (except section 3.2)
a,b,c...a,B3,7y... tetrad
1,7,k ...\ p,v...coordinate

G =c=1

+2 (= +++)

In an oriented orthonormal tetrad with eg = u, 79123 = —1;
hence 7?3 = 41. The spatial volume form is €upe 1= Mapeqti?,

SO €193 — +1.

a a _ pa b
cea = Beqv

Vide — U

__ e
Rab =R acb

In several calculations mnemonic equation labels have been used. Derived equations

are labelled with the

original equation label followed by a comma, then a code which

indicates the sequence of calculations when read from left to right. The code may be
interpreted as follows:

Oorl

— differentiation along ej or e;

— application of the [eg, e;] commutator

— possible consequences, one of which must hold
— consequences, both of which must hold

(usually from splitting an equation).

For example, (I1, lax) is obtained from (I1) by differentiating along e, splitting the
equation and applying the commutator.

Tl



Chapter |
INTRODUCTION AND PRELIMINARIES

1.1 Introduction

The dominant long range force in the universe is gravitation. Therefore, any reasonable
cosmological model must take it into account. The most widely accepted theory of
gravitation is Einstein’s general theory of relativity, which we shall employ throughout
this thesis.

General relativity is a mathematical theory in which space-time is viewed as a 4-
dimensional manifold, M, with Lorentzian metric g. Gravitation is described by the

field equations,
811G

Ri; — 3Rgi; + Ngij = 7Tz (1.1.1)

which are ten coupled non-linear partial differential equations, second order in the
metric components. The left-hand side of (1.1.1) describes the geometry of the manifold
and the right-hand side is the stress-energy tensor of the source of the gravitational
field. The quantities R;; and R := R’; are the Ricci tensor and Ricci scalar respectively,
and A is the cosmological constant. In general the field equations are under-determined
so we must also specify an equation of state. Depending on the nature of the matter
modelled, there may be additional relations between the components of T. For instance,
if there is an electromagnetic field present, then these additional relations would include
Maxwell’s equations.

We shall choose units in which ¢ = 877G = 1; then a mass of 10%Kg corresponds
roughly to a length of 1m ( 8;:1-2G =
that the magnitude of A is less than 107°*m~2 (see Hawking & Ellis [1973a], p. 73)

and many authors choose A = 0.

5.4 x 1025%). Observations of distant galaxies show

Because the field equations are quite complicated, their general solution is not
known. However many specific solutions and classes of solutions have been found.
Different formalisms have been developed to aid the study of these equations. These
include the orthonormal tetrad formalism (see Ellis & MacCallum [1969a] or Mac-
Callum [1973c¢]) and the Newman-Penrose null tetrad formalism (Newman & Penrose
[1962]).

Usually, simplifying assumptions are made to render the field equations more man-
ageable. The traditional approaches include demanding that the space-time be invariant
under a group of isometries or that the Weyl tensor have a special canonical form.
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In this thesis we give an alternative method of simplifying the field equations with
restrictions of a geometric nature. We shall be concerned mainly in the cosmological
applications of this approach, although the techniques may be used to advantage in
other areas.

In this chapter preliminary material is covered before proceeding on to the main
body of the thesis. Section 1.2 describes the orthonormal tetrad formalism which
shall be used extensively. Section 1.3 introduces the class of space-times which exhibit
“local rotational symmetry”, singling out a particular case as the most interesting. In

section 1.4, we discuss some of the features of the symbolic mathematical computation
system MACSYMA.

Chapters 2 and 3 develop tools which are employed in the subsequent material.
In Chapter 2, a method is given to check systematically the consistency of a given
constraint for a class of space-times. This gives a technique for specializing a class to
contain only those solutions which satisfy the constraint. In Chapter 3, the method of
“intrinsic symmetries” is introduced. We then present a scheme to characterize families
of non-null submanifolds using this approach.

Chapters 4 and 5 use these tools to investigate the most interesting class of locally
rotationally symmetric space-times. In Chapter 4, we impose intrinsic symmetries on
subspaces orthogonal to the fluid flow in the space-times and obtain a hierarchy of
sub-classes. In Chapter 5 we give some further results for this class of space-times and
investigate a general equation of state. We also examine other intrinsic symmetries
because of their interesting mathematical properties.

In Chapter 6 we formalize the method of specializing classes of space-times with a
view to automating the procedure.

Finally, Chapter 7 contains some concluding remarks. Throughout the thesis we
refer to appendices when the inclusion of material in the text would divert the devel-
opment of the main ideas.

1.2 The Orthonormal Tetrad Formalism

This section is devoted to describing the orthonormal tetrad formalism as used by Mac-
Callum [1973c]. The advantage of this formalism is that it reduces the field equations
to first order. The trade-off is that new variables are introduced for which additional
relations must be satisfied. First, the geometrical aspects of the formalism will be de-
scribed and then a specialization for space-times with the matter modelled by a fluid
will be discussed.

INTRODUCTION AND PRELIMINARIES



1) Geometry

An orthonormal tetrad at a point, p, in the space-time manifold, .#, is a basis of
vectors {e,} in the tangent vector space, T}, such that

e, e, =diag(—1,1,1,1).

Tetrad indices will be chosen from the first letters of the alphabets (a,b,c,... or
a,f3,7,...) and coordinate indices will be chosen from the other letters (¢, 7, k,... or

Ay Uy ).

The bundle of orthonormal frames over an open set % C .# is denoted by
OM):=(E,U,T),

where the total space, &, consists of all orthonormal tetrads at all points of %7 and the
projection is
7 {e.}, — p.

A smooth cross-section of &(.#) is a smooth choice of an orthonormal tetrad at each
point in 7. We shall usually refer to such a smooth orthonormal tetrad field simply
as an “orthonormal tetrad” or, more briefly, as a “tetrad”. Similarly, an “orthonormal
triad” for an open set in a hypersurface . C . is defined in terms of bases in the
tangent vector space of .. At this point we stress that we only require that the
orthonormal tetrad be defined on an open set and that all results are local.

In an open set % C .# with coordinates {z'}, the components of any geometric
object may be given with respect to an orthonormal tetrad {e,} and dual basis of forms
{e”} or with respect to the local coordinate bases {52} and {dz'}

0 )
e.g. T :TZJ%@C];L’] = abea®eb

i 0

Since e, = ¢,' 57,

by

the relation between the tetrad and coordinate components is given

i a i.b
T =T%e, 'e’;.
In particular, the metric components are

Jab = eaiebjgij = diag(—1,1,1,1)
gab = 6ab = eaiebi

g = diag(—1,1,1,1).

INTRODUCTION AND PRELIMINARIES



The directional derivative along e, of a function ¢ is given by

Dt = €q(9) = gb,ieai-

In general, these directional derivative operators do not commute. The commutator of
two basis vectors is given by

o o 0

I:ea, eb] = (eajebz,j - eb]eaz7j) %

— e (1.2.1)

c
ab’

or “commutation functions”. The Jacobi identity,

This relation defines the quantities v¢ ,, which are called the “objects of anholonomity”

Heav eb]? eC] + [[em ea]? eb] + [[elh eC]a ea] = 07

imposes on the 7, the condition
a o f _ @
8[d'y bl ~ YV faY ) = 0, labelled (bcd>
which, by contraction, implies

aa’yabc + aCr)/aab - ab’yaac + /Yaaf lyfbc =0.

The quantity %5, may be decomposed into a symmetric matrix n,g and a triple ag:

N B s _ 1
neB  .— Ly awée,é’)v , ag = 570[,804 (1 , 2)
= ")/an = Eﬁ,ygnaé — 25‘1[,8(1,”.
The Ricci rotation coefficients are the tetrad components of the connection:
Lape == €4 - Ve (1.2.3)

and ggp, . = 0 implies
Fabc + Fcba =0.

Using the definitions (1.2.1) and (1.2.3) we obtain the relations

’ycab = <ec7 vlleb - vbea> = FCab - Fcba
= Fabc - % ('Vabc + Yeab — 'cha) .

INTRODUCTION AND PRELIMINARIES



2) Tetrad with a Fluid

For space-times where the matter content is modelled by a fluid, it is possible to spe-
cialize the tetrad such that certain 7, are given by the kinematic quantities related
to the fluid’s motion. Let u denote the normalized 4-velocity field of the fluid. Then

hab = Gab T UgUp

is the projection into the instantaneous rest space of the fluid. A dot will be used
to denote intrinsic differentiation along the integral curves of u. For example, the
“4-acceleration” of the fluid is

= Vau (1.2.4)

In order to describe the kinematics we now consider relative motion within the fluid
following Ellis [1971]. Let O and G be two nearby world lines of fluid elements and
let the vector X give the separation of G from O at each instant. Straightforward
calculation in co-moving coordinates shows

X = V.X=Vxu (1.2.5)
= %X = 0.

The relative position of G with respect to O in the rest space is then
X, = h%X"
and the relative velocity of G with respect to O in the rest space is
VP i= (X, by = (hhy uca) X, °,

using (1.2.5). Thus the relative velocity vector is a linear transformation of the relative
position vector. This transformation may be decomposed into its symmetric and anti-

symmetric parts:
hachbduc;d == Gab + Wab- (126)

Here 04, = O is the “expansion tensor” and wg, = wiey) is the “vorticity tensor”.
The expansion tensor may be further decomposed into its “isotropic” (trace) and
“anisotropic” (trace-free) parts:

1
Gab =04 + gﬁhab. (127)

The trace part 6 := 0, is the “expansion scalar” and the trace-free part o, := 04 —
%Qhab is the “shear tensor”. The acceleration, expansion, shear and vorticity are known

INTRODUCTION AND PRELIMINARIES



as the kinematic quantities of the congruence of integral curves of u. Using (1.2.4),
(1.2.6) and (1.2.7) the covariant derivatives of u are now given by

)

1
Ug:p = Ogp + §9hab + Wep — UgUp. (1.2.8)

In what follows, we shall use another quantity, the “vorticity vector”, defined in terms

of wyp by

a .__ 1, abcd
W = 577 UpWed -

Now we discuss the effect of the tetrad specialization ey = u. First, note that with
this choice the Fermi derivatives are antisymmetric,

—eg & = eq &5 = eq - Vaes = Laog,

so we may define

This is the angular velocity of the triad {e,} with respect to a Fermi propagated
triad (c.f. Ellis & MacCallum [1969a]). Now, using (1.2.8), the v¢,, with at least one
of a, b, c equal to zero can be given in terms of €2 and the kinematic quantities of u:

Y00 = _ua
’YOaB - 2€aﬁfyw’y (129)
Ya08 = T€apy <£27 + W’y) — 0,15.

Using (1.2.2) and (1.2.9) the commutators can be written out in full as

l€o,e1] = uteg —011er — (012 —ws — Q3)es — (O3 +wa + o) €3
(€0, €] = ey — (091 + w3 + 23) €; —B92€y — (f23 —w1 —§21) €3
[€o, €3] = ey — (031 —we—D)er — (2 +wi + Q1) es —033e3
[e2,€3] = —2wie +nq1€; + (n12 — as) ez + (n13 + as) e3
les,e1] = —2weg + (o1 + a3) eq +noo€s + (nes —ay) es
le1,es] = —2wsep + (ng1 — az2) e + (ng2 +a1) es +nszes

(1.2.10)

In the next section the remaining tetrad freedom will be used to further simplify
these relations.

INTRODUCTION AND PRELIMINARIES

)

/



1.3 Local Rotational Symmetry

This section describes the locally rotationally symmetric space-times with a charged
perfect fluid and electromagnetic field, in which case Maxwell’s equations are

Fab. b - Eua

ﬂab; c] = 0.

These space-times have been studied by Ellis [1967], in the case of dust, and by Stewart
and Ellis [1968], for fluid with electromagnetic field. Most of the material in this section
relies on these references. Except where stated otherwise, the results of this section hold
regardless of whether the charge density, €, or the electromagnetic field, F,;,, are zero
OT NON-ZEro.

We use the following:

Definition. A space-time is said to be “locally rotationally symmetric” (LRS) in the
neighborhood U of a point py if at each point p in U there exists a nondiscrete subgroup,
g, of the Lorentz group in the tangent space, T,, which leaves invariant the fluid flow
vector, the curvature tensor and their derivatives up to third order.

Since u is invariant under g, we have that g is a group of rotations in the subspace of
T, orthogonal to u and so is either one- or three- dimensional. For a perfect fluid with
electromagnetic field, the stress-energy tensor is given by

Tab = HUgUp + ph/ab + Tab

where p is the energy density and p is the pressure of the fluid in the rest space, and
c 1 cd
Tab = Fach - ZlgachdF

is the stress-energy of the electromagnetic field. Since u, p and 7, are defined uniquely
by u, and R, they and their derivatives up to third order are also invariant under g.

If ¢ is three-dimensional, then assuming continuity of the group dimension, the ge-
ometry is spatially isotropic for observers with velocity u, and so we have a Friedmann-
Robertson-Walker (FRW) space-time. In this case, g has a one-dimensional subgroup
so these models are included in the discussion, where g is one-dimensional, as special
instances.

When g is one-dimensional we shall choose a tetrad, {e,}, in which ey = u and the
group g consists of the four-dimensional rotations about the plane spanned by ey and

INTRODUCTION AND PRELIMINARIES



e; in 7). The vector e; is then a spacelike axis of symmetry lying in the fluid rest space
and we have one rotational degree of freedom in the choice of e; and e;. Then, for
any covariantly defined vector v, we must have v - e; = v - e3 = 0. In particular, the
derivatives in the e; and es directions of any covariantly defined scalars must be zero.
This also implies w* = wd,;* and u® = 0d,*. For any symmetric covariantly defined
rank two tensor, invariance under g implies the 22 and 33 components are equal and
all off-diagonal components but 01 and 10 are zero. We may therefore write

Qab - dlag<07 «, ﬁ? /8)

The electric and magnetic field in the rest frame of u are, respectively,
E, = Fu’ and H, = %nab(”duchd.

Since F;, is not covariantly defined, the form of E, and H, must be deduced through
Tab, Which is defined invariantly. In general £, and H, are invariant under g if and only
if 791 = 0 in the tetrad!. We shall make the additional assumption that E,, H, and
their derivatives are invariant under g, in which case

To = diag(r, —7,7,7) (1.3.1)

From Stewart & Ellis [1968], the LRS space-times exhibit the following properties:

LRS Property 1. We may use the rotational freedom to choose a frame in which

\

leg,€1] = ey —ae

e, €] = —fey

0 es] = —hes (1.3.2)
[e2,€3] = —2wey —key +se;

les,e1] = —aes

le1, €] = aes.

/

The quantities £ and a may be defined in terms of the congruence of integral curves
of e; and so have zero derivatives in the e; and ez direction (except in the FRW case,
in which e; is not invariantly defined). Without loss of generality, we may choose the

IThis is contrary to the claim of Stewart & Ellis [1968] that invariance of 74, under g implies (1.3.1).
See Appendix B for the proof.
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tetrad such that 935 = 0 and for later use, we define the quantity r := d»s — 52, which
has zero derivatives in the ey and es direction. If we make the additional reasonable
assumption that p + p # 0, then for a perfect fluid with an electromagnetic field
satisfying (1.3.1), we have

LRS Property 2. The product wk is identically zero

Stewart and Ellis divide these space-times into disjoint and exhaustive classes as follows
ClassI : w#0, k=0
ClassII : w=0, k=0
Class III : w=0, k#0.

LRS Property 3. For an LRS space-time with perfect fluid and electromagnetic field,
the coordinate freedom can be used to set the metric in the form

xO 2
ds? = —Y92P L X2(dr)2 4+ Y2 [(da?)? + 12(da?)?] (1.3.3)
+4 12dz° — yda?®) da® — X2k [2dat — hda?®) da?,

where F = F(2%2'), X = X(2% 1) and Y = Y (2% 2'). The functions t(z?), h(z?)
and y(z%) are defined by

o+ Kt =
h,o+2Ct
Yo +2ct = 0,

where K, C' and ¢ are constants. In each of the classes the metric may be specialized
further as follows.

ClassI : F=F('),X=1Y=Y(2!),h=0.
Class I : h=0,y=0.
Class III : F=1,X=X(2°),Y =Y (2°),y=0.

INTRODUCTION AND PRELIMINARIES
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The relation between the metric and the tetrad is

0
€y = FW
_ 10
€1 = X Ozl (1 34)
_ 1 0
€ = Yoz
— Y 0 , h 8 4 1 0
€3 = tY 020 + tY ozl + tY 0x3°

(.

Each of the Classes I, IT and III is divided into subclasses. Stewart and Ellis [1968]
give the dimension of the isometry group and the orbits for each of the subclasses.
These results are summarized in figure 1.3.1. It is seen that in each case the space-
times admit a multiply transitive G, of local isometries. This result is stronger than
the definition we have chosen for LRS but it could have been used as an alternative
starting point.

Classes I and III are better understood than Class I because of the nature of their
isometry groups. In Class I we have a timelike Killing vector so these space-times
are necessarily stationary. In Class III a space-time admits an isometry group acting
transitively on spacelike hypersurfaces and much attention has been given to space-
times of this form. The only non-stationary solutions which do not have a group acting
transitively on spacelike hypersurfaces are found in Class 11, specifically subclasses I1a
and Ilc. In subclasses Ila and IIb the models have geodesic flow since 4 = 0. In the
LRS type Ilc space-times, the acceleration may assume any non-zero value so Ilc is the
most general subclass of Class II. All of the space-times in Class II have the property
that the surfaces {2° = const} are conformally flat, since their Cotton-York tensor is
identically zero.

We shall be most interested in the space-times of Class II because of the surface-
forming properties of the basis vectors and the generality of the isometry group. This
class includes the Einstein static solution, the Einstein-de Sitter solution, the Bondi
spherically symmetric solutions, and the Kantowski-Sachs and FRW space-times and
some of their generalizations. Also, if we allow p + p = 0, this class contains the
Reissner-Nordstrom family of solutions. In Appendix A we give the commutators,
Jacobi identities, Maxwell’s equations, Einstein field equations and Bianchi identities
for the Class II space-times.
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1.4 Symbolic Computation with MACSYMA

In many disciplines of science and engineering, straight-forward computations often
lead to the generation of lengthy expressions. The manipulation of these expressions
can be tedious and error-prone. This has led to the development of computer systems
for symbolic mathematical computation. Due to the nature of many calculations in
general relativity, a large number of these systems for symbolic computation have been
used by relativists over the past two decades. (For a review of the use of symbolic
computation in general relativity, see Fitch [1979¢] and and references cited.) Some of
the basic concepts used in symbolic mathematical computation are explained in Knuth
([1969¢|, Chapter 4) and an overview of current activities in this field is given by the
proceedings of EUROSAM 1979 (edited by Ng [1979d]).

At the present time, one of the most comprehensive symbolic computation systems
is MACSYMA. MACSYMA is a large, LISP-based system that was developed at MIT
and first became available for use in 1971. MACSYMA has been continuously extended
since that time by the group at MIT but is currently available at only a few installations.
For the computations in this thesis, we have used the system on a DEC PDP-10 at MIT,
known as the MACSYMA Consortium machine (MIT-MC). The purpose of this section
is to describe how MACSYMA has been used in this thesis. For a full description of
MACSYMA see the reference manual (Mathlab [1977]).

MACSYMA is an interactive system; the user is prompted for input, which is eval-
uated and then displayed. The user is then again prompted for input and the session
continues in a dialogue fashion. The input usually consists of mathematical expressions,
written with a syntax similar to many other programming languages. These expressions
are made up of constants, variables and functions, combined using the usual mathe-
matical operators. It is not necessary to ascribe values to these quantities prior to the
evaluation of expression containing them. MACSYMA provides many functions which
may be used to manipulate such algebraic expressions. These functions may be used
to differentiate, integrate, factor polynomials, solve equations and perform many other
mathematical operations. There are also functions which may be used to select the
form in which an expression is to be represented. This is a strong point of the MAC-
SYMA system — the user may choose the representation of his expressions and is not
forced to use a canonical form. The system makes very few assumptions regarding the
simplification of expressions and usually leaves them in the same form unless a specific
transformation has been requested.

The calculations in this thesis which have been done with the aid of MACSYMA
were performed interactively. When a given calculation was completed the commands
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necessary to reproduce the results were placed in a file. There is a MACSYMA function,
BATCH, which may be used to direct MACSYMA to take its input from a file. In this
way calculations can be reproduced as needed.

