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Question 1 (20pt)
Show that all axioms of the Hilbert proof system H, namely axioms given by the following axiom
schemes,

α→ (β → α),
(α→ (β → γ)) → ((α→ β) → (α→ γ)), and
(¬α→ ¬β) → (β → α)

are valid formulæ (tautologies).

Question 2 (27pt)
Prove, by giving an explicit proof in the Hilbert system, the following:

(a) {¬q} `H (p→ q) → ¬p

(b) `H ((¬p) → p) → p

(c) `H p→ (¬¬p)



Question 3 (30pt) Prove the “law of substituting equivalent formula for equivalent formula”,
namely that for every pair of logically equivalent formulæ ψ1, ψ2, an arbitrary formula ϕ, and
an atomic proposition p, we have

|= θ1(ϕ) if and only if |= θ2(ϕ),

where θ1 = {p 7→ ψ1} and θ2 = {p 7→ ψ2}.

Question 4 (23pt) Show that given formulæ ψ1 and ψ2 such that `H ψ1 → ψ2, an arbitrary
formula ϕ, and a set of formulæ Σ the following holds:

if Σ ∪ {ψ2} `H ϕ then Σ ∪ {ψ1} `H ϕ.


