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Question 1 (10pt)

(a) Show that the formula (2p ∧2q) → 2(p ∧ q) is valid.

(b) Show that the formula (3p ∧2q) → 3(p ∧ q) is valid.

Question 2 (10pt)

(a) Describe a structure I = (W,R, V ) and a world w ∈W such that I, w |= p ∧3(¬p ∧2p).

(b) Give an example of a set Σ and a formula ϕ such that Σ |= ϕ, but Σ 6|= 2ϕ. Explain.

Note that part (b) explains the need for restrictions on the use of assumptions in the inference rule
`K ϕ

`K 2ϕ
(Nec): applying it on a formula derived from an assumption is not sound.



Do either Question 3 or Question 4.

Question 3 (20pt) Show that
`K (2p ∧2q) → 2(p ∧ q).

You may use the axioms for the connective ∧ (and ∨ if you like) as presented in class (or any of
Ax1 to Ax9 on pages 109–110 of the text).

Question 4 (20pt) The restriction on the use of rule Nec causes a problem when applying the
Deduction Theorem in modal logic: the proof used in the propositional case no longer works quite
as before.

(a) Show that if there is a proof of Σ `K ϕ, then there is a proof of Σ `K ϕ in which every use
of the rule Nec comes before every use of an assumption in Σ.

(b) Show that the Deduction Theorem holds for System K. That is, show that

Σ `K ϕ→ ψ iff Σ ∪ {ϕ} `K ψ.

You may use the result of part (a) whether or not you solved it. When appropriate, you may
also use the results used in the propositional Deduction Theorem–but only when appropriate.