MACSYMA also possesses the usual features of a programming language. It is pos-
sible to write functions which exhibit block structure and the usual control of program
flow with loops and conditional execution. Using these features, it is possible for a user
to write functions which perform complicated tasks. In Chapter 6 we present a set of
MACSYMA functions which use these capabilities.

A METHOD FOR SPECIALIZING CLASSES OF SPACE-TIMES



Chapter Il
A METHOD FOR SPECIALIZING CLASSES OF SPACE-TIMES

Suppose that we are examining a class of solutions to the Einstein field equations.
Using the orthonormal tetrad formalism, the field equations and the Jacobi identities
form a consistent system of first order partial differential equations. The contracted
Bianchi identities are then consistent with this system, by virtue of the field equations.

To form a specialization of our class, we impose one or more constraints. These
constraints must be checked for consistency with the existing system and with one
another. This chapter introduces a method for doing this systematically.

2.1 Checking the Consistency of a Given Constraint

For simplicity, we shall initially assume that we have a non-empty class of solutions with
perfect fluid source and a constraint that may be expressed as a single equation. Later
we shall remove these restrictions. We shall say that a solution in the class “admits” the
constraint if the constraint is satisfied on an open subset of the space-time manifold, .Z .
The constraint specializes the original class to the subclass consisting of all solutions
which admit the constraint.

Let p be the pressure and p the energy density in the fluid rest space. The Jacobi
identities, field equations and Bianchi identities form a consistent system of equations.
In general, there are 16 Jacobi identities, 10 field equations and 4 contracted Bianchi
identities. For perfect fluid solutions, these equations may be expressed in terms of
the (2) quantities p and p, the (24) quantities Q% w?, f,4, 1%, n® and a®, introduced
in Section 1.2, and all of the (26 x 4) directional derivatives except (13): Jop, Oaft,
00, Oabae (no sum), and Jpu®. In the most general case we have a total of 30
equations in 26 variables and 91 of their first derivatives (= 26 x 4 — 13), and we may
solve directly for up to 30 of the directional derivatives in terms of the variables and
other derivatives, which shall also be considered unknowns. Note, however, that for an
unspecified function, say A, the directional derivatives, d,A, are not independent but
are subject to the integrability conditions (1.2.1):

OuOhA — Oy A = 7%, 0. A.

Let the constraint be given by the function
C(Qa7 wa? eaﬁ, ’l:[/a’ naﬁ? aa? M’p) = 0

14
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and be satisfied at all points in the open set % C .#. For each point in %, C' = 0
holds in a neighbourhood of the point so the propagation equations,

0,C =0,

must also be satisfied on % (that is, C' = 0 is preserved along the integral curves of the
basis vector fields on %). These new constraints, in turn, give rise (in a way described
in detail below) to new propagation equations. At this process is repeated, the new
equations may lead to a contradiction. In this case, there are no solutions in the original
class which admit the constraint in the open set. Otherwise, a stage may be reached
where the new equations are identically satisfied by virtue of old propagation equations,
the original system and the commutators (1.2.10). Then a solution in the class will
admit the constraint only if all the additional equations obtained by propagating the
constraint also hold. (These may be viewed as additional “constraints”.)

We now give a general description of this procedure. At each stage of the repeated
propagation, we must check for the compatibility of a given equation with the original
system and all previous propagation equations. First, replace in the given constraint
equation all known derivatives with their values given by the original system. If the
resulting equation is an identity, then it is obviously compatible. If the equation gives
a contradiction, then it is incompatible. In many cases, though, the equation will
give neither an identity nor a contradiction directly. These cases must be investigated
further.

If the equation has not been determined to be an identity or contradiction, then we
proceed differently depending on whether the equation contains unknown derivatives
or not. (This situation may depend on the vanishing of a coefficient; in this case the in-
vestigation should be divided into two cases, one where the coefficient is identically zero
— another constraint in itself — and another where the coefficient is non-zero.) If the
equation is free of derivatives, then it may be solved for one of the variables to decrease
the number of unknowns in the system. If, however, there remain derivatives in the
given equation, then solve for one of the previously unspecified directional derivatives.
This gives a new propagation equation for one of the unknowns, which may itself be a
derivative.

Not only must the equation hold, but its directional derivatives must be considered.
If the equation is free of derivatives, then the propagation equations along all four basis
vectors must be checked. If the equation specifies a directional derivative, then we
must take into account the appropriate integrability conditions for every other known
derivative for the variable. This will give up to three additional equations to be checked.
These equations may involve higher order derivatives of other variables. Note, though,
that an equation involving a number of derivatives of any order may be split into single

A METHOD FOR SPECIALIZING CLASSES OF SPACE-TIMES



16

derivative, first order equations by introducing “arbitrary” functions. It is not necessary
to do so, but the equations may be more manageable.

In both the algebraic and directional derivative cases, the equations will be compat-
ible only if all the new additional equations are compatible but it will be incompatible
if any of the new equations is incompatible. This procedure has been described in a
recursive way, with the base of the recursion being an identity or contradiction. There
is as yet no guarantee that in general this procedure is finite, though for a large class
of problems this seems to be the case. This is further discussed in Chapter 5. For the
remainder of this chapter, we shall assume that the procedure terminates.

We shall now remove the restrictions on the matter content and form of constraint
imposed at the beginning of the section.

If a perfect fluid model is inappropriate, then this procedure may be used with little
modification. When a more complicated stress-energy tensor is used, more variables
and derivatives appear in the field equations. Also, additional equations physically
relating these new quantities must be considered. For example, if terms for heat flux
are included in the stress-energy tensor, the classical heat conduction law must also be
obeyed; if an electromagnetic stress-energy tensor is used, Maxwell’s equations must be
satisfied. These additional equations, written in tetrad form, must be included in the
original system. The constraint may then be checked for compatibility in the manner
already described.

Types of constraints other than single equations are often needed in specializing
classes of solutions. If the constraint desired is expressed as an inequality relation (e.g.
iw+p#0, u>0), then upon differentiation, no new constraint arises. In this case
the propagation procedure is entirely unnecessary. If the constraint is specified by a
number of equations, then these equations must be checked for consistency with one
another as well as with the original system. This may be done systematically by taking
the equations sequentially and checking them for consistency with the system using the
procedure for a single constraint equation. If no contradiction has been reached, then
each equation checked and the additional equations obtained by propagation should be
included with the original system before proceeding to the next constraint equation. If
the last constraint equation checks successfully, then the constraint given by the system
of equations is compatible with the class and may be used to form a specialization.
On occasion, it may also be necessary to check resulting constraint equations against
inequalities. For instance, a stage may be reached where a constraint implies p+p = 0,
when it has already been assumed that ©+p > 0.

The next two sections give a few simple examples of this method for specializing
classes of solutions.

A METHOD FOR SPECIALIZING CLASSES OF SPACE-TIMES
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2.2 Two Spatially Homogeneous Examples

This section gives two examples of how to specialize a class of solutions using a con-
straint. In the first example the constraint may be applied consistently and in the
second it may not. The classes considered consist of spatially homogeneous perfect
fluid solutions.

Definition. !

A space-time is defined to be “spatially homogeneous” if it admits a G3 of local
1sometries with three-dimensional space-like orbits.

Spatially homogeneous space-times are classified according to the nature of their
isometry group using the Bianchi-Behr classification of the three dimensional Lie alge-
bras (see, for example, Ellis & MacCallum [1969a] or Ryan & Shepley [1975]). These
space-times obey the properties given below.

Property 1. (MacCallum [1975¢], pp. 107, 108): The normals to the orbit hypersur-
face are the tangent vector field of a geodesic, hypersurface-orthogonal congruence.

Property 2. (Ellis € MacCallum [1969a], pp. 113, 114): If we choose our tetrad such
that eq is orthogonal to the orbit hypersurfaces, then we have the freedom to choose a

frame such that
)

neg = diag(ng,na,ng)
@ = (a,0,0), a>0
any = 0

aa’}/abc == O

Ve

We shall call such a tetrad a “canonical tetrad” for the spatially homogeneous space-
time. Note that the triad {e,} spans the tangent vector space of the group orbits at
all points.

In the Ellis-MacCallum classification of spatially homogeneous space-times (Ellis &
MacCallum [1969a], p. 114), a space-time is of Class A if @ = 0, in a canonical tetrad.
Otherwise a > 0 and the space-time is of Class B.

LA weaker definition requires a G, r > 3, with three-dimensional space-like orbits. Our definition
omits the case in which the G, does not contain a G3 subgroup acting on space-like hypersurfaces.
This situation may arise only when r = 4 and has been described by Kantowski and Sachs [1966].

A METHOD FOR SPECIALIZING CLASSES OF SPACE-TIMES
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Property 3. (Ellis & MacCallum [1969a], p. 118): In a space-time of Class A with
perfect fluid source, a canonical tetrad may be chosen with u = ey such that the triad
{ea} is a Fermi-propagated eigenframe of oup.

Thus for a Class A space-time, a special canonical tetrad may be chosen in which

)
u = €

u = w=0=0
O = diag(0,0:,0,,03)

0l = 0

a, = 0
neg = diag(ng,ng,ng)

Oangy = 0.

In this tetrad, the non-trivial Jacobi identities are

(01 ) <~ aonl = m (201 — 0)
(02 ) & OGny = ny(20, —0) (2.2.1)
(03 ) = 80713 = 7?3(263 — 9)

The non-trivial Einstein field equations are

(00) < 9o = —(6:°+6,"+65%) —L(n+3p)+ A

(11) & bh = —00, — 30>+ 1(no —n3)? + 5(u—p) + A (2.2.2)
(22) & Opfy = —00, —ins® +L(ng—ni)? +5(u—p) +A

(33) & b5 = —005—ing® +Li(ng —no)>+3(u—p)+A )

and the only non-trivial contracted Bianchi identity is
0) = Oop=—(n+p).

We shall now attempt to specialize two Bianchi-Behr types in Class A by imposing
the constraint

o
n®, =0 on an open set.

A METHOD FOR SPECIALIZING CLASSES OF SPACE-TIMES
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Example 2.2.1. Consider the class of Bianchi-Behr type VI;,—q solutions, with perfect
fluid source. These solutions are in Class A and are distinguished in a canonical tetrad,
possibly by renumbering, by

np =0, ny>0 ng<O.

(Note that initially the requirement that n; = 0 may be regarded as a constraint which
is satisfied by virtue of (2.2.1).)

The constraint which we want to impose is given by
n®, =mng+mns =0. (2.2.3)
For this to hold in an open set we must also have
Ou(ne +mn3) =0 < Jp(ng +ng) =0.
Adopting a special canonical tetrad, this gives

—9(712 + n3) + 2(71292 + n393) =0
& 0y—05=0 (2.2.4)

where use has been made of (2.2.1) and then (2.2.3). This relation must also be satisfied
on an open set so we must have, using (2.2.2),

0a(02 — (93) =0 < (90(02 — 93) =0
<~ —9((92 — 93) — (TL22 — n32) = O,
which is an identity by virtue of (2.2.3) and (2.2.4). This leaves us to conclude that
there is a specialization of the class of Bianchi-Behr Type VI,—q solutions with perfect

fluid source in which n®, = 0. In this specialization, we necessarily have 6, = 03 and
the Jacobi identities, field equations and Bianchi identity reduce to

dong = —nab;
90 = — (61" +265%) — 2 (u+3p) + A
Aot = =00, +ns” + 2(u—p) + A
0pby = —00y + %(u —p)+A
dopr = —(p + p)0.
The procedure for arriving at this conclusion may be depicted schematically as in
Figure 2.2.1.
O
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ny +ng =0 constraint
do
By — 03 =0 1%t propagation
o
identity 274 propagation

Figure 2.2.1: Bianchi-Behr type VI,— perfect fluid solutions subject to n®, =0

Example 2.2.2. Consider the Bianchi-Behr type VIII solutions with perfect fluid
source. These solutions are contained in the Ellis-MacCallum Class A and in a canonical
tetrad, renumbering if necessary, have

ny >0, no >0, ny<O0.
We now impose the constraint
n®, =mni +mng +nz =0. (2.2.5)

Adopting a special canonical tetrad and demanding that (2.2.5) hold on an open set,
we obtain
80(TL1 + N9 + ng) =0 = —9(711 + ») -+ 77,3) + 2(%191 + 712(92 -+ 77,393) =0
& ngb + noby + n393 =0, using (225)
0 0
o gy = MUrtnate (2.2.6)

n1+n2

again by (2.2.5). This relationship must be time propagated as well, giving

80(71161 -+ n292 + 71393) =0
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21
= 2(7”&16‘12 + n2(922 + TL3932) + %(_nlg - n23 - 7133
+ n1n22 + n1n32 + 7127112 + n2n32 + n3n12 + n3n22 — 677,1712713) = O,
where use has been made of (2.2.1) and (2.2.2). Using (2.2.5) and (2.2.6) to eliminate
ng and #3 this gives

ning

n1 + no

(61 — 62)* 4 3(n1 + n2)?] = 0. (2.2.7)

Each of the factors on the left-hand side of (2.2.7) is strictly positive, so we have a
contradiction. This gives the conclusion that the specialization n®, = 0 yields an
empty class; there are no Bianchi-Behr type VIII perfect fluid models in which n*, =0
on an open set. The above steps are depicted schematically in figure 2.2.2.

]

2.3 A Spatially Inhomogeneous Example

This section gives another example of how to specialize a class of solutions according to
a constraint. We shall consider the LRS type II solutions with dust as the source (see
section 1.3). Our original system will be given by the equations (LRSII) of Appendix A,
with p, @, 7 and € replaced by zero. For all the unknowns but s, the only non-trivial

commutator is
[eo,el} = —Qe;. (23].)

The non-trivial field equations give

(01) & 0 =a(f—a)

00 Qo = —L+0—a*—a*+

(00) o g —o i (2.3.2)

(11) < B = 3(A=332+a*—r)

(22) da = F(A+p—pF%=2a8+3a®—7).

The non-trivial Jacobi identities are

(0?2) and (01) < 0Jpa = —fa
(033) & Oor = —20r (2.3.3)
(133) & O = 2ar
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ny+nge+ng =0 constraint
do
n1601 + ngby — (nq +ng)f3 =0 1%t propagation
do
contradiction 2" propagation

Figure 2.2.2: Bianchi-Behr type VIII perfect fluid solutions subject to n*, =0

and the only non-trivial contracted Bianchi identity is
(0) & Oopu=—(a+28)p. (2.3.4)
We shall also assume the energy condition
p = 0.
These relations shall be used in the following example.

Example 2.3.1. We shall make the specialization that, on an open set, the flow be
expansion-free but not necessarily shear-free:

a+28=0. (2.3.5)

Since the directional derivatives 0y and 05 give zero for all of the variables which appear
in our equations (2.3.2-2.3.4), we need only check the ey and e; propagation equations.

The first differentiation of the constraint (2.3.5), using (2.3.1) and (2.3.5), give

d(a+28)=0 < u—2A+1282=0 (2.3.5,0)
Oh(a+28)=0 & 0Oa= —6af (2.3.5,1)
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Both of these equations must now hold on an open set. The propagation equations for
(2.3.5,0) are

Ao — 2A +126%) =0

s Bp+2@—r)+682) =0 (2.3.5,00)
and
O (p—2A +126%) =0
& O = —72af?, (2.3.5,01)

by (2.3.2), (2.3.4), (2.3.5) and (2.3.5,0). The propagation equations of (2.3.5,01),

OpO1 1 = ao(—72@52)
10w = D1 (=T2ap3%),

are consistent with the original system (2.3.1-2.3.4) if and only if u satisfies the inte-
grability condition (2.3.1):

OpO1pt — 010gpt = —aOr
& Oo(—T2a32) = —a(—T2a/3?)
& aB(p+2(a® —r)) =0 (2.3.5,01%)

Thus, (2.3.5,0) holds on an open set only if, in addition, (2.3.5,00) and (2.3.5,01)
also hold. The propagation equations of (2.3.5,1) hold identically since « satisfies the
integrability condition:

80(9105 — 0180(1 = —a@la
& Oo(—6af) — 0y (—g —3B8% —a* + 7“> = —a(—6af)
& identity,

by (2.3.2), (2.3.3), (2.3.5) and (2.3.5,1).

It remains to check for consistency the equations
Blp+2(a* —r) +66%) =0 (2.3.5,00)

aB(p+2(a®—7)) =0 (2.3.5,01%)

with the original system. At this point we would usually divide the examination into
a number of cases in which combinations of factors were zero. Note, though, that 3 is
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a factor common to both equations. In the cases in which # # 0 on an open set, then
solving (2.3.5,00) for p and substituting in (2.3.5,01%) gives

p=2(r—a*) — 63>
= a=0
The propagation equations for a = 0 are:
Oha =0 < identity
0a=0 < 3u—2r+183* =0, using (2.3.5,0)
& r=0, using (2.3.5,00)

But this gives u = —6/3%, which contradicts the energy condition x> 0. Therefore the
only cases which do not lead to a contradiction are those in which

B=0 (2.3.6)
on an open set. For this to hold we must have
HB=0 < p=2r—ad)
018 =0 < identity. (2.3.6,0)
Equation (2.3.6,0) may now be imposed on an open set consistently with the original

system, since its propagation along ey and e; yield identities by virtue of (2.3.2), (2.3.3),
(2.3.4) and (2.3.5,0).

We have shown that the constraint a + 25 = 0 may be applied to our class of
solutions only if we also demand (2.3.5,0), (2.3.6) and (2.3.6,0), whence

a=0£=0
p=2A (=A>0)
r=A+d (=r>a*>0).

Subject to these restrictions, our original system of equations is equivalent to

aoa =0
(2.3.7)

ha = A+ad°

From its definition, a may be given in terms of the tetrad components, ¢’ , so (2.3.7)
may readily be solved to obtain the general solution in the subclass. Thus, the demand
that the dust flow be expansion-free is much more restrictive than it originally appears.

The procedure we have followed in this example is given schematically in figure 2.3.1.
The notation introduced in this figure shall be used in diagrams in subsequent chapters.

O
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Chapter Il
INTRINSIC SYMMETRIES IN GENERAL RELATIVITY

In this chapter, we introduce the concept of “intrinsic symmetries” used in this
thesis. Section 3.1 describes the basic idea of intrinsic symmetries and Section 3.2 goes
into greater detail, showing how the intrinsic Ricci tensor and the second fundamental
form may be used to characterize families of submanifolds.

3.1 The Role of Intrinsic Symmetries

Spatially homogeneous space-times, defined in Section 2.2, have been used extensively
as universe models (cf. MacCallum [1973c| or, more recently, MacCallum [1980b] and
references cited therein). The conventional belief in large-scale spatial homogeneity of
the universe and the relative mathematical simplicity of these models lend justification
to this approach. However, spatially homogeneous cosmological models are not suitable
in all contexts. For example, spatially homogeneous models are probably not sufficient
to solve the problems associated with galaxy formation and particle horizons in the early
universe. It then becomes necessary to study spatially inhomogeneous cosmological
models, even though they are mathematically much more complicated.

By “spatially inhomogeneous” we mean that there does not exist a group of local
isometries G, r > 3, acting transitively on spacelike hypersurfaces. To introduce spatial
inhomogeneity, one may relax the requirements for spatial homogeneity by decreasing
the dimension of the local isometry group or of the group orbits. The simplest case is
to have a (G5 acting on two dimensional spacelike orbits. For a perfect fluid (or perfect
fluid with electromagnetic field), this coincides with the LRS type II space-times (see
Section 1.3), for which a general solution is not known.

To attempt a study with spatial inhomogeneity, one may alternatively employ spa-
tial collineations which are not isometries (Katzin, Levine & Davis, [1969b]). The
simplest such collineation is a simple “homothetic motion” or “similarity mapping”.
This is a diffeomorphism for which the generating vector field, h, satisfies

ZhGap = 2bgap

for some constant, b. It has been shown (McIntosh [1976]) that in any perfect fluid
space-time unless we have a “stiff matter” equation of state, if such a vector field, h, is
orthogonal to the fluid flow vector then h is necessarily a Killing vector. * Thus, if a

*This result does not necessarily carry over to a perfect fluid with electromagnetic field (see Ap-
pendix B).
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general perfect fluid space-time admits a local group H,(r > 3) of homothetic motions,
which is not an r-dimensional isometry group, then the group orbits are necessarily
not orthogonal to the fluid flow. If the group orbits are 3-dimensional spacelike hy-
persurfaces, the solutions are then said to be “tilting” (cf. King & Ellis [1973b]) and,
although there is some justification for studying tilting models, they are complicated
to deal with even in the case where the group is an isometry group. (Eardley [1974])
has initiated some studies of such (tilted) models in the case where there is a H,.(r > 3)
homothety group.

