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Question 1 (20pt) Without using the soundness and completeness theorems, prove the following
statements:

(a) |= ϕ→ ∀x.ϕ for all well-formed first-order formulae ϕ for which x 6∈ FV (ϕ),

(b) 6|= ϕ→ ∀x.ϕ in general.

Question 2 (20pt)

(a) Show that if |= ϕ→ ψ then |= (∀x.ϕ)→ (∀x.ψ).

(b) Show that {ϕ→ ψ} 6|= (∀x.ϕ)→ (∀x.ψ).



Question 3 (25pt) Formally prove ` (∀x.ϕ)→ (∃x.ϕ).

Question 4 (35pt) Let G = (V,E) be a graph, where V is a set of vertices and E is a set of
(directed) edges. A set C ⊆ V is a vertex cover of G if for every edge (a, b) ∈ E, either a ∈ C or
b ∈ C. The size of a vertex cover is its number of vertices.

Each individual graph gives an interpretation whose the universe (domain) is the set of vertices
and R denotes the edge relation. A first-order sentence that uses a single binary predicate symbol
R can (be taken to) describe a property of a graph.

(a) Write down a first order sentence that defines the set of all interpretations I in which the
graph defined by RI has a vertex cover of size 2;

(b) Write down a first order sentence that defines the set of all interpretations I in which the
graph defined by RI does not have a finite vertex cover; and

(c) Prove that the set of all interpretations that do have a finite vertex cover is not definable;

all in a first order language that contains binary predicate symbol R.