These difficulties motivate another approach to space-time symmetries. The method
of “intrinsic symmetries” consists of imposing conditions not on the full space-time
manifold but on submanifolds of the space-time (Collins & Szafron [1979a], Szafron
& Collins [1979¢], Collins & Szafron [1979b]). In this way one hopes to arrive at a
tractable set of field equations without requiring spatial homogeneity. This method is
illustrated in the following example.

Example 3.1.1. Consider the class of Bianchi-Behr type I (spatially homogeneous)
perfect fluid solutions. These space-times are contained in the Ellis-MacCallum Class
A (see Section 2.2) and are distinguished in a special canonical tetrad by

ni=ngs=nz=a=0>0.
The metric is given by
ds® = —dt* + X2(t)dz® + Y*(t)dy? + Z*(t)dz?
and the fluid flow is orthogonal to the flat hypersurfaces which are the orbits of the

local isometry group.

We may generalize this class of space-times by adapting the intrinsic symmetries
approach. We shall look at models in which the fluid flow is orthogonal to flat hyper-
surfaces but which are not necessarily the orbits of an isometry group. That is, we
shall impose the condition that the hypersurfaces, when considered as 3-spaces, admit
6 independent Killing vectors, none of which is necessarily a Killing vector of the full
space-time.

That we need not have spatial homogeneity is illustrated by a simple plane- sym-
metric metric:

ds® = —dt* + 1723 [1 +1C(x))? da® + '3 (dy? + d=?)
This metric describes dust with density

B 4C ()
=3+ 10 ()]
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flowing orthogonally to the flat hypersurfaces {t = constant}. In general, this space-
time admits the three Killing vectors:

0 0

9 9_,9
N oy Y92

5(3) — 5

which generate a G5 acting on the two dimensional orbits {t = constant, x = constant}.
We have spatial homogeneity if and only if C(x) is a constant, in which case £* = 5%
is also a Killing vector and we have a G4 whose orbits are the hypersurfaces {t =

constant }.

A more complicated example would be obtained by postulating the existence of
spacelike hypersurfaces, each invariant under an O(3) group of local isometries, which
again need not be isometries of the full space-time (Krasinski [1980a]). The space-times
are “intrinsically spherically symmetric” although not necessarily spherically symmetric
in the conventional sense.

3.2 Families of Surfaces: Intrinsic and Extrinsic Curvatures

When adopting the intrinsic symmetries approach, it is most natural to place conditions
on the submanifolds of a geometrically well-defined family. Hopefully, the gain here
would be in the use of 1- and 2-parameter families of (respectively) 3- and 2-dimensional
submanifolds, since 3-parameter families of 1-dimensional surfaces (i.e. congruences of
curves) are already thoroughly exploited.

The geometry of a submanifold of dimension 2 or 3 is described by the intrinsic
Ricci tensor, which, because of the dimension of the submanifold, entirely determines
the Riemann tensor of the submanifold. This Ricci tensor may be used to construct
invariants which characterize it. Then a constraint on the intrinsic curvature could be
given in terms of these invariants.

There is some latitude in choosing independent invariants to describe the intrinsic
curvature of a submanifold. The following example illustrates this.

Example 3.2.1. Consider R}, the intrinsic Ricci tensor of a spacelike hypersurface.
(The notation follows Ellis [1971], p.132 and MacCallum [1973c|, p.105.) In general
this tensor will have six different components. However, using three degrees of freedom
for orientation, a local basis may be chosen to be an orthonormal triad which is an
eigenframe of R} ;. In this frame, R}, takes the form diag (R}, R3,, 33) and we see
that we must construct, in general, three algebraically independent scalars to describe

the intrinsic curvature. There is some freedom in the choice of three such scalars so,
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29

since no choice is preferred on physical grounds, we shall construct the scalars that are
the simplest to work with. The easiest method to imposing a condition on a scalar
is to set it to zero, so we would like to define our quantities in such a way that their
vanishing has significance. A few possibilities are:

(i) Contractions of R ; with itself

* * Bp*x a * Bk v R* a
R, R.°R'", R,PRR.°

«

(ii) The three eigenvalues of R,

These are the solutions, A\;, Ay and A3, to the characteristic equation:
det (R*aﬁ - )\gaﬂ) - O
& XN - RN+ 1 [(R) — R,PR) A —det (R,”) =0 .

(iii) The coefficients of X in the characteristic equation for R

We would then have the following interpretation:
R, =X+ X+ X3

TR ™) = RLPRE T = Aida + Aads + M
det (R.7) = A2

(iv) “Degree of isotropy” R s

Define the scalars R*, S > 0 and T' > 0 as follows:
R*=R.“
« * 1 *
52 = % aﬁS g ) Socﬂ = Raﬁ - gga,BR
TS = 45° — 3 (S,p5775%)°
Then

R* =0 < the isotropic part of R ; is zero
S'=0<+ R, is completely isotropic (all eigenvalues are equal)

T =0« R, is partially isotropic (some pair of eigenvalues are equal).
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Of these choices, (ii) and (iv) are the most intuitive and the chief difference between
them is that the information gained from the vanishing of the eigenvalues is highly
directional, whereas that from the vanishing of R*, S and T is more general.

At this point we shall introduce a new notation. If a set V' of 4-m linearly inde-
pendent vector fields is (locally) surfaceforming, then the family of surfaces shall be
denoted by .%,,(V). We then have an m-parameter family of submanifolds partitioning
the region of interest. Geometric objects defined on a submanifold may be written
showing their manifold dependence. For example, the components of the Ricci tensor
for .7 €.#,,(V) would be written as R,z(.”), where a and B are suitably restricted.

We now go on to give the relationship between the submanifolds and the containing
space. The embedding of non-null hypersurfaces in a (sub)manifold is described by
the congruence of integral curves of the unit normal vector field. This is done using
the second fundamental form or “extrinsic curvature” of the hypersurface, which may
be defined in the following way. Let .’ be a non-null hypersurface with unit normal
vector field n in .. If g, is the metric of ., then the projection tensor from .# into
S is

hay = Gab — nenngny

and the extrinsic curvature tensor X, is defined (cf. Hawking and Ellis [1973a]) by
Xab = hcahdbncud.

Here || indicates the covariant derivative with respect to the connection on .. In this
discussion, Latin indices shall take on the values appropriate to . while Greek indices
take on the values appropriate to ..

We may now relate the curvature tensor, R%, , of . to the intrinsic and extrinsic
curvatures, R} ; and xqp, of 7" using the formulas of Gauss:

“hea = R fghhaehfbhgchhd + 2n°ne X Xdp

and Codazzi:
Req nh%, = 2X () = X%0lla — X%allb-

To illustrate this idea, R*,; in example 3.1.2 would be given by
R, = Ry b I W9 A — 004 + 00,
In this case, . is the space-time manifold .# and || corresponds to ;. Note that if

" is a hypersurface in .%’ then the curvature of " may be related to ./ and hence
to 7.
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We shall be using the intrinsic Ricci tensor and the second fundamental form to de-
scribe the geometry of 2- and 3-dimensional submanifolds. Following example 3.2.1, we
shall use the following scalars to characterize R,s(-7") and (", n) for a submanifold
Se Fy (V)

R(S") := R (.Y, (S n):=x* (" n)
S(S") = 38.5(F")S(S), o(S n) = 30u(S,n)o* (S, n)

T2

and, if r = 3,

TO(") i= 45%(.F") = 3 [Sap(-#)SP ()5 ()]
79" n) = 40%(S") = 3 [o(#,n)o™ (S, n)0’ (S, n)]",

[

where S,5(-") and o4,(-’, n) are given by

Su(7") = Rl ") — 2227
0 (-7 1) = Y(ay (" 1) — h“”(iﬂ L1 o),

The scalars R and 6 are the isotropic parts of R, and x,p respectively. The quantity
S > 0 or o > 0 vanishes if and only if all the eigenvalues of R,3 or x.s respectively,
are equal and 7" > 0 or 7 > 0 vanishes if and only if any two eigenvalues of R,3 and
Xa3, respectively, are equal. Note that when n = u and r = 3 then ¢ and o are the
usual kinematical quantities. Also note that the invariant 7, introduced here, should
not be confused with the quantity 7, introduced in section 1.3, which describes the
energy density of the electromagnetic field.

It is possible to give formulas for the intrinsic and extrinsic curvature tensors in
terms of n and the set of vector fields V. This is shown in the following example.

Example 3.2.2. Suppose ." € %5(V1,Vy), S € % (n,V,Vy)andn-n=—1.
Then, without loss of generality, choose an orthonormal tetrad e4, A = 0,1,2,3 , in
which e; = n and e, and ez span the tangent space of .%’. Then

Raﬁ(y/> - a’YFﬂ/ﬂa - 851_‘770( + P’Y'yértsﬁa - deartsvﬂ - 7676Iw(5a
and
Xab(y,, n) = ncHdhachbd =
= (Ogne — Fedcne)(h;c + nanc)(h;d + nyn?),
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where BAB = gap — e1ae1p and the indices take the following values: «o,f3... =
2,3, a,b...=0,2,3 and A\B... = 0,1,2,3. Here the quantities ['4; are the Ricci
rotation coefficients of the full space-time with metric g45, and h AB is the projection
tensor from the full space-time onto .#.

When R,3(") and x4 (-, n) are written as in the above example, all the quantities
R, S, T, 6, o and 7 are well defined, although their interpretation is less succinct,
regardless of whether or not the set of vector fields, V', is surface-forming. If the vector
fields are surface-forming then the Greek indices may be replaced by small Latin indices
to emphasize the tensor character of the intrinsic and extrinsic curvatures. Another
point to note is that if we have more than one family of surfaces, the intrinsic and
extrinsic curvature invariants associated with each family are not all independent but
are related via the Gauss-Codacci equations.

In a general space-time partitioned by a family of surfaces, we would expect the
curvature invariants to be non-zero in a given neighborhood on any surface. However,
there will be certain distinguished space-times in which one or more of these quantities
is zero on an open set. We can thus obtain an algebraic classification of solutions
depending on the vanishing of these invariants on all surfaces of the family. Further, in a
space-time with several geometrically preferred families of surfaces, in any of the families
combinations of the quantities R, S, T, 0, ¢ and 7 may vanish. This classification scheme
is a simple one based on the “degree of isotropy” of the intrinsic and extrinsic curvatures
of subspaces. Another scheme exists in which both the inhomogeneity and conformal
nature of the spacelike hypersurfaces are exploited (Wainwright [19791]).

Our aim is to impose one or more of the intrinsic symmetries in order to simplify
the field equations. (One hope is eventually to find new exact solutions but this has
not yet been achieved.) We shall impose our conditions on one of the simple classes of
inhomogeneous space-times, the LRS models. Since our technique uses surfaceforming
combinations of vector fields, we shall concentrate the investigation on LRS type II
space-times. In fact, we shall be concerned mainly with type Ilc models, in which
u#0, a#0, and w =k = 0. In that case the spacelike hypersurfaces are conformally
flat so the classification scheme of Wainwright divides the models into only 3 categories
(Hs : 0w # 0, h%0.,0 #0; B4 : o4 #0, h%0,0 =0; and D3: o4 =
0, h%0,0 =0). We shall be employing the intrinsic symmetries approach in preference
to this, since it leads to a finer subdivision of types. However, a combination of the
two approaches could be valuable.

SPECIALIZATION OF THE LRS CLASS II USING INTRINSIC SYMMETRIES



Chapter IV

SPECIALIZATION OF THE LRS CLASS i
USING INTRINSIC SYMMETRIES

We come now to the application of intrinsic symmetries in this thesis. We shall use
certain symmetries to specialize the LRS type II class of solutions. The basic set of
equations for this class is given by the system (LRSII) in Appendix A. All specializations
in Chapters IV and V are made within this ambient LRS Class II system; in particular,
w = k = 0 is retained throughout, so conditions such as = 0 or a = 0 do not move a
branch into LRS Class III or Class 1.

In this section we shall examine subspaces orthogonal to the time-like congruence,
employing combinations of the following intrinsic symmetries:

23R :=R(1237) =0 & r=—201a+3a°
1235 = S(1237) =0 & r=0a

1237 :=T(123) =0 (holds identically)
12R:=R(12) =0 & 0=00a—ad?
23R = R(93.7) =0 &S r=0

0230 =0(37,e1) =0 & =0

(4.0.1)

Here the subspaces are defined by

1237 € F1({e1,es,e3})
127 € Fa({er1,e}) € {F({e1,v})|v-eg =v-e; =0}

and
937 € fz({eme?,})

for a tetrad, e,, which satisfies equation (1.3.2). These and other intrinsic symmetries
for the LRS type II space-times are listed in Appendix C. Note that each of the families
Fi1({e1,eq,e3}), Fr({el,v})|v-ey=v-e; =0 and F({eq, e3}) is geometrically well
defined and although %5({e;,es}) is not defined uniquely it is representative of the
class Fy({e1,v})|v-ey=v-e; =0, since e; and e; are fixed up to a rotation only.

We shall investigate the consequences of these symmetries individually and in com-
binations. To do this we shall impose the appropriate constraint equations from (4.0.1),
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using the method introduced in Chapter 2. Note that, for all quantities in the basic
equations and the constraints, the operators 0y and 0z yield zero so for any constraint
only the dy and 0; propagation equations need be checked.

The symmetries, (I5) and (16), related to the group orbits will be examined first.
Then (I1), (I2) and (I4) will be examined individually and with combinations of (I5) and
(I6). Finally, since any two of (I1), (I2) and (I4) imply the third, we shall investigate
the case where all three hold and again consider combinations with (I5) and (I6).

The majority of these calculations have been performed using the symbolic com-
puting system MACSYMA (see section 1.4). The calculations for (I5) and (16) will be
outlined in some detail in computer free terms, as will be those for (I1). For (I2) the
specialization is done with the aid of the computer and will again be presented in some
detail. The remaining cases will only be summarized, the computational specifics being
given in Appendix E.

4.1 Combinations of 3312 = 0 and (230 = 0

The first intrinsic symmetries that we shall investigate are those associated with the
orbits of the isometry group. We examine specializations in which the group orbits are
intrinsically flat (I5), the group orbits have zero extrinsic curvature in the hypersurfaces
orthogonal to the fluid flow (16), or both 15&6.

(15) 23R =0
In this case we have
»R=0 < r=0. (15)

For this constraint to be preserved along e, we must have, using (J4),
dr=0 & =20r=0,

which is an identity. For the constraint to be preserved along e;, we must have, using,
(J5),
or=0 < 2ar=0,

which is also an identity. Hence the intrinsic symmetry may be imposed without
requiring that any additional conditions be satisfied. This is indicated in figure 4.1.1.

Note that since (J4) and (J5) always hold, we may have (I5) in conjunction with
any of the other intrinsic symmetries, unless r = 0 is specifically prohibited.
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80 a1

identity identity

Figure 4.1.1: 15: 53 R=0

(16) (0)230 = 0
We now consider the condition
020=0 & B=0 (16)

and check for the necessary conditions for it to hold on an open set. The ey propagation
of 3 is given by the field equation (F2):

=0 & A—p+a*—r—2au+71=0. (16,0)
Using (I6), the e; propagation is given by (F4):

=0 & aa=0.

The last equation is satisfied if and only if @ = 0 or & = 0 on an open set. Note,
though, that a = 0 gives a contradiction since dja = 0 implies by (F3), (16) and (16,0)
that p+p = 0, which contradicts the perfect-fluid energy condition. Therefore we must
have

a=0. (16,1)

There are now two more equations, (16,0) and (I6,1), which must be preserved along
ey and e;. The four resulting propagation equations are:

O(A—p+a*—r—2au+7)=0 (16,00)
= 80p = —20/(90?1,

by (J2°), (J4), (M5) and (I6),

OAN—p+a*—r—2au+7)=0 (16,01)
& 0= —1*+21 —r+i(u+p) +d,
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by (BI2), (F3), (J5), (M6), (16) and (16,0),

doa = 0, (16,10)
which becomes an identity by (F1), (16), (16,01), and

B = 0. (16,11)
The derivatives of « trivially satisfy the commutator relation, so (I16,11) is also an
identity.

Equation (16,00) may be split into two propagation equations by introducing a new,
arbitrary variable, Uy, i.e.
Oop = —2alU, (16,00a)
and

dote = Uj. (16,00Db)
Since 0yp is already known through (BI2), p must satisfy the integrability condition:

0pO1p — 10op = 1 dop  (using (16,1)) (16,00a*)
& O[—(u+p)i+ eE] — O (—2alUy) = —2auly (using (BI2) and (I16,00a))
o U= —Usla+3i) (using (BI1), (M3), (M7), (16,00a), (I6,00b), and (F3)).

The last equation will be automatically consistent with the system since dyU, has yet
to be specified.

Now considering equation (16,00b) in conjunction with (16,01), we have equations for
both derivatives of ©. The integrability condition for this variable is identically satisfied
using (16,00a*), in addition to (I6,00b) and (I16,01), so the values of the directional
derivatives of u are compatible with our system.

We have now checked all of the necessary conditions for (I6) to hold on an open set.
Since these equations are compatible, we have a consistent specialization. In summary;,

we have .

5=0 (16
a=0 (16,1
A—p+a®>—r—2ai+7=0 (16,0
dop = —2adyt (16,00
Ou=—u*+2r —r+i(pu+p)+a® (16,01

)
)
) (4.1.1)
)
)
01 00ts = —yit(a -+ 311) (16,00a*)
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as well as the equations (LRSII) of Appendix A.

The computations we have performed are depicted in Figure 4.1.2.

(15&6) 23R =0 and (0)230 =0

We now consider the specialization in which both (I5) and (I6) hold. This is, in effect,
the intersection of the two classes just considered. To see if the specialization is con-
sistent, we first impose the constraint (I16), obtaining the additional conditions (4.1.1).
We then check to see if (I5) may be imposed on the new system ((LRSII) and (4.1.1)).
We find that (I5) is admitted unconditionally, since r = 0 is not specifically prohibited.
This is shown in figure 4.1.3.

Alternatively, the constraint (I5) may be imposed first, after which (I6) would be
applied. We would then work through a sequence of steps similar to those for (I6)
alone, except that the quantity r would be zero. Either way, we see that we have a
consistent specialization in which we have (LRSII), (4.1.1) and the additional equation
r=0.

4.2 193 = 0 and Combinations of 332 = 0 and ()30 = 0

We shall now investigate the intrinsic symmetry (I1) — the vanishing of the Ricci scalar
of the hypersurfaces orthogonal to the fluid flow:

123R =0 < 231& — 3@2 +r=0 (11)

We shall also explore this condition along with either or both of (I5) and (I6), labelling
the combinations as follows:

123R =0 and 23R =0 (11&5)
123R =0 and (0)23(9 =0 (Il&G)
123R =0 and 23R =0 and (0)23(9 =0. (11&5&6)

The calculations involved in imposing these conditions will be outlined here in a fairly
detailed way.

We now show that the investigation of 153R = 0 splits naturally into two disjoint
cases: one in which (g)2360 # 0 and one in which (g)230 = 0. Using (F3), the equation
(I1) may be rewritten as an algebraic constraint:
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figure 4.1.2

identity identity

Figure 4.1.3: I566: 53 R=0 after imposing (g)230=0

A+ p+7-52a+p)=0. (11)

Applying 0, to this equation gives the condition for preservation of the constraint along
ey. We then have

80u + 807' - 2(06 + ,B)a(]ﬁ — 2530& =0 (11,0)
& 28(0i+ u*) + (a* — ) (a — B) — 2au(a + B) = 0,

by (BI1), (M5), (F2) and (F1). Similarly, preservation along e; gives

81ﬂ+81T—2(@+6)81ﬁ—256104 =0 (11,1)
& Op+4dat +eE —2a(f* — o?) — 2B80,a = 0,

by (M6) and (F4). As before, we need not check the e; and e3 propagation equations,
since these operators give zero identically when applied to the quantities in (I1). Exami-
nation of equations (I1,0) and (I1,1) indicates that we must indeed consider two disjoint
cases: one in which 8 = (9230 /2 vanishes identically on the open set and another in
which 8 never assumes the value zero. We shall first consider the more general case,
in which 8 # 0 and the calculations are somewhat more involved, and then proceed to
the special case § = 0.
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(I1) 123R =0 (B # 0)

In this subcase, division by ( is possible since the quantity is never zero. Therefore we
may write the first propagation equations as

i =—i*+ 17 (a® —r)(8 —a)+ B ai(a + B) (11,0)

and
dra = L7 dar + €E — 2a(8? — o) + ). (I1,1)

Equation (I1,0) gives 0y@. Since this is the first specification of a derivative of u we
need not check any integrability condition. Equation (I1,1) relates two previously un-
known derivatives. We shall split this equation into two, each with only one previously
unknown derivative, by introducing a new function, M, as follows:

v = M, (I1,1a)
O =187 M; + dat + €E + 2a(a® — 57)]. (I1,1b)

(The notation M; is used for consistency with cases done on the computer and is not
to be confused with Maxwell’s equation (M1).) Both dyp and dyar are known, so we
must now check the commutators.

First we shall check the commutation relation for p. Using Oyp from (I1,1a) and
Oop from (BI1), the integrability condition

o0 p — D1 0op = U op — awdp

may be expanded using (I1,1a), (BI1), (BI2), (I1,1b) and (F4). The resulting equation
is solved for 0yM; to obtain

oM, = — %(u +p)B M, + 4at + €E + 2a(B — a)?] (I1,1a%*)
— (a+2B)eE — 2(a+ B) M;.

This is the first derivative of M; to be specified. Provided that the resulting constraints
are compatible with the commutation relation for o, M; may be chosen arbitrarily and
no further checking is necessary.

Now we do a similar check of the commutation relation for a. With 0« given
by (I1,1b) and dycr by (F1), substituting for 0,4 from (I1,0), the commutator may be
expanded. After a straightforward but quite lengthy calculation using (I1) and most
of the equations specifying derivatives, including (I1,1a*), the commutation relation is
found to be an identity. Thus no further equations remain to be checked.
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Since the resulting equations are compatible, we have a consistent specialization of
the LRS type II space-times. In summary, any solution in this specialization is subject
to

B#0
A+p+71—82a+8)=0 (11)
Oy = —i® + 3571 (a? = 1) (B — @) + B ai(a + B) (I1,0) (4.2.1)
O = 36701+ daT + €E + 2a(a® — ?)] (I1,1)
Ao = — (e + p) B[Oy + dat + €E + 2a(B — a)?]
—(a+2B8)eE — 2(a + B)dp (I1,1a%) )

as well as the system (LRSII) of Appendix A. The procedure followed for this special-
ization is outlined schematically in Figure 4.2.1.

(11&5) 123R =0 and 23R =0 (,3 # 0)

This is the specialization in which (I1) and (I5) both hold. Here we consider the more
general case of 193R = 0 (i.e. § # 0), leaving the special case to be considered separately.
We first impose the constraint given by (I1) on the system (LRSII). We then see that
(I5) may be imposed without requiring any additional conditions, since 7 = 0 is not
specifically prohibited. This is shown in 4.2.2.

Alternatively, the constraint given by (I5) may be imposed first, after which (I1)
would be applied. Either way, we see that the specialization is consistent and (LRSII),
(4.2.1) and (I5) hold.

(11&6) 123R =0 and (0)230 =0

This is the special case of (I1) in which 5 = 0. It was found in Section 4.1 that if 5 = 0,
then the equations (4.1.1) must also hold. In this case then, the intrinsic symmetry
(I1) reduces to

Adp+7=0. (11&6)

Using (BI1), (M5), (I6) and (16,1), we find that the dy propagation of (I1&6) yields an
identity. Using (M6), we see that the 0; propagation gives

O = —dat — eE . (11&6,1)
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(11) (15)
A+pu+7—B8R2a+p)=0 r=20
figure 4.2.1 X o,
identity identity

Figure 4.2.2: 11695: 53R=0 after imposing 1o03R=0 with 5 # 0

Finally, employing (J27), (M5) and (BI1), subject to a = § = 0, shows that equation
(I11&6,1) is consistent with (BI1), the prescription of dypu.

These steps are given in figure 4.2.3 and the equations which are to be satisfied in this
specialization are (I11&6) and (I1&6,1) as well as (4.1.1) n and (LRSII).

(11&5&6) 123R = O, 12R =0 and (0)230 =0

We shall now consider the case in which all three of (I1), (I5) and (I6) hold. The
necessary conditions for (I1) and (I6) to hold together were found in the previous case.
We may now impose the additional constraint (I5) and no additional conditions are

necessary since » = ( is again not specifically prohibited. This is indicated in figure
4.2.4.

The equations satisfied in this specialization are (I5), (I1&6), (I11&6,1) and those of
(4.1.1) and (LRSII).

4.3 1235 = 0 and Combinations of 933 = 0 and (gy230 = 0

The next intrinsic symmetry that we shall investigate is (12) - the Ricci tensor of the
fluid rest space is to be isotropic:

1233 =0 = 81@ —r=0. (12)

We shall also explore this condition along with either or both of (I5) and (I6),
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(11) (15)

B=0 A+pu+7=0
figure 4.1.1 3 o,
identity O = —4dat — eE (11&6,1)
[607 al}
identity

Figure 4.2.3: 1166: 133 R=0 after imposing (9230 =0

(11&6) (I5)
A+p+7=0and =0 r=20
figure 4.2.3
00 81
identity identity

Figure 4.2.4: 1165696: 53 R=0 after imposing 123R=0 and (9)230=0

SPECIALIZATION OF THE LRS CLASS II USING INTRINSIC SYMMETRIES

44



45

labelling the combinations as follows:

1235 =0 and 2R =0 (12&5)
125 =0 and (g)230 =0 (12&6)
1235 =0 and 23R =0 and (0)239 =0. (12&5&6)

The course followed in imposing these conditions is similar in strategy to that followed
for (I1), since the investigation of 1535 = 0 splits naturally into two disjoint cases:
(0)23(9 =0 and (0)239 7& 0.

Here, the specialization has been performed with the aid of the symbolic computing
system MACSYMA. To do this, the basic equations of the LRS type II space-times were
placed in the file MC:SWATT;LRSII SETUP on the MACSYMA Consortium computer.
This file has been reproduced in Appendix D.

This file contains a few commands which tailor the manner in which MACSYMA
operates, before anything else is done.

Next, the atomic variables F, X, s, a, r, udt, alf, bet, E, H, tau, eps, mu, p and LAM
are defined. They represent, respectively, the unknown quantities F, X, s, a, r, u, «,
B, E, H, 7, ¢, u, pand A. All of these variables are made to depend on two more, the
coordinates t and x, except for LAM, since it corresponds to A, a constant.

The two functions, e0 and el, are defined to act as the differentiation operators.
For example

Ly o LA
© X Oz

Another function, CR, has been included for convenience to implement the commutation
relations. This function first computes the action of

[80, 81] — Uao + 0181

on a quantity and then equates the result to zero.

Finally, all the equations of the (LRSII) system of Appendix A have been included
as GRADEFs. For instance, the Jacobi identity (J1) is given as

s
=asX & 0O1s=as.

GRADEF (s,x,a*s*X) < —
ox

The computations to impose (I2) on the class of solutions are now given in the form of
a MACSYMA session. The first thing to be done is to load the file MC: SWATT;LRSII
SETUP.
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(C1) BATCHLOAD("lrsii_setup_corrected.mac") $

We may now obtain the algebraic constraint equation equivalent to (12). We shall
solve this equation for LAM, since we expect to substitute for this quantity later on. (In
trial computations it was found that substituting for other quantities yielded slightly
more complicated expressions.)

(C2) I2 : SOLVE(r = el(a), LAM)I[1];
2 2
(D2) LAM = - tau + bet + 2 alf bet + 3 r - 3 a - mu

This entire equation may now be referred to as (12).

Now we find the first propagation equations. The MACSYMA function EV is used
to replace the occurrences of LAM in the differentiation results. Note that MACSYMA
syntax necessitates the inclusion of the character “\” in the variables names 12,0 and

W

12,1 since “,” is non-alphanumeric (see Mathlab [1977]).

(C3) I2\,0 : RATSIMP(EV(eO0('I2), I2));

(D3) 0 = ((2 bet udt2+ (4 a bet - 2 a alf) udt + (2 a2— 2 r) bet
+(2r -2 a2) alf) X + 2 bet udt )/X
(C4) I2\,1 : RATSIMP(EV(el('I2), I2)); ’
(4 a tau + Eeps - 2 a bet2+ 2 a a1f2) X - 2 alf bet + mu
(D4) 0 = = —mmmm o R .
X
The first propagation equations, written in tetrad form, are
ot +u* — B Ha* —r)(a—B) —aupfHa—28) =0, (12,0)
O+ dat + €E + 2a(a’® — %) — 2801 = 0. (12,1)

Just as with the constraint (I1), we find we must consider two disjoint cases: § = 0 on
the open set or § # 0 on the open set. If § = 0, then 12,0 is an algebraic constraint
and 12,1 specifies . If B # 0, then 12,0 specifies 014 and 12,1 relates two unknown
derivatives.

We now consider the more general case 5 # 0, leaving the simpler case § = 0 until
later.
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(I2) 1238 =0 (B # 0)
First we reformulate (12,0):

(C5) I2\,0 : SOLVE(I2\,0, DIFF(udt, x))[1];
(D5) udt =
X

(bet udt"2 + (2 a bet - a alf) udt
+ (a”2 - r) bet + (r - a~2) alf) X

This gives a value for 9,4 which we may substitute into the specification of Jya.

(C6) GRADEF (udt, x, RHS(I2\,0))$
(C7) GRADEF(alf, t, EV(DIFF(alf, t), DIFF))$

The propagation equation (12,1) relates the derivatives 0y and dycv. We split this
equation by introducing a new variable, M, defined by

alﬂ = Ml. (IZ,la)
The propagation is then treated as follows.

(C8) DEPENDS(M1, COORDS)$

(C9) 1I2\,1a : DIFF(mu, x) = M1xX$

(C10) GRADEF(mu, x, RHS(I2\,1a))$

(C11) I2\,1b : SOLVE(EV(el('I2), I2), DIFF(alf, x))[1];

(4 a tau + E eps + Ml - 2 a bet™2 + 2 a alf"2) X

(D11) alf = —————— o
2 bet
(C12) GRADEF(alf, x, RHS(I2\,1b))$
In tetrad form, the second equation is
O =187 M + dat + €E + 2a(a® — 57)]. (12,1Db)

Equations (I12,1a) and (12,1b) specify 0;p and 0 «v, respectively. Since we already know
Oopt and Jgcv, we must check the commutation relationships for the two unknowns, p
and a. We examine the commutator for y first since it is the simpler of the two.
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(C13) I2\,1ax : SOLVE(EV(CR(mu), I2), DIFF(M1, t))[1];

(D13) M1 = - ((4 p + 4 mu) a tau
t
(4 bet"2 + 2 alf bet + p + mu) E eps
(4 bet"2 + 4 alf bet + p + mu) M1
(2 p+ 2mu) a bet™2
(-4 p - 4 mu) a alf bet
(2 p+ 2mu aalf~2)/(2 bet F)

+ + + + +

(C14) GRADEF(M1, t, RHS(I2\,1a*))$

In tetrad form this is
oMy = — L+ p)B~ ' [My + 4at + €E + 2a(f — a)?] (12,1a%*)
— (a+2B)eE — 2(a+ B) M;.

Equation (12,1a*) is the first specification for a derivative of Mj, so this branch of the
investigation is complete and we may proceed to examine the commutator for a.

(C15) I2\,1b* : RATSIMP(EV(CR(alf), I2));
(D15) 0 =0

The commutator is an identity, so no further propagation is required.

We have found all the necessary conditions for this specialization to be consistent.
These conditions are, in summary,

B#0 \
A+ p+ 7= P20+ ) +3(a® = 1) =0 (12)
O = —u? + f~H(a® —r)(a — B) + ai f~ (o — 28) (12.0) (4.3.1)
O = 36701+ daT + €E + 2a(o® — 7)) (12,1)
BoOrp = —5(p+p) B [Ovp + dar + eE + 2a(8 — )]
—(a+2B)eE — 2(a + B)dvp (12,1a%) ]

as well as the system (LRSII). The process we have followed is given diagrammatically
in Figure 4.3.1.

(12&5) 1235 =0 and 23R =0 (,6 # 0)

The case of 1935=0 with 3 # 0 does not require r # 0. We may therefore impose (I5) on
the system given by (LRSII) and (4.3.1) without requiring any additional conditions.
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This is shown in figure 4.3.2. The specialization is consistent and (LRSII), (4.3.1) and
(15) hold.

(12&6) 1235 =0 and (0)230 =0

We now consider the case when 1535=0 with § = 0. The constraint (g)230=0 < 3 =0,
examined earlier, has been checked on the computer. The commands to do this have
been placed in the file cases/case_i6.mac, given in Appendix E. Loading this file
after 1rsii_setup_corrected.mac performs the necessary computations, specifying
the derivatives with GRADEF and placing the additional algebraic constraints in a list
named [6LIST.

(C1) BATCHLOAD("lrsii_setup_corrected.mac")$
(C2) BATCHLOAD("cases/case_i6.mac")$

We proceed to apply the constraint 1935 = 0. To begin, we find the algebraic constraint
equation.

(C3) i2_6 : EV(r = el(a), i6list, EXPAND);
2 p mu
(D3) r=audt + a+ - + ——
2 2

We now compute the first propagation equations of (12&6).

(C4) EV(e0('i2_6), i6list, EXPAND);
(D4) 0 =0

(C5) i2_6_1 : SOLVE(EV(el1('i2_6), i2_6, i6list), DIFF(mu, x))[1]
(D5) mu = (-4 a tau - E eps) X

X
(C6) GRADEF(mu, x, RHS(i2_6_1))$

The 0y propagation yields an identity, while the propagation along e; specifies a new
derivative, O p.

Since Jypu is already known from (BI1), we must now check the integrability condi-
tion for p.

(C7) EV(CR(mu), i2_6, i6list, EXPAND);
(D7) 0 =0

We have obtained an identity so the specification of 0;u is consistent. No equations
remain to be checked so this completes the case.

These steps are depicted schematically in figure 4.3.3. The equations which must
be satisfied are (12&6) and (I12&6,1), as well as those of (4.1.1) and (LRSII).
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(12) (I5)
Adp+7—=BRa+B)+3(@—r)=0 r=0

figure 4.3.1 B o,

identity identity

Figure 4.3.2: 12695: 53 R=0 after imposing 1235 =0 with § # 0

=0 r=au+ 3(p+p) + a*
figure 4.1.1
o %)
identity O = —flat — eE (12&6,1)
T (0o, O]
identity

Figure 4.3.3: I2696: 135=0 after imposing (9y230=0
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(12&5&6) 1235 =0 and 23R =0 and (0)239 =0

The conditions for (I12) and (I6) to hold together were found in the case (12&6). Upon
the original system with these additional conditions, we may now impose the additional
constraint (I5), since r = 0 is not specifically prohibited. This is shown in figure 4.3.4.

The equations satisfied in this specialization are (I5), (12&6), (12&6,1) and those of
(4.1.1) and (LRSII).

4.4 15R =0 and Combinations of 53 = 0 and (g)2360 = 0

The intrinsic symmetry
2R=0 & da=d", (14)

like (I1) and (I2) divides naturally into two disjoint subcases depending on the vanishing
or otherwise of (9)23¢ = 0. The conditions necessitated by combinations of (I4), (I5)
and (I6) are summarized below.

The first propagation equations are

o = 1 B aa — Bi), (14,0)
0= O u+ dat + €E + 2a(a® — r) + 2a(a® — §?) — 280,a. (I4,1)

The case again divides according as § vanishes identically or never vanishes on the open
set. We first take the latter case.

(I4) 2R =0 (B # 0)

For 5 # 0, equation (I14,0) specifies 01, while (14,1) relates the two previously unknown
derivatives O and 0. Introducing a new function M; we write

al,u = Ml: (1471a)
Orae = 187 My + dat + €E + 2a(a® — 1) + 2a(a”® — 7). (14,1b)

Equations (I4,1a) and (I4,1b) specify 0, and 0, «v, respectively. Since the corresponding
0o derivatives are already known, the two commutator relations must be checked. The
commutator for y gives

OoM, = — %(M +p)B M, + 4at + €E + 2a(a® — r) + 2a(a — )] (14,1a%)
—(a+2B)eE — 2(a+ ) M;.
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(12&6) (I5)
r=at+3(p+p)+a*and f=0 r=20
figure 4.3.3 B o,
identity identity

Figure 4.3.4: I265696: 23 R=0 after imposing 1235 =0 and (g)230 =0

93

This is the first specification for a derivative of M;. Substitution of (14,0), (I14,1b),
(I4,1a*) and the basic equations reduces the commutator for a to an identity. No

further propagation is required.

We have therefore found a consistent specialization. In summary, any solution in

this specialization is subject to

B#0
Ad7+pu+(a®—r)—pBR2a+p)=0 (14)
ot =1 B (cva — Bib) (14,0)
O = 367 4aT + €E + 2a(a® — r) + 2a(a? — 5%) + O144] (14,1)
Qoo = —3(u+p)B~ 4aT + €E + 2a(a® — r) + 2a(a — )* + 14

(a4 2B)eE — 2(a + B)Op (14,1a%)

(4.4.1)

The procedure followed for this specialization is outlined schematically in Figure 4.4.1.

(14&5) 12R =0 and 23R =0 (,8 # O)

The results here are the same as for (I4), except we also have r = 0. See figure 4.4.2.
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(14) (I5)

A+ p+7-BRa+ )+ (a®> —1) = r=0

figure 4.4.1 B o,

identity identity

Figure 4.4.2: 1}€95: 53R=0 after imposing 12 R=0 with 3 # 0
(14&6) 12R =0 and (0)230 =0

In addition to the system (LRSII) and the equations associated with 5 = 0, we also
have the algebraic representation of the constraint,
p+pu+2au=0, (14&6)
and the following propagation equation:
O = —dar —2a(a* —r) — €F (14&6,1)

The steps to arrive at these equations are shown in figure 4.4.3.

(14&5&6) 12R =0 and 23R =0 and (0)230 =0

Here the results are the same as for (I4&6), except that we also have r = 0. See figure
4.4.4.

4.5 193 = 1235 = 1922 = 0 and Combinations of ;3R = 0 and (j)230 = 0

The constraints (I1), (I2) and (I4) are not independent. Using (4.0.1), it is easily seen
that taking any two of them automatically gives the third.

123R :1235 =0 & 123R = 12R =0 & 1235 = 12R =0 (11&2&4)
& 3R =135=1R=0
& da=d=r
Again we have two disjoint subcases, depending on whether or not f is zero.
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(I6) (14)

p=0 p+pu+2au=0

figure 4.1.1

80 a1
identity Oip = —4at —2a(a* —r) — eE  (14&6,1)
[807 al]
identity
Figure 4.4.3: I4€6: 1,R=0 after imposing o)230=0
(14&6) (I5)
A47+p+(@—r)=0and =0 r=0
figure 4.4.3 A o
identity identity

Figure 4.4.4: IJ&5696: 53 R=0 after imposing 120R=0 and ()230=0
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(11&2&4) 123R - 1235 - 23R - 0 (,6 # 0)

We start by assuming all the conditions required for (I1) with 5 # 0. Then, in adding
1239 = 0, we find the additional conditions necessary for this case are

a?—r=0 (11&2&4)

and
=0 (11&2&4,0)

(see figure 4.5.1). Note that (F3) now reduces to dja = a.

(I11&2&4&5) 123R = 1235 = 12R = 23R =0 (8 # 0)

We first assume all the conditions of the case (11&2&4). In particular note that r = a?.
Now, with 93R = 0 < r = 0, we may not have g = 0, since a = § = 0 has been shown
to give a contradiction. However, this problem cannot arise in this case.

Setting r = 0 in case (I1&2&4) gives no further conditions through propagation so
we have a consistent specialization. See figure 4.5.2.

(11&2&4&6) 123R = 1238 = 12R =0 and (0)230 =0

We first assume all the conditions required for (I11&6). Then imposing (I12), we find
that
a’®—r=0. (11&28&:4&:6)

Since any two of (I1), (I12) and (I4) imply the third, (I14&6) must also hold. Thus
at + 5(p+p) = 0.

The 0y propagation of (14&6) is an identity, while its 0; propagation (14&6,1) reduces,
using a® = r, to (I1&6,1). Hence no further conditions are required. This is depicted
in Figure 4.5.3.

(11&2&4&5&6) 123R = 1235 = 12R =0 and 23R =0 and (0)230 =0

In case (11&2&4&6) we have a®> = r and 8 = 0. If we additionally impose 3 R=0
& r =0, then a = § = 0 leads to a contradiction, as indicated in figure 4.5.4. This
specialization of the LRS type II solutions is inconsistent and yields an empty class.
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(I1) (12)
Adp+7—PR2a+5)=0

|
figure 4.2.1

ﬁf4 ,0) identity
identity identity

Figure 4.5.1: 116926): 1935 =0 after imposing 1203R=0 with B # 0

(11&28&4) (5)
A p+7-R2a+p)=0anda®>—r=0 r=0
figure 4.5.1 B o,
identity identity

Figure 4.5.2: [169264)€95: 53 R=0 after imposing 123 R=1235 =120 R=0 with 5 # 0
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(11&6) (12)
Ad+p+7=0 and =0 a2—r=0 (T1&:2&4&6)
figure 4.2.3 at+ H(p+p) =0 (14&6)
o )
identity (14&6,1)=(11&6,1)

Figure 4.5.3: I162634696: 1335 =0 after imposing 123R=0 and (9230 =0

(T1&2&4&6 (15)
A+p+7=0and =0anda®>—7r=0 a\zO
figure 4.5.3 B o
identity identity

Figure 4.5.4: ]18265465589}6 23R:0 after ’meOS’L’ng 123R:1235212R:0 and (0)236‘:0

4.6 Summary

We have now examined all possible combinations of the intrinsic symmetries given at
the outset of this chapter. The inter-relation between these combinations is summarized
in two specialization diagrams: figures 4.6.1 and 4.6.2.

SPECIALIZATION OF THE LRS CLASS II USING INTRINSIC SYMMETRIES



60

a7l

Gl

0 7# ¢ ypm woibvy] wonnzyvioadg 1°9"f 2ISTI]

SRYRCHI1I

G7ycl

71

G11

PRCRI1

¢l

11

SPECIALIZATION OF THE LRS CLASS II USING INTRINSIC SYMMETRIES



61

97ya3Y1

9794l

aI

0 = ¢ ypm woibvy[ worpzyn1oadsg g9y 9InI

97yG7yel

!

EREN(ENENI

9N1I

91

SPECIALIZATION OF THE LRS CLASS II USING INTRINSIC SYMMETRIES



62

Figure 4.6.1 gives the relationship between the combinations of intrinsic symmetries
in the general case when 3 # 0. For the special case 8 = 0, the relationship is given in
figure 4.6.2. In these diagrams, each box represents the class of space-times considered
in the subsection of that title and an arrow denotes the inclusion of one class in another.
For example, in figure 4.6.1 the class of space-times which admit (12) includes all space-
times in the class with box labelled 12&5. Since (I3) holds identically for all LRS type
IT space-times, it has not been included in these diagrams.

The LRS type II space-times may then be characterized by division into these
classes. The classes which may not contain space-times of type Ilc are (11&2&4) and
[1&2&4&5, since these have @ = 0. The latter also has a = 0 and is therefore of type
ITa. In contrast, (11&2&4&6) has =0 and a # 0, while

at+ 5(pn+p) = 0.

Since p + p # 0, it follows that @ = —(u + p)/(2a) # 0; this class is therefore of type
Ilc.

FURTHER RESULTS FOR LRS CLASS II USING INTRINSIC SYMMETRIES



Chapter V

FURTHER RESULTS FOR LRS CLASS I
USING INTRINSIC SYMMETRIES

In this chapter, we give some further results for the LRS class II space-times. In section
5.1 we show that the method of Chapter 2 does not always terminate, by showing that
the intrinsic symmetry ¢; R=0 leads to an infinite sequence of computations. In section
5.2 we give results for intrinsic symmetries related to the congruence defined by the
spacelike axis of symmetry in the fluid restspace at each point of a space-time. Finally,
in section 5.3 we examine the consequences of imposing an equation of state of the form

Alp,p) = 0.

5.1 A Non-terminating Process oy R =0

So far, whenever we have used the procedure given in Chapter 2, the process has
terminated after a finite number of steps. There are situations, however, where this
does not happen. The following example, using the constraint propagation procedure
for a simple partial differential equation, is such a case.

Example 5.1.1. We shall attempt to impose Laplace’s equation,

Pf  Of
o2 T =0

as a constraint on the class of C'° real functions of two variables, x and y. The
differential operators are 0, and 0, and the commutator is [0,,0,] = 0. The original
system is given by

0.f = X 0,f =Y
0,X = A 8,y = A,

where we have 0,X = 0,Y by [0,, 0,]f = 0. At this stage the functions f, X |Y and A
are arbitrary apart from the four equations.

We now impose Laplace’s equation as a constraint:
0, X +0,Y =0.
This equation may be split up as
0LX=8B, 0,Y =-DB.
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Applying the commutator to X gives
0,A=0,B = 0,A=C, ,B=C
and to Y gives
0,B=-0,A = 0,A=D, 0,B=-D .

Notice that the propagation equations for A and B are the same as those for X and Y
with the unknowns relabelled. Therefore the application of the commutator will lead to
an infinite sequence of equations, which is inconclusive from the present point of view.

When a situation such as this occurs, another method of approach may yield more
information. For instance, here if we introduce

D := 0, +10,
then the original system plus Laplace’s equation is equivalent to
DX —-iY)=0.

This is a single propagation equation for X - iY using D, so we may impose it as a
constraint. However, this and similar methods are unsatisfactory in that they are not
systematic, as we require.

In general, the procedure of Chapter 2 may involve checking three commutators
at any given stage and whether or not the process terminates depends on how the
equations are coupled. The exact nature of this dependency has not been thoroughly
studied by the present author.

This problem can occur in the investigation of intrinsic symmetries, even in the
case of LRS type II space-times where only one commutator is involved. We shall now
describe such a case.

With the usual tetrad, we have in LRS type II space-times that e, and e; are
surface-forming. Defining ¢;.7€ % ({eo, e1}), we find

R(()ly) = 2(80& + 042 — 81u — U2)

and
S((ny) = (9(01%,1’1) = 0'(01:5”,11) =0

for all n such that n-ey =n-e; = 0. We shall examine the consequences of imposing
R(()ly ) =0:
Do = Oyt +u* — o . (5.1.1)

Using (F'1), (5.1.1) reduces to

27 +i(p+p) - B +a®—r=0. (5.1.1)
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Employing the usual methods we find the first propagation equations are
Oop = B(6T —3p — 4+ 2A) + a(p + 1) (5.1.1,0)

and
O = —a(61 —3p — pu+ 2A) +u(p + p) — S5eE . (5.1.1,1)

The commutation relation for p yields
O = — Oyt — 201 (5.1.1,0%)
N 2A(B10 + fa — aa) — 24aBT + 4(a — 3P)eE
f+p

Y

where A = 3p + u — 67 — 2A. The commutation relation for p is an identity, so no
further condition arises.

The pair of equations (5.1.1) and (5.1.1,0%) is of the form

(900( = 61u + G1
81a == —a(ﬂl + G2 .

(5.1.2)

This leads, in a manner similar to example 5.1.1, to an infinite sequence of equations.

When a stage such as this is reached the condition for the constraint to give a
consistent specialization is that the pair of equations admit a solution. In the case of
(5.1.2) the pair of equations is equivalent to a single partial differential equation, second
order in @ and « with over one hundred terms.

Under some circumstances, additional ground may be gained by introducing com-
plex differential operators. This approach has not been found to be useful in dealing
with (5.1.2), since both @ and « appear in G; and G5, leading to unintelligibly lengthy
expressions.

5.2 Intrinsic Symmetries Related to the Spacelike Congruence

In Chapter 4 we examined intrinsic symmetries related to the timelike congruence de-
fined by the fluid flow in LRS type II space times. We shall now consider the congruence
of curves tangent to the rest space axis of symmetry, e;. Examining the commutators
(1.3.2) shows that for LRS type II space-times the e; congruence is hypersurface orthog-
onal. In fact, any subset of {eg, 3, €3} is surfaceforming. In this section, we investigate
the intrinsic symmetries related to the e; congruence, analogous to those studied in
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Chapter 4. The equations are:

023 := R(p23) =0 & r=-208-35> (I7)
0235 1= S(023:7) =0 & r=20p (18)
023 = T(023-7) =0 (holds identically) (19) (52,1
2R = R(p) =0 & 0=08+ p? (I10)
23R = R(33.%) =0 & r=0 (15)

)

(1)239 = 9(235”,61) =0 & a=0 (111

The subspaces are defined by

023 € F1({eo, e2,€3})
02 € F({eo,e2}) € {Z2({en,v})|v-eg =v-e; =0}

and
2037 € Fy({eq, e3})

with the usual tetrad. Each of the families . % ({eg, €2, e3}) {F2({ep, v})|v-eg = v-e; =
0} and .Z5({ez, e3}) is geometrically well defined and .#»({eo, e2}) is a representative
element of its class.

We shall summarize the results for these symmetries applied individually and in
combinations. The intrinsic symmetries, (I5) and (I11), related to the group orbits
will be dealt with first. Each of (I7), (I8) and (I10), then the three together will be
summarized by themselves and with combinations of (I5) and (I11). The details of the
calculations are given in Appendix F.

1.) Combinations of ;3R = 0 and (1230 = 0 .
(15) 23R - 0

We have already examined
3n»R=0<< r=>0 (15)

in Chapter 4 and have found that no additional conditions are necessary.
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(I]_]_) (1)230 = 0

The conditions found by propagating this constraint are as follows. As in the analogous
Chapter IV cases, write My := Oy u:

a=0 (111)

i =0 (111,0)
Adpu+7=p*—-2a8-7r=0 (I11,1)

Op+eE =280 =0 (I11,11) (5.2.2)
O = 357 (M; + €E) (I11,11a)

O = M, (111,11b)

doM; = — [2(a+ B) + 187 (p+ p)] My

—la+28+ 587 (p+p)eE (T11,11b%)

The commutator for « is an identity, and no further condition arises. The steps are
outlined in Figure 5.2.1.

(15&11) 23R =0 and (1)239 =0

The results here are the same as for the previous case with r = 0.

2.) 023R=0 and Combinations of ;3R = 0 and (1)230 = 0 .

Here the main constraint is
mR=0 & B+33°+r=0 (I7)
& A—p+7-2au+a*=0.
The first propagation equations are
2a0yt + Oop + 2(a* — 4> +27) =0 (I17,0)
and
20011 + (a — u)(B* 4+ 2aB + 1) —a(2a® — 20> +p+p+47) =0 . (17,1)

Examination of (17,0) and (I7,1) shows that we need to consider two disjoint cases: one
in which @ = —(1)230/2 vanishes identically on the open set and another in which a is
never zero.

We have the following cases:
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0 =% 7] TG em3Lyg

(+4TT°TTI)  (mou)
a3((r1+d) g S +(ge+o))-

§:1+&Tmm+€+3m_|n§£

Anuspt
[fe*oe) [Te %]
(arr'tm) - w=rte (it (@+)-g=vte
q D
(rr'rrn)  o=pPlege—m>+1T £yyuepr
) 0o

(T11D) 0=4—gog—zg—1+1+V

e

(111)

Ayryuept

e

(o't

0=n

Ayrguept

%e
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(I7) 023R = 0 (a # 0)

In this specialization , we must have

A+7—p+ala—2a)=0 (I7)
dop = —2adyt + 23(u* — a* — 271) (I7,0)
Oviv = a® — i + Lp+ p) + 27 + (52 4 + 20) (17,1)

0100t = —B(3a* + 2at — u* + p+ p+ 107) — (a + 34)dpts
+2a7H(B* 4+ r 4+ 2a8)[2Ba " (a® — at + 4*) + Dot

+a(a® — u* + 27) (I7,0a%) |

The remaining commutator is an identity. See Figure 5.2.2.

(17&5) 023R =0 and 23R =0 (a, # O)

The results for this case are the same as for (I7) with r set to zero.

(17&11) 023R =0 and (1)230 =0
In addition to the system (LRSII) and (5.2.2) we must have
r=—3—-2aB+p+pu (I7&11)

and
dop = —4BT . (I7&11,0)

The steps followed are shown in figure 5.2.3.

(17&5&11) 023R =0 and 23R =0 and (1)230 =0

The results for this case are the same as for (I7&11) with r = 0.

3) 0235=0 and Combinations of 23R = 0 and (1)239 =0.

Just as with (I7) this case splits into two disjoint possibilities according as a # 0 and
a=0.
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(121)

0 # D ypm =30 ;11 17’ G 0IndLg

(420°L1) (mou)

(45— gP) o+ [0+ (110~ D) _vge] (FOT+ito0) 0L+

Aymyuept 0 (ng+0)—(L0T+11+d+ n—nog+,0)d—=0)T0
[re*oe] [T %]
(qo‘21) 0n=nog (e0‘LI) (Lg—4P— 1) ge+0vg—=d00
q D
(gog+a+qg)(v—n) Tsmtmi}é m+%|%n€m (Lg—g0—n)ge+n0ong—=do (0°21)
ﬁ@ O@
(1) 0=(ng—p)p+d—1+y
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(111) (17)

_ _ 32
a=0 r=—-0*-2af+p+u (I7811)
figure 5.2.1 B o
dop = —4Br  (I7&11,0) dentity
|
[D0, O1]
identity
Figure 5.2.3: I76/11: 3R = 0 after (1230 = 0
(18) 0235 =0 (CL # 0)
Here we have
\
A+7—p+ala—2u)—3(B8*+r)=0 (I8)
Oop = —2adyts + 2B(4?* — a® — 27) (18,0)
Ohiv = a® —i® + L(p+p) + 21 — C2U(E2 4 ap) (I8,1)
0100t = —B(3a* + 2at — u* + p + p + 107) — (a + 3u)dpts
—a Y% +r—aB)2B8a"(a® + 2at + U*) + Dot
+a(a? — 42 4 27) (I8,0a%) |

(5.2.4)
The final commutator is an identity. See Figure 5.2.4.

(18&5) 0235 =0 and 23R =0 (a # 0)

In this case the results are the same as for (I8) with r set to zero.
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(1°81)

0 # D ypm )=G*e0 ‘gr §'g'G 93

(+®0'81) (mou)

(L84 — )0 +[0N+ (2 410g+ D) 1 _DgE|(§0— i+ 4¢) ; D—

Ayyuopr 0(ng+0)—(L0T+7+d+n—n0g+,0g) g —=01@Q
["e*%e] (70" 0]
(q0‘s1) 0n=nog (e0‘81) (45— 0 — ;1) g+ 00z —=d0g
9 D
S@\s+m3€m+3H\@\km+§+3m+m®\msﬂs.:® (Lg— 40— 1) ge+n0gng—=d0g (0's1)
10 %0

(81) 0=(44,9)e—(ng—o)v+d—214+V
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(18&11) 0235 =0 and (1)239 =0
Here we have the results of (I11) and the additional relations
r=-3+af—3(p+p (I8&11)

and

Oop = —407 . (I8&11,0)
This result was achieved in exactly the same way as for (I7&11).
(18&5&11) 0235 =0 and 23R =0 and (1)230 =0

The results are those of (I8&11) with r» = 0.

4.) 2R=0 and Combinations of ;3R = 0 and (1)30 = 0 .

As with (I7) and (I8) this case divides naturally depending on the vanishing or otherwise
of a.

(110) 2R = 0 (a # 0)

For this specialization we must have

3\

AdT—p+ala—2u)— (f2+7r)=0 (110)
dop = —2adpts + 26(0? — a® — 27) + 2B(B* + 1) (110,0)
du=a*>—i*+1(p+p) +2r — (62 +7r)+apt (110,1)

(5.2.5)
0100t = —B(3a* + 2at — w* + p + p + 107) — (a + 3u)dpts

—(B2+1)(38—a)+ 3—?(251’&2 + adott)
ta(a® — 42 + 27) (110,0a*) )

The final commutator is an identity. See Figure 5.2.5.

(110&5) ()2R =0 and 23R =0 (CL # 0)

Here the results are the same as (I110) with » = 0.
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(1°011)

0 # D ypm )=y ;I :G'g'G 9IS

(+20°0T1) (moau)

(48+¢1— )0+ (00D +1g) o _vgO+(0—¢8) (44 6) -

Ayyuopr 0(ng+0) —(L0T+11+d+n—n0g+,0g) g —=01Q
[10400) [Te 0]
(90‘011) 0n=n0g (00T1)  (4+4,8)gg+(1z—zr—¢n)dT+0vz—=d00
q D
@Tsmciiwmv\&ii&mia\%ﬂim (4426) g5+ (Lg— ;p—n)go+n0epg —=doQ (0‘011)
0 %¢

(o11) 0=(t+¢g)—(ng—o)p+-d—1+v

FURTHER RESULTS FOR LRS CLASS II USING INTRINSIC SYMMETRIES



5

(110&11) 02R =0 and (1)230 =0

In addition to the results of (I11), here we have
0=ab—i(u+p) (110&11)

and
dop = 2B(8* +1r —271) . (110&11,0)

(110&5&11) 02R =0 and 23R = (1)230 =0

The results here are the same as for (I10&11) with » = 0. In particular, note that we
must put 7 = 0 in (5.2.2), the system of equations for (I11).

5) 023R=0235=02R=0 and Combinations of 23R = 0 and (1)239 =0.

Any two of (I7), (I8) and (I10) implies the third. That is,

03 R = 0235 =0 < ;R=pR=0 < 0235 =0nR=0 (17&8&10)
& 023 = 0235 = 2R =0
& 0 = —52 =7T.

Since each of (I7), (I8) and (I10) divide naturally into the disjoint cases a # 0 and
a = 0, so does their combination.

(17&8&10) 023R = 0235 = 02R =0 (a # 0)
Imposing (I7) after (I8) we find the necessary conditions for this specialization are

r=—p (17&8&10)
a=0 (17&8&10,1B)

(5.2.6)

in addition to the equations for (I7), (I8) or (I10). Their propagation introduces no
further condition. See figure 5.2.6.

(17&8&10&5) 023R = 0235 = 02R =0 and 23R =0 (a, # O)

Here we impose the condition 93 R=0 on the case (I17&8&10). If r = 0, then by equation
(I7&8&10) B = 0. Since a # 0, we then have a consistent specialization.
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A = 2ai r=—2  (I748&10)
figure 5.2.4 B o,
identity af =0 (I7&8&10,1)
A B
B=0 (I7&8%10,1A) 8 T
do ) 3 o,
identity a=0 identity identity

Figure 5.2.6: [76986910: go3R = 0 after 9235 = 0 with a # 0

(17&8&10&11) 023R = 023S = 02R =0 and (1)230 =0
Imposing (I11), (I7) and (I8), in that order, we find that we must have
af =3(p+p) (17&8&10&11)

and
r=-3%, (I7&8&10&11,0)

in addition to the equations (5.2.2) and (LRSII). See figure 5.2.7.
(17&8&10&5&11) 023R = 0235 = 02R =0 and 23R =0 and (1)239 =0

We may not have r = 0 in (I17&8&10&11), since this would imply g+ p = 0. There are
therefore no LRS type II space-times with perfect fluid and, possibly, electromagnetic
field that exhibit all of the intrinsic symmetries of (5.2.1).
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(17&11) (I8)
r=—8—208+p+pu a=0 aff = 3(u+p)  (17&8&10&11)
figure 5.2.3 A o
r=—32 identity

(I7&8&10&11,0)

80 a1

identity identity
Figure 5.2.7: 1769869106911 023R = 0233 = ()QR =0 and (1)239 =0

6.) Summary

We have examined all combinations of the intrinsic symmetries (5.2.1). The relation
between the cases considered is given in the specialization diagrams 5.2.8 and 5.2.9. As
in Chapter 4, we give separate diagrams for the general case and the special case.

The classes which may contain LRS type Ilc space-times are those of the general
case a # 0. In the special case a = 0, the space-times are LRS type Ila.
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G7y0TI

a1

0 # D ypm wolbvyq woynzyn1Adg Q7 G 9INSI

GROTHENLI

G781

0TI

G7yL1

0TZy8%y L1

81

L1
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0 = D ypm woibvyJ uoyvzy1adg G°g G 9ISII

TT2yG7011

TTZG7y81

112541

¢l

TT25G7y L1

TI7011

0TI

11781

81

TIZ0T2y82y L1

TT7 L1

L1

TTI
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5.3 Equation of State with Intrinsic Symmetries

We now address the problem of an equation of state with the aid of intrinsic symmetries.
We shall assume there exists a functional relationship between the quantities p and pu.
That is, we shall assume there exists a function A, of two variables such that

A(p, ) = 0. (5.3.1)

We shall see that even with a general restriction of this sort it is possible to gain some
ground using the present approach.

Equation (5.3.1) may be viewed as a constraint equation which must be propagated.
Since 0, and 03 vanish on p and pu, only the 0y and 0, propagations need be considered:

_ 2A 2A _
0bA=0 < p (%p + o (%u =0, (532)

A necessary and sufficient condition for this homogeneous system to have a nontrivial
solution for <g—A, g—A> is
p 7 Op

dop O
det R Oop O jr — O1p Oopr = 0. (5.3.3)

Op O
Above, the second term, 0;p Oy, is known from the Bianchi identities to be

Oip Oop = [i(p + p) — €El(pn + p)(a + 28). (5.3.4)

Since we do not, in general, know the propagation equations for dyp or 0;u, we shall
examine equation (5.3.3) with the aid of intrinsic symmetries. We shall divide the
investigation into three disjoint and exhaustive cases: =0, a # 0; 8 # 0, a = 0; and
B #0,a+#0. (Recall that 5 =0, a = 0 gives a contradiction.)

1) 5=0,a#0
This is the intrinsic symmetry (I6), examined in Section 4.1. There, we found § = 0
implies « = 0 and dyp = —2adyu. Equation (5.3.3) now reads

—2a (90u 81u =0.

so we have two possibilities: either dyu = 0 or Oy = 0. If Jpu = 0, then using (16,01)
to specify 014 the commutation relation for « is identically satisfied. If dypu = 0, then
1 is a constant, since a = § = 0 implies dyu = 0. Thus both possibilities are consistent
in the LRS class II space-times.
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2) B#0,a=0

In this case we have the intrinsic symmetry (I11) from Section 5.2. Among the condi-
tions necessary for a = 0, we have

O = 2P0 — €E, O1p = €F,
and the determinant condition is
dop(2601a — €E) + eE(p + p)(a+28) = 0. (5.3.4,2)

This case is nonempty. For example, the spatially flat Friedmann-Lemaitre-Robertson—
Walker dust metric
ds® = —dt* + t*3(da® + dy? + d2?)

has, in an adapted LRS tetrad,

2
azﬁz§, a=r1r=020, u=1=0,
e=F=H=0,
4

These quantities satisfy (5.3.4,2) and the fixed equation of state p = 0.

3) B#0,a#0

In this case we divide the investigation into two parts according as Oy is zero or
nonzero.

(33) 81[1/ =0
From (5.3.3), (5.3.4) and p + p # 0, we have
(a+28)[u(p+p) —eE] = 0.

Since at least one factor must vanish we have two main subcases, which we shall examine
in turn.
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(3ai) a+28 =0
We must check the consistency of the constraint
a+26=0. (5.3.5)
Propagation along eq yields
Ot = u(2a — i) +7 — A+ 6% + (u+ 3p), (5.3.5,0)

which is the first propagation equation for u. Using this, propagation of (5.3.5) along
e gives

Oa = —6af. (5.3.5,1)

Checking the commutation relation for «a gives an identity, and there are no further
constraints to satisfy. Thus this branch is consistent.

(3aii) u(p+p) —eE =0

In this case we may write

E
0= (5.3.6)
p+p
Introducing two new quantities
816 = Ql?
aOp = POa
the first propagation equations of (5.3.6) are
ElFPy+2
%u:_€[°+’mﬁ+mL (5.3.6,0)
(n+p)
E 2ael) + €2
oy = Bt 2Bt (5.3.6,1)
p+p

The commutators for € and p yield, respectively,

FE
00@Q1 = —2(a + B)Q, Py =— ‘
1+ p

PO:

and the commutator for @ is satisfied identically.

Since we have specified 010 = 0, we must check the integrability condition for pu.

Doing this yields

O = 2a(a — ) — 6E(5+p25).
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The remaining relations above form a compatible first-order system. The branch is
nonempty; for example, let

ds? = —d7? + R(T)2 (dx2 + sinh? XdQ2) ,

where

R = A(coshn —1), T = A(sinhn —n), A>0.
An adapted tetrad has

5 sinh n coth x 1
o = = a = — = -
A(coshn —1)?’ R’ R2?sinh? y’
6A .
N:ﬁ’ p:A:O’ ’LL:’]’:O7 €:E:H:0

Thus O 0 = 0 and u(p + p) — eE = 0, with af # 0 on a generic open set. The equation
of state is again p = 0. This establishes that case (3aii) is nonempty, but does not
classify all solutions in the branch.

In this case we may use (5.3.3) to obtain

[i(p + p) — eE](a + 2)
M1 ’

dop = (1 +p) (5.3.7)

where we have defined
alﬂ = Ml-

We have found this too complicated to check for consistency in full generality and have
restricted our attention to the case where 153 R = 0. (The investigation would be quite
similar if another intrinsic symmetry had been used instead.) Equation (5.3.7) continues
to hold with this restriction. Checking the commutation relation for p, we obtain a
propagation equation for dyu involving 0; M;. Splitting this propagation equation by
defining

O\ My = My,

we must check the commutation relations for both @ and M, since 014 and JyM; have
been found in the investigation of 193 R = 0. Checking the commutator for 1, we obtain
an algebraic constraint if o + 28 = 0, or a lengthy propagation equation for 0; My, if
a+ 28 # 0. Checking the commutator for M; yields a propagation equation for dyMy;.
Therefore this case divides naturally, depending on whether the expansion is zero or
NON-Zero.
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(3bi) a +28 =0

In this case (5.3.7) gives dop = 0, and (BI1) gives dyp = 0. Thus the derivative of the
equation of state does not enter the temporal propagation. The temporal propagation
of a+ 25 =0 gives

6at, + 41 + 188% — 3a® + 3(p + p) + 3r = 0, (5.3.8)
and the spatial propagation is
M, + €E + 18a3? + 4at = 0. (5.3.8,1c)

Further commutators include

46eF
p+p

Aot = 231 —

2eE + 27a3% 4 2at + 95%u + 2714 = 0.

Continuing the propagation of (5.3.8) and (5.3.8,1c), and eliminating r and eE by
the field equations, eventually gives

(u+p)*=0.
This contradicts p+ p # 0. Therefore case 3bi contains no solutions with 53R = 0 and

aﬁMl 7£ 0.

(3bii) & + 28 # 0

This branch is nonempty. A representative is the marginally bound Lemaitre—Tolman—
Bondi dust metric

1/3
§° = —dt* + x° + , == z(t — Ax)7, 3.
ds? = —dt* + R? dx? + R? d? R g Az)/? 5.3.E3b

with A # 0 on a regular domain. In an adapted tetrad,

Rtw B Rt 1 1
o= — = — a = ——= T =—=
R,’ R’ R’ R?’
62
u—R;ij, p=A=0, u=rT1=0, e=FE=H=0

FURTHER RESULTS FOR LRS CLASS II USING INTRINSIC SYMMETRIES
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These quantities satisfy 123 = 0 and the LRS-II equations. Moreover,

8613\ (5 x — 4t)
t — Ax)>/3(5\x — 3t)3’

al:u:(

2(4 z — 3t)
Az —t)(5bA\x — 3t)’
which are nonzero on a generic regular open set. Hence this is a genuine case-3bii
solution with equation of state p = 0.

a+20=—

The equation-of-state investigation therefore has the following status. Cases 1,
2, 3ai, 3aii, and 3bii are consistent. Case 3bi is inconsistent under 53R = 0 and
afB01p # 0. The displayed metrics establish existence in their respective branches; they
do not classify all solutions in those branches.
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Chapter VI
AUTOMATING THE CONSTRAINT-CHECKING PROCEDURE

We now revisit the topic of Chapter 2 — the method for checking whether a con-
straint may be imposed consistently on a class of solutions. Although the procedure
does not always terminate, we have seen that in many cases it does and that in these
cases it is a useful computational method. There are at least two reasons why we might
consider writing a computer program for the constraint-checking procedure. One rea-
son is simply that such a program would prove useful in investigating problems similar
to those with which we have dealt. Another reason is that to write such a program
we must describe in detail all aspects of the problem and would therefore be forced to
consider fine points which might otherwise be overlooked. In this chapter we discuss
some aspects of implementing our procedure as a computer program.

6.1 General Considerations

In the calculations of previous chapters, we have encountered many possible situations,
using the method for checking the consistency of a constraint equation. Often we have
come to a stage where any one of a number of new constraint equations is sufficient
for the equation under consideration to hold. Sometimes when this happens the inves-
tigation is divided into cases, as with the vanishing or otherwise of 5 while examining
123R = 0. At other times one of the conditions includes the others as special cases
so only the general case need be considered. This occurs, for example, when e = 0,
because F = 0 implies € = 0 so only the latter case need be examined.

Another possibility is that we have a number of new conditions, all of which must
hold. This happens whenever both propagations yield non-trivial equations that must
both be checked. A second situation where this would happen occurs when we split
an equation with more than one derivative into separate propagation equations, which
must all hold.

We shall abstract away from the specifics of propagation equations and integrability
conditions and deal with the problem from a more general point of view.

Suppose we have a constraint which implies that at least one of a number of further
conditions hold. Then this divides the investigation into a number of cases in which
the consistency of each of the new conditions is checked. If there was more than one
case to start with, then each of the new conditions must be checked with each of the
old ones, giving a new set of cases in which the constraint may hold.
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If we have a constraint which implies that a number of new conditions all hold, then
one way of checking for consistency is to apply the new constraints one after another
and demand that all of the generated conditions hold. When there is more than one
case to start with, then this should be done for each case and the original constraint
may hold only if it may hold in at least one of these cases.

The methods for handling these two general situations may be given as the following
two MACSYMA procedures:

CHECKY,0R (CONSTRAINT}LIST, CASEJLIST) :=

BLOCK ( [NEW%CASEY%LIST, THISY%CASEY%LIST],
NEW%CASE%LIST : [1,
FOR CASE IN CASEYLIST DO
FOR CONSTRAINT IN CONSTRAINTY%LIST DO
(THISY,CASE},LIST : CHECK’,0ONE(CONSTRAINT, CASE),
IF THISY%CASEY%LIST # CONTRADICTION THEN
NEWY%CASE%LIST : APPEND(NEWY%CASE%LIST,
THISY%CASEYLIST)),
RETURN (IF NEWY%CASEY%LIST = [] THEN
CONTRADICTION
ELSE
NEWY%CASE%LIST))$

CHECKYAND (CONSTRAINTYLIST, CASEY%LIST) :=

BLOCK ( [NEWY%CASEYLIST],
NEWY,CASE%LIST : CHECKY%OR([FIRST(CONSTRAINTY%LIST)],
CASE%LIST),
FOR CONSTRAINT IN REST(CONSTRAINTYLIST)
WHILE NEWYCASEY%LIST # CONTRADICTION DO
NEWY%CASEY%LIST : CHECKYOR([CONSTRAINT], NEWY%CASEY%LIST),
RETURN (NEWY%CASEY%LIST) ) $

In these procedures, CHECKZ%0NE is the function used to check the consistency of a single
constraint in a single case, returning either a list of cases or the atom CONTRADICTION.

If the above procedures had been used in performing the calculations in the preced-
ing chapters, then the use of CHECK%OR would correspond to the OR gates () in the
diagrams and the use of CHECK%AND would correspond to the AND gates (()).

6.2 A Prototype Computer Program

In this section we shall discuss a prototype program which can be used for simple prob-
lems. The purpose of this program is not to implement the full constraint-checking
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procedure, but rather to illustrate the feasibility of doing so. A listing of the MAC-
SYMA procedures and two example runs are given in Appendix G.

Before describing the operation of the functions, we define a few data types to
facilitate the discussion. First, we define an “algebraic rule” to be an equation of the
form wvariable = expression, where expression is free of derivatives. We shall define
a “propagation rule” to be a list of the form [variable, variable, expression]. This
shall be interpreted as an argument list to the function GRADEF. Finally, we define a
“case” to be a two element list of the form [list of algebraic rules, list of propagation
equations/. The main procedure of the constraint-checking program is CHECK%ONE,
which is a recursive function of two arguments. The first argument is an equation, which
represents the constraint, and the second argument is a case, which should contain
algebraic and propagation rules for the basic equations of the class of space-times. If
the constraint equation may not be imposed consistently for the given case, then the
atom CONTRADICTION is returned. When the constraint may be applied consistently,
then the list of cases for which the constraint may hold is returned. Each case in the list
would contain the rules for the basic equations, the constraint and additional necessary
conditions.

A number of simplifying assumptions are made about the problems with which
CHECK0NE deals. First, it is assumed that the space-time is spatially homogeneous so
that only one propagation equation need be checked for a given algebraic constraint.
Second, it is assumed that an equation which contains derivatives which are not known
is always a propagation equation. That is, it is assumed that such an equation does not
necessitate checking two cases in which a coefficient is zero or non-zero, accordingly.
Also, it is assumed that the expressions with which the procedures deal are rational
functions of the unknowns and their derivatives.

Internally, CHECK%ONE performs the following actions. First local GRADEFs are set
up using the propagation rules from the given case and a list of algebraic rules, to be
used in simplifications, is taken from the first element of the case. These initializations
are performed by the function INITIALIZE)LEVEL. The function CLEAN is then used
to recast the equation in a form in which it will be easier to divide the investigation
into special cases if necessary. CLEAN first collects all terms on the right-hand side of
the equation and then performs an evaluation, using the local GRADEFs and the list of
algebraic rules. The resulting expression is then factored and returned to CHECKY,0NE.
The constraint equation is then examined to see what type it is. If it is an identity
for the current case, then no additional conditions are necessary and a list of cases is
returned which contains only the one input case. If the equation is recognized as a
contradiction then the atom CONTRADICTION is returned. If the equation does not fall
into either of these categories, we check whether it may be a propagation equation by
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looking for first derivatives. At this point one of PROPNY,PROCESS or ALG)%PROCESS is
called according to the result of the test. The function called returns a list of cases (or
CONTRADICTION) and this result is returned by CHECKY,0NE.

With the assumptions we have made, whenever PROPN%PROCESS is called nothing
further need be done than record the equation and return the current case.

When ALGY,PROCESS is invoked, the constraint equation is reshaped to give an alge-
braic rule. In fact a number of cases may need to be investigated if the constraint equa-
tion gives rise to a product as zero or if the equation is not linear in any of its unknowns.
The propagation equation(s) are then checked recursively and the result is returned.
(Note that for the spatially homogeneous case CHECK%AND(DIFF}LIST, [CASE]) is
equivalent to CHECK%ONE (D%0P (1, eqn), CASE) ).

There are a number of possible directions in which this prototype may be im-
proved. First, it would be desirable to implement a more intelligent version of
MAY%NOT%ZERQY%PRED, which remembered the answers to the prompts for each case,
and used them in future deductions. It would be useful to extend the scope of the pro-
gram to include spatially inhomogeneous space-times. This would be achieved mainly
by rewriting PROPNY,PROCESS, using CHECK’,0R and CHECK’,AND to combine the results of
division in cases and checking commutators.

There is one final point we shall note. When these calculations are performed by
hand and a stage is reached where a number of conditions must all hold, it is easiest
to perform a “breadth first” investigation. That is, one would normally compute all
the first propagation equations for the conditions before proceeding on to second and
further propagations. A procedure such as CHECK%AND, on the other hand, performs
a “depth first” investigation, completely investigating one constraint before going on
to the rest. This is done to take advantage of the recursion stack to simplify the
specification of the procedures.
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Chapter VII
CONCLUDING REMARKS

We have used our method of imposing constraints both for intrinsic symmetries and
for an equation of state, with LRS Class II space-times.

The intrinsic symmetries we have examined are related to the u and e; congruences
and the subspaces orthogonal to them. Imposing any one of the intrinsic symmetries
leads to a number of additional relationships between the unknowns. Using this method,
a number of identities have been obtained for Class Ila by imposing a = 0 as the
intrinsic symmetry (1)23¢ = 0 on Class II. By examining all combinations of intrinsic
symmetries associated with each of the u and e; congruences, we have shown which
may hold simultaneously and have obtained the related necessary conditions. With the
intrinsic symmetries we have examined, the simplification of the field equations has not
yet led to the discovery of new solutions. This is a question which the author intends
to investigate further.

We have examined the restriction that the equation of state be of the general form
A(p, ) = 0. Dividing the investigation into a number of disjoint cases, we have de-
termined the additional conditions which must hold. Cases 1, 2, 3ai, 3aii and 3bii are
consistent. Within the 193 R = 0 specialization, case 3bi is inconsistent under its stated
non-vanishing hypotheses. The displayed FLRW and LTB solutions establish existence
in cases 2, 3aii and 3bii; they do not classify all solutions in those branches.

In the last chapter we have shown how the procedure for checking the consistency
of a constraint may be implemented on a computer. Even though the general theory
of imposing constraints in this way is still incomplete, the method presented could well
be useful in other areas besides general relativity.
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Appendix A BASIC EQUATIONS FOR LRS CLASS I

For the tetrad of section 1.3 with LRS class II space-times, the commutation relations,
Jacobi identities, Maxwell equations, field equations and Bianchi identities reduce to
the following formulee (Stewart & Ellis [1968]).

Commutation Relations:

[€o, e1] = uey — aey (CR1)
[€o, €] = — pey (CR2)
[eg, €3] = — Pes (CR3)
(€2, €3] = seg (CR4)
le3, e] = — aes (CRAb)
[e1,es] = ae; (CR6)
Jacobi ldentities:
( s ) & Ois = as (J1)
123
( 2 ) & OB+ Opa = —pu — aa (J2)
012
( s ) = Jos = —fs (J3)
023
Maxwell Equations:
O E =2aF + ¢ (M1)
O H = 2aH (M2)
OE = —28E (M3)
OoH = —25H (M4)
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APPENDIX A. BASIC EQUATIONS FOR LRS CLASS II

Field Equations:

(00) Qo = —F(u+p)+ - —a®+r+du+i®—27 (F1)
(11) ¢ = b = 3(A—p—33*+a>—r—2au+T) (F'2)
(22) da = S(A+p—p*—2aB+3a>—71+7) (F3)
01) « aB=alf—a) (F4)

Bianchi ldentities:

(0) & Oott = (11 + p)( +26) (BI1)
(1) < Op=—(n+p)i+ek (BI2)

From the Jacobi identities, we obtain further useful relations. Since 0/ is known
from (F4), the identity (J2) gives a propagation equation for dya:

Ooa = —f(a + ). (J27)

From the definition r := s — s?, the identities (J3) and (J1) imply, respectively,
Oor = —20r (J4)
Oyr = 2ar (J5)

Using Maxwell’s equations, three additional propagation equations may be obtained.
The definition 7 =  (E? + H?) implies

OgT = —45T1 (M5)

and
O 7 =4dar + €E. (M6)

Applying (CR1) to E and simplifying using (M1), (M3) and (J2) yields
Ope = —(a+ 2p)e. (MT7)
Finally, let
LRSIT = {CR1,...,CR®6,J1,J2',J3,J4,J5,M1,... M7,F1,... F4 BI1, BI2}.
Then, for any space-time of LRS class 11, each equation of the basic set (LRSII) holds.
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Appendix B TWO RESULTS

In this appendix, we prove two results, the first referred to in section 1.3 and the other
in section 3.1.

Result 1. If a space time containing perfect fluid and electromagnetic field is LRS in
the region of interest, then in a tetrad with ey = u and e; an axis of symmetry, the
electromagnetic stress-energy tensor has 79; = 0 if and only if E = Fe; and H = He;.

Proof. We shall use the following formulae:

0 = :(E-E+H- H)
e = —(ExH), (B.1)
Tap = — (EaEs+ HoHg) + 1gas (E-E+H-H)
and by LRS we have
Too 7o 0 O
To 1 0 O
0 0 7 O
0 0 0 733

Tab =

— — a
where 795 = 733 as well as 79y = 719 and 7%, = 0.

Suppose 791 = 0. Then, examining the components of 7,,, we see

Tog = T33 = (E2)2 + <H2)2 = (E3)2 + (H3)2 (BZa)
To3 = 0 = EsE3 = —HyHs (BQb)
To1 = 0 = EyHs = Hy B (B.2¢)

Without loss of generality, assume Ey > 0. If £y = 0 then either H, = 0, in which
case F3 and Hj are zero by (B.2a), or Hy # 0, in which case H3 = E5 = 0 by (B.2b)
and (B.2c) and (B.2a) gives a contradiction. If Fy > 0 then (B.2b) - H3 and (B.2c) - Ej
combine to give

—Hy(H3)? = Hy(Es).

Then if Hy # 0 we have H; = FE3 = 0 and (B.2a) gives a contradiction. Otherwise
Hy; =0so0 (B.2b) and (B.2¢) imply H3 = E3 = 0 and (B.2a) again gives a contradiction.
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The only case which does not lead to a contradiction is Fy = E3 = Hy = Hz = 0.
Therefore we have shown

Tm=0 = E=Fe; and H= He,.

Now suppose E = Fe; and H = He;. Substituting the tetrad component values of
E and H into (B.1) gives 791 = 0. O

Assuming the cosmological constant is zero, we have

Result 2. In a space-time with perfect fluid admitting a homothetic vector field h such
that h - u = 0, we have either p = p or h is a Killing vector (McIntosh [1976]). If
in addition there is an electromagnetic field, with stress-energy tensor 7., this result
remains true only if the additional condition

1
T“b; I = 3 [(Tabuaub) S+ QbTabu“ub]

holds.

Proof. Since h is a homothetic vector we have
Zhgab = 2bgap,

for some constant b. We may define fu, = flqp) and j* such that j* , = 0 by
ha;t = bgap + fab

and
ja — fab;b — _Rabhb

(c.f. McIntosh [1976]).
The field equations give
R™ = (u+pJuu’ + § (1 — p)g* + 7.
We have h - u = 0 by hypothesis, so contracting the above equation with h gives
ja — _%(IM _p)ha o Tabhb
and j , = 0 gives the same equation after multiplication by —1:
0= (= p).h® + 51— P+ 70 + 7 By
L —p) +2b(pn — p) + 7, b (B.3)

1
2
1
2
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using the fact that 7,, is symmetric and trace-free to deduce that T“bhb;a = 0. To
evaluate £, (1 — p), we use the relations

“ (Tabu“ub) = —2bTuu’
2 (17,)

(B.4)

b7
(Eardley [1974]). From these we have

% (,u + Tabu“ub) = —2b (u + Tabu“ub)
Lo (—p+3p) = =2b(—p + 3p)
SO
Zh(p—p)=-2b(np—p) — § [(Tabu“ub)& he + 2b7abu“ub} :
Using this result, (B.3) becomes

1
b(p —p) = 3 [(Tabuaub)’c he + QbTabu“ub] — Tab;a hy.

Finally, if p = p or h is a Killing vector then the left-hand side of the above equation
vanishes and

1
Tab;a hy = 3 (Tabu“ub) . he + 2bruub. O

Remark. Note that if the perfect fluid and electromagnetic field are non-interacting,
then

If it is also assumed that
gh (Tabuaub) = —2b7’abu“ub,

then the condition of Result 2 is satisfied and therefore p = p or h is a Killing vector,
as in the perfect fluid case.
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Appendix C  SOME POSSIBLE INTRINSIC SYMMETRIES
FOR LRS CLASS Il

With space-times from LRS class II all combinations of the basis vectors given in 1.3 are
surface-forming. This gives several geometrically well defined families of submanifolds
with which we may use intrinsic symmetries. The combinations of basis vectors lead
us to consider the following surfaces:

1237 € F1({e1,e2,€3})
023 € Fi({ep,e2,e3})

02 € Fi({en, er,e2}) € {Fi({eg,e1,v})|v-eg=v e =0}

0 € F({ep,e1})
0w € F{ene})) € {F({ep,V})|v-eg=v-e =0}
127 € F({e,ea}) € {F({e1,v})|[v-eg=v-e; =0}
23 € Fa({ese3})
Letting
a... b = Ryl 47)
and

(a... 0% = 0se(0 07 €0) ,

we may consider the intrinsic symmetries listed below.

1237
193R = 2r +401a — 6a*> =0 23 =a+26=0
12357 = M =0 (0)123(72 = (a;ﬂ)Q =0
1237 = 0 (holds identically) (0)237° = 0 holds identically
0237
023 R = 2r + 40,8 +653* =0 (o3t = —2a =0
02352 = M =0 (1)02302 = (M;)Q =0

1237% = 0 (holds identically) 02s7° = 0 (holds identically)

tThese families are not defined uniquely but are representative of their classes.
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APPENDIX C. SOME POSSIBLE INTRINSIC SYMMETRIES
FOR LRS CLASS 11

0127 :
o2 =0
01252 =0
012T6 =0
Oly-'
01R = —281’& — 2U2 + 2800& + 2&2 =0
015? = 0 (holds identically)
027 :
02R2280ﬁ+2ﬁ220 (1)029:ﬂ—a20
025? =0 (102072 = (“Z“)z =0
127
12R:2816L—26L2:O (0)126:a+520
1282 =0 (0)1202 = —(alﬁ)Q =0
ng.'

23R =2r=0 (0)239 = 25 =0
9352 =0 02302 = 0 (holds identically)
(1)230 =—-2a=0
(112302 = 0 (holds identically)
Here we have not included the equations for the extrinsic curvature of a surface with
normal e, or es, since 7%, = s and the equations depend on the choice of tetrad. Also,
we have omitted the explicit formulae for the intrinsic symmetries of (2. because

their subspace is quite general and the expressions are lengthy compared to the other
cases.
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Appendix D INITIALIZATION FILE FOR LRS CLASS Il

/*******************************************************************/

/* */
/* This file defines the basic equations for LRS Class II */
/* space-times. First a few control variables are reset x/
/* and the unknowns are defined. Then the propagation x/
/* equations are implemented as GRADEF's. */
/* */

/*******************************************************************/

/* TAILOR THE MACSYMA ENVIRONMENT */

LINEL : 65% /* Set output line length. */

BOTHCASES : TRUE$ /* Distinguish upper and lower case. */
DECLARE("&", ALPHABETIC)$ /* Treat & as a..z,A..Z and %. */
DERIVABBREV : TRUE$ /* Use subscriptt notation. */
PROGRAMMODE : TRUE$ /* Make SOLVE return evaluated list. */
INFEVAL : TRUE$ /* Make EV use INFEVAL mode. */
LOADPRINT : FALSE$ /* . Suppress loading messages. */

/* DEFINE UNKNOWNS */

ORDERGREAT(F, X)$ /* Change default ordering so */
ORDERLESS(mu, p, a, r, alf, bet)$ /* expressions group nicely. */
UNKNOWNS: [F, X, Y, s, a, r, udt, alf, bet, E, H, tau, eps, mu, pl$
COORDS : [t, x1$

DEPENDS (UNKNOWNS,' COORDS, LAM, [1) $

/* DEFINE DIFFERENTIAL OPERATORS AND THE COMMUTATOR */

e0(ARG) := DIFF(ARG, t)x*F$

e1(ARG) := DIFF(ARG, x)/X$

CR(ARG) := 0 = e0(el1(ARG)) - e1(e0(ARG)) - udt*eO0(ARG) + alf*el(ARG)$
/* GIVE THE BASIC SYSTEM OF EQUATIONS */

/* Jacobi identities: */

/x J1 *x/ GRADEF(s,x, a*s*xX)$

/* J2'%x/ GRADEF(a,t, -bet*(a+ udt)/F)$

/* J3 */ GRADEF(s, t, -bet*s/F)$

/* J4 x/ GRADEF (r,t, -2xbet*r/F)$

/*x J5 */ GRADEF (r,x, 2%a*r*X)$
/* Maxwell's equations: */

/* M1 */ GRADEF (E, x, (2*a*E + eps)*X)$

/* M2 x/ GRADEF (H, x, 2*xaxH*X)$

/*x M3 x/ GRADEF(E, t, -2xbet*E/F)$

/*x M4 x/ GRADEF(H, t, -2xbet*H/F)$

/*x M5 x/ GRADEF (tau, t, —-4*bet*tau/F)$

/* M6 */ GRADEF (tau, x, (4*xaxtau + eps*E)*X)$

/*x M7 x/ GRADEF (eps, t, -eps*(alf + 2*bet)/F)$
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/*
/%
/%
/*

/*
/*

F1 */
F2 x/
F3 x/
F4 */

BI1 */
BI2 */

APPENDIX D. INITIALIZATION FILE FOR LRS CLASS II

/* Field equations: */

GRADEF (alf, t, (-mu/2 - p/2 + bet"2 - alf"2 - a"2 + r
+ el(udt) + udt"2 - 2xtau)/F )$

GRADEF (bet, t, (LAM - p - 3*bet™2 + a”2 - r - 2xa*udt
+ tau)/(2*F) )$

GRADEF(a, x, (LAM + mu - bet”2 - 2%alfxbet + 3*a”™2 - r
+ tau) *X/2 ) $

GRADEF (bet, x, ax(bet - alf)*X )$

/* Bianchi identities: */

GRADEF (mu, t, -(mu + p)*(alf + 2%bet)/F )$
GRADEF(p, x, (-(mu + p)*udt + eps*E)*X )$

/* END OF FILE %/
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Appendix E DETAILS OF CALCULATIONS FOR CHAPTER IV

The following pages give the details of the calculations, in the form of a Maxima
session, for the intrinsic symmetries examined in Chapter 4. The symmetry (I2) has
been omitted since the Maxima session is discussed in the text.
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APPENDIX E. DETAILS OF CALCULATIONS FOR CHAPTER IV

I11: 123R = 0 with ,6 # 0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_il.mac")
il:solve(r = -2%el(a)+3*a~2,LAM) [1]

2
LAM = - tau + bet + 2 alf bet - mu

i1_0:solve(ev(e0('il),i1),diff (udt,x)) [1]

udt = - (2 bet udt"2 + (-2 a bet - 2 a alf) udt
X
+ (r - a”2) bet + (a"2 - r) alf) X/(2 bet)

gradef (udt,x,rhs(i1_0))

gradef (alf,t,ev(diff(alf,t),diff))
depends (M1, coords)

il_la:diff(mu,x) = M1xX

gradef (mu,x,rhs(il_1a))
il_1b:solve(ev(el('il),il),diff(alf,x)) [1]

alf = (4 a tau + E eps + Ml - 2 a bet™2 + 2 a alf"2) X

gradef (alf,x,rhs(i1_1b))
il_la_star:solve(ev(CR(mu),il) ,diff (M1,t)) [1]

MlI =- ((4 p+ 4 mu a tau
t
(4 bet"2 + 2 alf bet + p + mu) E eps
(4 bet”2 + 4 alf bet + p + mu) M1
(2 p+ 2mu) a bet™2
(-4 p - 4 mu) a alf bet
+ (2 p+ 2mu) aalf"2)/(2 bet F)

+ + + +

gradef (M1,t,rhs(il_la_star))
il_1b_star:ratsimp(ev(CR(alf),il))

0=0
illist: [i1]

2
[LAM = - tau + bet + 2 alf bet - mul]
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11636: 123R = 0 A fter Imposing (g)230 = 0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_il_6.mac")
batchload("cases/case_i6.mac")

i1_6:ev(r = -2xel(a)+3*a"2,i6list,expand)

2
r=-2audt +a -p-mu

ev(e0('i1_6),i6list,expand)
0=20
i1l_6_1:so0lve(ev(e1('il1_6),i6list),diff (mu,x)) [1]

mu = (-4 a tau - E eps) X
X

gradef (mu,x,rhs(i1_6_1))
ev(CR(mu) ,i6list,il_6,expand)
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batchload("lrsii_setup_corrected.mac")
batch("cases/case_i4.mac")
i4d:s0lve(0 = el(a)-a"2,LAM) [1]

2 2
LAM = - tau + bet + 2 alf bet + r - a - mu

i4_0:solve(ev(e0('i4),id),diff (udt,x)) [1]

udt = -(bet udt"2 - a alf udt) X/bet
X

gradef (udt,x,rhs(i4_0))

gradef (alf,t,ev(diff(alf,t),diff))
depends (M1, coords)

i4_la:diff(mu,x) = M1xX

gradef (mu,x,rhs(i4_1a))
i4_1b:solve(ev(el('i4d),id),diff(alf,x)) [1]

alf = (4 a tau + E eps + Ml - 2 a bet™2 + 2 a alf"2
X
- 2ar+ 2a"3) X/(2 bet)

gradef (alf,x,rhs(i4_1b))
i4_1la_star:solve(ev(CR(mu),i4) ,diff (M1,t)) [1]

MI =- ((4 p+ 4 mu a tau
t
(4 bet"2 + 2 alf bet + p + mu) E eps
(4 bet”2 + 4 alf bet + p + mu) M1
(2 p+ 2mu) a bet™2
(-4 p - 4 mu) a alf bet
(2 p+ 2mu) aalf"2
(-2 p-2mu ar
(2 p+ 2mu a“3)/(2 bet F)

+ o+ o+ + A+ o+ +

gradef (M1,t,rhs(i4_la_star))
i4_1b_star:ratsimp(ev(CR(alf),i4))

0=0
i4list: [i4]

2 2
[LAM = - tau + bet + 2 alf bet + r - a - mul
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1466: 2R = 0 After Imposing (g)230 = 0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_i4_6.mac")
batchload("cases/case_i6.mac")
i4_6:ev(0 = el(a)-a~2,i6list,expand)

i4_6_mu:solve(i4_6,mu) [1]
ev(e0('i4_6),i6list,expand)

0=0

i4_6_1_raw:solve(ev(el('i4_6),i6list) ,diff (mu,x)) [1]
i4_6_1:diff(mu,x) = factor(ev(rhs(i4_6_1_raw),i4_6_mu))

mu =-(4 atau+Eeps -2ar+2a"3 X
X

gradef (mu,x,rhs(i4_6_1))

i4_6_star:ratsimp(ev(CR(mu),i6list,i4_6_mu,expand))
i4_6_star
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15: 23R =0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_i5.mac")

ib:r = 0

ev(e0('ib),ib)

ev(e1('ib),ib)
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16: (0)239 =0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_i6.mac")

i6:bet = 0

i6list: [i6]
i6_0:solve(ev(e0('i6),i6list) ,LAM) [1]

2
LAM =2 audt - tau+r -a +p

i6list:append(i6list, [16_0])
contr:a = 0
ev(el(2*'contr),i6list,contr,expand)

p+mu=20

kill(contr)
i6_1:ev(el(-'i6),i6list)/a

alf = 0
i6list:append(i6list, [i6_1])
depends (U0, coords)

gradef (udt,t,U0/F)
i6_00:solve(ev(e0('i6_0),i6list) ,diff (p,t)) [1]

gradef (p,t,rhs(i6_00))
i6_00_star:factor(solve(ev(CR(p),i6list),diff (U0,x)) [1])

U0 = -U0 (3 udt + a) X
X

gradef (U0, x,rhs(i6_00_star))
i6_01:factor(solve(ev(el1('i6_0),i61ist) ,diff (udt,x)) [1])

udt = -(2Qudt"2 -4 tau+2r -2 a2 - p - m) X/2
X

gradef (udt,x,rhs(i6_01))
gradef (alf,t,ev(diff (alf,t) ,diff))
ev(CR(udt),i6list,expand)

0=20

i6_10:ratsimp(ev(e0('i6_1),i6list,expand) *a)
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0=0
i6_11:e1(i6_1)
alf
X
—_——— = O
X
gradef (alf,x,rhs(i6_11))
ev(CR(alf),i6list,expand)
0=0

i6list

[bet = 0, LAM = 2 a udt - tau + r - a + p, alf = 0]
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The following pages give the details of the calculations, in the form of a Maxima session,
for the intrinsic symmetries examined in Chapter V. The intrinsic symmetry (I5) is not
included since it is already given in Appendix E.
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17: 023R = 0 with a 75 0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_i7.mac")
i7:ev(solve(eO(bet) = -(3*bet~2+r)/2,LAM) [1])

2
LAM = 2 audt - tau-a +p

depends (U0, [t,x])
gradef (udt,t,U0/F)
i7_0:ev(solve(ev(e0('i7),i7),diff(p,t)) [1])

p = (2 bet udt"2 - 4 bet tau - 2 a U0 - 2 a~2 bet)/F
t

gradef (p,t,rhs(i7_0))
i7_1:ev(solve(ev(el('i7),i7) ,diff (udt,x)) [1])

udt = -(2 a udt"2 + (-bet"2 - 2 alf bet - r) udt
p'e
-4 a tau + a bet™2 + 2 a alf bet + ar - 2 a”3
+ (-p - mw) a) X/(2 a)

gradef (udt,x,rhs(i7_1))
gradef (alf,t,ratsimp(ev(diff(alf,t),diff)))
i7_Oa_star:ev(solve(ev(CR(p),i7),diff (U0,x)) [1])

U0 = ((2 bet™3 + 4 alf bet™2 + (2 r + 2 a~2) bet
X

- 2 a"2 alf) udt~2

+ (-6 a”2 U0 - 2 a bet™3 - 4 a alf bet"2
+ (-2 ar -4 a"3) bet) udt
(4 a3 alf - 20 a"2 bet) tau
(a bet™2 + 2 a alf bet + ar - 2 a~3) U0
2 a”2 bet™3 + 4 a”2 alf bet”2
(2a2r-6a4+ (-2p-2mu a"2) bet
2 a”4 alf) X/(2 a~2)

+ + + + +

gradef (U0, x,rhs(i7_0Oa_star))
i7_Ob_star:ratsimp(ev(CR(udt),i7))

0=0
i71list: [i7]

2
[LAM = 2 a udt - tau - a + p]
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I7611: g23R = 0 After Imposing (1)230 = 0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_i7_11.mac")
batchload("cases/case_ill.mac")
i7_11:solve(ev(e0(bet)=-(3*bet~2+r)/2,i111ist) ,mu) [1]

2
mu = bet + 2 alf bet + r - p

i7_11_0:solve(ev(e0('i7_11),i111ist) ,diff(p,t)) [1]

4 bet tau

gradef (p,t,rhs(i7_11_0))
ratsimp(ev(el('i7_11),i11list))

M1 = M1
ev(CR(p),i11list,i7_11,expand)

0=0
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18: 0235 = 0 with a ;é 0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_i8.mac")
i8:ev(solve(eO(bet) = r,LAM) [1])

2 2
LAM = 2 audt - tau+ 3 bet +3r-a +p

depends (U0, [t,x])
gradef (udt,t,U0/F)
i8_0:ev(solve(ev(e0('i8),i8) ,diff(p,t)) [1])

p = (2 bet udt"2 - 4 bet tau - 2 a U0 - 2 a~2 bet)/F
t

gradef (p,t,rhs(i8_0))
i8_1:ev(solve(ev(el1('i8),i8) ,diff (udt,x)) [1])

udt = -(2 a udt"2 + (2 bet"2 - 2 alf bet + 2 r) udt
p'e
-4 atau + 4 a bet™2 - 4 a alf bet + 4 ar
-2a3+ (-p - mw a) X/(2 a)
gradef (udt,x,rhs(i8_1))
gradef (alf,t,ratsimp(ev(diff(alf,t),diff)))
i8_0a_star:ev(solve(ev(CR(p),i8) ,diff (U0,x)) [1])

U0 = -((2 bet"3 - 2 alf bet"2 + (2 r - a~2) bet
X
+ a”2 alf) udt~2
+ (3a"2U0 + 4 a bet"3 - 4 a alf bet”2
+ (4 ar+ 2 a"3) bet) udt
+ (10 a”2 bet - 2 a”2 alf) tau
+ (a bet”™2 - a alf bet + ar + a~3) U0
+ 2 a”2 bet™3 - 2 a”2 alf bet"2
+ (2 a2r+3a4+ (p+mu a“2) bet
- a”4 alf) X/a

gradef (U0, x,rhs(i8_0a_star))
i8_Ob_star:ratsimp(ev(CR(udt),i8))

0=0
i8list: [i8]

2 2
[LAM = 2 a udt - tau + 3 bet + 3 r - a + p]
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186511: o238 = 0 After Imposing (1)230 = 0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_i8_11.mac")
batchload("cases/case_ill.mac")
i8_11:solve(ev(eO(bet) = r,illlist),mu) [1]

2
mu = -2 bet + 2 alf bet - 2r - p

i8_11_0:solve(ev(e0('i8_11),i111ist,i8_11) ,diff(p,t)) [1]

4 bet tau

gradef (p,t,rhs(i8_11_0))
ratsimp(ev(el1('i8_11),i11list))

M1 = M1
ev(CR(p),i11list,i8_11,expand)

0=0
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110: 02R = 0 with a # 0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_i10.mac")
i10:ev(solve(eO(bet) = -bet~2,LAM) [1])

2 2
LAM = 2 a udt - tau + bet + r - a + p

depends (U0, [t,x])
gradef (udt,t,U0/F)
i10_0:ev(solve(ev(e0('i10),i10),diff(p,t)) [1])

p = (2 bet udt™2 - 4 bet tau - 2 a U0 + 2 bet"3
t
+ (2 r -2 a"2) bet)/F

gradef (p,t,rhs(i10_0))
i10_1:ev(solve(ev(el1('i10),i10),diff (udt,x)) [1])

udt = -(2 a udt"2 - 2 alf bet udt - 4 a tau
p'e
+ 2 abet’2+2ar -2 a3
+ (-p - mw) a) X/(2 a)

gradef (udt,x,rhs(i10_1))
gradef (alf,t,ratsimp(ev(diff(alf,t),diff)))
i10_0Oa_star:ev(solve(ev(CR(p),i10),diff (U0,x)) [1])

U0 = ((2 alf bet”"2 + a”2 bet - a”2 alf) udt~2
X

(-3 a”2 U0 - 2 a”3 bet) udt

(2 a~2 alf - 10 a"2 bet) tau

(a alf bet - a~3) U0

3 a"2 bet”3 - a2 alf bet"2

(3a2r-3a4+ (-p-mu a"2) bet

(a”4 - a~2 r) alf) X/a

+ + + 4+ + +

gradef (U0,x,rhs(i10_0a_star))
i10_Ob_star:ratsimp(ev(CR(udt),i10))

0=0
i10list: [110]

2 2
[LAM = 2 a2 udt - tau + bet + r - a + pl]
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1106511: 2R = 0 After Imposing (1)230 = 0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_i10_11.mac")
batchload("cases/case_ill.mac")
i10_11:solve(ev(eO(bet) = -bet~2,il11list) ,mu) [1]

mu = 2 alf bet - p
i10_11_0:solve(ev(e0('i10_11),i111ist,i10_11),diff(p,t)) [1]

3
4 bet tau - 2 bet - 2 r bet

gradef (p,t,rhs(i10_11_0))
ratsimp(ev(el1('i10_11),i11list))

M1 = M1
ev(CR(p),i11list,i10_11,expand)

0=0
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111: (1)230 =0

batchload("lrsii_setup_corrected.mac")
batch("cases/case_ill.mac")
il1:ta =0

i11_0:-ev(e0('il11),i11) /bet
udt = 0

i11list:[i11,i11_0]
i11_1:solve(ev(e1('il11),i111ist),LAM) [1]

2
LAM = -tau + bet + 2 alf bet + r - mu

il11list:append(ililist, [i11_1])
ratsimp(ev(e0('il1_1),i11list))

0=20
depends (M1, coords)
gradef (mu,x,M1*X)
il1_11a:solve(ev(el('il1_1),il11list) ,diff(alf,x)) [1]

(E eps + M1) X

gradef (alf,x,rhs(il1_11a))
i11_11b_star:solve(ev(CR(mu),i11list) ,diff (M1,t)) [1]

M1 = -((4 bet"2 + 2 alf bet + p + mu) E eps
t
+ (4 bet”2 + 4 alf bet + p + mu) M1)/(2 bet F)

gradef (M1,t,rhs(il1_11b_star))
i11_11a_star:ratsimp(ev(CR(alf),illlist))

0=0
il1list

2
[2 =0, udt = 0, LAM = -tau + bet + 2 alf bet + r - mul]
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This appendix contains a listing of the program discussed in Chapter 6. Two sample
runs, corresponding to examples 2.2.1 and 2.2.2, are included after the listing.

Program Listing

/************************************************************************/

/* This file contains a collection of functions to check the */
/* consistency of a constraint with a set of equations. To do x/
/* this the function CHECKY,ONE is invoked at command level and */
/* questions regarding whether or not certain quantities are */
/* zero must be answered. The result returned is either a list */
/* of possible cases or the atom CONTRADICTION. The method used */
/* is discussed in Chapter 6. */

/************************************************************************/

/* These two names shall be used as mnemonic indices to case lists. */
(ALG : 1, PROPN : 2)$

CHECK’,0NE (CONSTRAINT, CASE) :=
BLOCK(/* This procedure checks whether the given constraint
may hold in the given case. The result is returned
as either a list of possible cases or as the
atom CONTRADICTION. */

[ALG%LIST, PROPNY%LIST],

LOCAL (UNKNOWNS) ,

INITIALIZE)LEVEL(Q) ,

CONSTRAINT : CLEAN(CONSTRAINT),

IF IDENTY%PRED(CONSTRAINT) THEN
RETURN ( [CASE])

ELSE IF ALGYCONTRADICT%PRED(CONSTRAINT) THEN
RETURN (CONTRADICTION)

ELSE

IF PROPNY%PRED(CONSTRAINT) THEN

RETURN (PROPN%PROCESS (CONSTRAINT))

ELSE

RETURN (ALG%PROCESS (CONSTRAINT)))$
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CHECK%0R (CONSTRAINT),LIST, CASEY%LIST):=
BLOCK(/* This procedure checks each of the list of
constraints against each of a list the cases.
The list constructed by concatenating all the resulting
constraint lists is returned. */

[NEWY%CASEYLIST, THISYCASEY%LIST],
NEWY%CASE%LIST : [1,
FOR CASE IN CASEY%LIST DO
FOR CONSTRAINT IN CONSTRAINTY%LIST DO
(THISY%CASEJ,LIST : CHECK%ONE(CONSTRAINT, CASE),
IF THISYCASEY%LIST # CONTRADICTION THEN
NEWY,CASE%LIST : APPEND(NEW%CASEY%LIST,
THISY%CASE},LIST)),
RETURN (IF NEW%CASE%LIST = []
CONTRADICTION
ELSE
NEW),CASE%LIST))$

CHECK’,AND (CONSTRAINT/LIST, CASE%LIST) :=
BLOCK(/* This procedure checks whether all of the constraints
in CONSTRAINTYLIST hold for any of the cases in CASEYLIST.
This is achieved by iteratively checking the results of
one constraint using the next. The resulting list
of cases is returned. */

[NEW}%CASEYLIST],
NEW%CASE%LIST : CHECKY%OR([FIRST(CONSTRAINT/LIST)],
CASEYLIST),
FOR CONSTRAINT IN REST(CONSTRAINTYLIST)
WHILE NEWY%CASE)LIST # CONTRADICTION DO
NEWY/,CASEYLIST : CHECK’.0R([CONSTRAINT], NEW}CASEYLIST),
RETURN (NEW%CASE/LIST))$

INITIALIZEJLEVEL() :=
(/* Define the list of equations to be used with EV and
the local GRADEFs for this level. */
ALGY%LIST : CASE[ALG],
PROPNY%LIST : CASE[PROPN],
FOR GRADSPEC IN PROPNJLIST DO
APPLY (' GRADEF, GRADY%SPEC) ,
DONE) $

ADD(KIND, WHAT}%TO%ADD, CASE) :=
/* This function is to add new results to the collection of
old results stored in the variable CASE. x/
SUBSTPART (ENDCONS (WHAT%TO0%ADD,CASE[KIND]), CASE, KIND)$
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CLEAN(EQN) :=
BLOCK(/* Put the equation in a form amenable to spotting

special cases. */

[RHSIDE],
RHSIDE : FACTOR(EV(RHS (EQN)-LHS (EQN) ,ALG%LIST,DIFF, INFEVAL)),

IF (NOT ATOM(RHSIDE)) AND (PART(RHSIDE,0)="-") THEN
RHSIDE : -RHSIDE,
RETURN (O=RHSIDE) ) $

IDENTY,PRED (EQN) :=
/* This predicate checks for a syntactic identity. */

IS(0 = RHS(EQN))$

ALGYCONTRADICTY%PRED (EQN) :=
/* Check if the equation gives a contradiction by

seeing if the RHS may never be zero. */

MAYY.NOT%ZERO%PRED (RHS (EQN)) $

PROPNY%PRED (EQN) :=

BLOCK(/* See if the equation is a propagation equation
by looking for first derivatives. */
[EXPR, VARIABLE}LIST, RESULT],
EXPR : RHS(EQN),
VARIABLEYLIST : SORT(LISTOFVARS(EXPR)),
RESULT: FALSE,
FOR COORD IN COORDINATES UNLESS RESULT DO

FOR VAR IN VARIABLE}LIST UNLESS RESULT DO
IF 1 = DERIVDEGREE(EXPR, VAR, COORD) THEN
RESULT: TRUE,

RETURN (RESULT) ) $

PROPNY%PROCESS (EQN) :=
/* Nothing need be done in the spatially homogeneous case. */

PRINT("Base of recursion reached checking",
"the propagation equation:",

EQN) $
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ALG%PROCESS (EQN) :=
BLOCK(/* In this procedure we first solve the constraint equation for one
of the variables so that the result may be used to simplify any
further propagation equations. If the equation is not linear in
all of the variables, then we have more than one possible solution.
We check each one of the possibilities by calling CHECKYOR with
the solution list as an argument. Otherwise, there is only one
solution so we check the propagation(s) of that constraint. */
[SOLN%LIST, DIFF}LIST, N],
PRINT("Checking algebraic constraint:", EQN),
SOLN%LIST : RESHAPE(EQN),
N : LENGTH (SOLN%LIST) ,
IF N > 1 THEN
RETURN (CHECKY0R (SOLN%LIST, [CASE]))
ELSE IF N = 1 THEN
(CASE : ADD(ALG, SOLN%LIST[1], CASE),
DIFFY%LIST : [1,
FOR COORDNO : 1 THRU LENGTH(COORDINATES) DO
DIFF%LIST : ENDCONS(CLEAN(D%0P(COORDNO, SOLN%LIST[1])),
DIFF%LIST) ,
RETURN (CHECK%AND (DIFFYLIST, [CASE])))
ELSE IF N = O THEN
RETURN (CONTRADICTION)
ELSE
ERROR("ALGY%PROCESS: internal error"))$

MAY%NOTYZERQ%PRED (EXPR) :=
BLOCK(/* This function checks whether an expression may not be zero,
by asking about appropriate parts. */
[PIECE, RESULT],
EXPR : NUM(FACTOR(EXPR)),
IF ATOM(EXPR) THEN
IF NUMBERP(EXPR) THEN
RESULT: IS(O # EXPR)
ELSE
RESULT: IS(NO = MAY’,ZERO%PROMPT (EXPR))
ELSE
(PART(EXPR, 0),
IF PIECE = "-" THEN
RESULT : MAY/NOT%ZERO%PRED (-EXPR)
ELSE IF PIECE = "x" THEN
RESULT : MAY%NOT?ZERO%PRED (FIRST (EXPR)) AND
MAYY.NOTYZERO%PRED (REST (EXPR) )

ELSE IF PIECE = "~" THEN
RESULT : MAYY%NOT%ZEROY%PRED (FIRST (EXPR))
ELSE
RESULT: IS (NO = MAY%ZERO%PROMPT (EXPR))),
RETURN (RESULT)) $
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MAYY,ZEROY%PROMPT (EXPR) :=
(PRINT("May the following expression ever assume",
"the value zero?", EXPR),
READ("Enter YES\; or NO\; or DONTKNOW\; ."))$

D%0P (COORDNO, EXPR) :=
/* This is the differentiation operator.
By specifying the list of coefficients or by
giving an alternative function, we may choose the
directional derivative operators as we wish. */

D’,0P},COEFF%LIST [COORDNO] *DIFF (EXPR, COORDINATES [COORDNO])$

RESHAPE (EQN) :=
BLOCK (/* From the input equation, this procedure constructs
a list of solutions for the same variable. First the
procedure checks for a linear variable so as to
return a one element list if possible. If the equation
is not linear in any of the variables,
then the variable of the lowest degree is sought. */

[EXPR,VARIABLEY%LIST, RESHAPED, MINY,DEGREE,
MINY%DEGREEY,VAR, RESULT],
EXPR : RHS(EQN), /* The input is factored. */
IF (NOT ATOM(EXPR)) AND (PART (EXPR, 0) = "x") THEN
(RESULT: [1,
FOR FACTOR IN EXPR DO
IF NOT MAY%NOT%ZERO%PRED (FACTOR) THEN
RESULT: APPEND(RESHAPE(0O=FACTOR), RESULT))
ELSE
(EXPR : RAT (EXPR) ,
VARIABLEY%LIST : SORT(LISTOFVARS(EXPR)),
RESHAPED: FALSE,
FOR VAR IN VARIABLEYLIST UNLESS RESHAPED DO
IF HIPOW(EXPR, VAR) = 1 AND LOPOW(EXPR, VAR) >=0 THEN
IF MAYY%NOTY%ZEROY%PRED (RATCOEF (EXPR, VAR, 1)) THEN
(RESULT: SOLVE (EQN, VAR),
RESHAPED: TRUE),
IF NOT RESHAPED THEN
(MIN%DEGREE : HIPOW(EXPR, FIRST(VARIABLEJ,LIST)),
MINY%DEGREE%VAR : FIRST(VARIABLEYLIST),
FOR VAR IN REST(VARIABLEJLIST) DO
IF HIPOW(EXPR, VAR) < MINYDEGREE THEN
(MINYDEGREE : HIPOW(EXPR,VAR),
MINY%DEGREE,VAR : VAR),
RESULT: SOLVE (EQN, MINY%DEGREEY%VAR))),
RETURN (RESULT) ) $
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Sample Runs

Bianchi-Behr type VI,_¢: ny =0,

(C1) BATCHLOAD("MC:SWATT\;CHECK V0")$
(C2) BATCHLOAD("MC:SWATT\;TEST BIAN6H")$
(C3) CHECKZ%ONE(N1+N2+N3=0, CASE)$

May the following expression ever assume the
Enter YES; or NO; or DONTKNOW;
DONTKNOW;

Checking algebraic constraint: 0 = N3 + N2
May the following expression ever assume the
Enter YES; or NO; or DONTKNOW;

NO;

May the following expression ever assume the
Enter YES; or NO; or DONTKNOW;
DONTKNOW;

Checking algebraic constraint: O = 2 N3 (TH3
May the following expression ever assume the
Enter YES; or NO; or DONTKNOW;

NO;

May the following expression ever assume the
Enter YES; or NO; or DONTKNOW;

DONTKNOW ;

(C4) GRIND(D3);

[[[THETA = TH3+TH2+TH1,N1 = O,N2 = -N3,TH2 =

ng >0, n3 <0

value zero? N3 + N2

value zero? N3

value zero? TH3 - TH2

- TH2)
value zero? N3

value zero? TH3 - TH2

TH3],

[[N1,T,N1*(2+xTH1-THETA)], [N2,T,N2* (2*TH2-THETA) ], [N3,T,N3* (2xTH3-THETA) ],

[THETA,T,-TH3"2-TH2"2-TH1"2- (3*P+MU) /2+LAM] ,

[TH1,T,-TH1*THETA+(MU-P) /2+(N2-N3) "2/2-N1"2/2+LAM] ,
[TH2,T,-TH2*THETA+(MU-P) /2+(N3-N1) "2/2-N2"2/2+LAM] ,
[TH3,T,-TH3*THETA+(MU-P) /2-N3"2/2+(N1-N2) "2/2+LAM] , [MU, T, - (P+MU) *THETA]]1]]1$

(D4) DONE
(C5) KILL(ALL)S$
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Bianchi-Behr type VIII: ny > 0, no > 0, ng <0

(C1) BATCHLOAD("MC:SWATT\;CHECK V0")$
(C2) BATCHLOAD("MC:SWATT\;TEST BIAN8")$
(C3) CHECKY%ONE(N1+N2+N3=0, CASE);

May the following expression ever assume the value zero? N2 + N1 + N3
Enter YES; or NO; or DONTKNOW;
DONTKNOW ;

Checking algebraic constraint: O = N2 + N1 + N3
May the following expression ever assume the value zero?

N2 TH2 + N1 TH1 - TH3 N2 - TH3 N1
Enter YES; or NO; or DONTKNOW;
DONTKNOW;

Checking algebraic constraint: O = 2 (N2 TH2 + N1 TH1 - TH3 N2 - TH3 N1)
May the following expression ever assume the value zero?

N2 TH2 + N1 TH1 - TH3 N2 - TH3 N1
Enter YES; or NO; or DONTKNOW;
DONTKNOW;

May the following expression ever assume the value zero? N2 + N1
Enter YES; or NO; or DONTKNOW;
NO;

May the following expression ever assume the value zero? N1
Enter YES; or NO; or DONTKNOW;
NO;

May the following expression ever assume the value zero? N2
Enter YES; or NO; or DONTKNOW;
NO;

May the following expression ever assume the value zero?

2 2 2 2
TH2 - 2 TH1 TH2 + TH1 + 3N2 + 6N1 N2 +3N1

Enter YES; or NO; or DONTKNOW;
NO;

(D3) CONTRADICTION
(C4) KILL(ALL)S$
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Input files for Sample Runs

MC:SWATT; TEST BIANGH

UNKNOWNS: [N1,N2,N3,TH1,TH2,TH3,P,MU,THETA]$

COORDINATES: [T]1$

D%0P%COEFF}LIST : [1] $

DEPENDS (UNKNOWNS, COORDINATES)$

ALGL: [THETA = TH1+TH2+TH3, N1 = 0]$

PRL: [[N1,T,N1x(2*xTH1-THETA)],
[N2,T,N2* (2+«TH2-THETA) ],
[N3,T,N3*(2*xTH3-THETA)],
[THETA,T,-(TH1"2+TH2"2+TH3"2) - (MU+3*P) /2+LAM] ,
[TH1,T,-THETA*TH1-N1"2/2+(N2-N3) ~2/2+ (MU-P) /2+LAM] ,
[TH2,T,-THETA*TH2-N2"2/2+(N3-N1) ~2/2+(MU-P) /2+LAM] ,
[TH3,T,-THETA*TH3-N3"2/2+(N1-N2) ~2/2+ (MU-P) /2+LAM] ,
[MU,T,-(MU+P)*THETA] 1$

CASE: [ALGL, PRL];

MC:SWATT; TEST BIANS

ORDERLESS (N3,TH3) $

UNKNOWNS : [N1, N2, N3, TH1, TH2, TH3, P ,MU, THETA]$

COORDINATES: [T] $

DY%0P%COEFFYLIST : [1] $

DEPENDS (UNKNOWNS, COORDINATES)$

ALGL: [THETA = TH1+TH2+TH3]$

PRL : [[N1,T,N1%x (2%TH1-THETA)],
[N2,T,N2% (2*TH2-THETA)],
[N3,T,N3% (2*TH3-THETA)],
[THETA,T,-(TH1"2+TH2"2+TH3"2) - (MU+3*P) /2+LAM] ,
[TH1,T,-THETA*TH1-N1"2/2+(N2-N3) ~2/2+ (MU-P) /2+LAM] ,
[TH2,T,-THETA*TH2-N2~2/2+(N3-N1) ~2/2+ (MU-P) /2+LAM] ,
[TH3,T,-THETA*TH3-N3"2/2+(N1-N2) ~2/2+ (MU-P) /2+LAM] ,
[MU,T,-(MU+P)*THETA] 1$

CASE : [ALGL, PRL];
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